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Analytic Extensions and Local Spectra

JAE CHUL RHO

1. Introduction. The direct sum H :Ef-DrHT of an arbitrary family of Hilbert
spaces {H:}rer is definzd in the following: Let H be an additive subgroup gHr
consisting of all (x;) ¢ {Ir H, for which 72; Harll 2 <o,

Defining scalar multiplication and vector addition in H, coordinatewise and the
scalar product in H by

G, <@, (r)> =§<xr, >,

Then H =@Hr forms a Hilbert space.
re

Let T'»e B(Hy) bz an enlomorphism (that is a bounded linear operator on a
complex Hilbert space to itself),

Suppose that

(1.2 sup{ IIT)| = rel'} oo,
We define the sum Tzrg; T, on H by

a3 T () =(Tr(%N).

According to this definition, the overator T becomes an endomorphism, that is,
TeB(H), and (T||=sup{|T,|:7el}.
Defining a projection P, : H-— H, such that

(1.4 P,x=x, for each z¢ H,
We have the following.

(i) X Pr=1
(L.5) (i) PoPp=0upPeo, (ox, Bel)

(iii) The restriction of T in H, is T, and
(iv) TP.=P,T

Obviously Pyxe H,, and together with the assertion (iv), We see that the
- operater ‘¥ reduces-each of .the spaces H,, yel. = ,
Identifing an element x, in Ff, with the e'ement (0, O ==, 0, xy, 0, Ower - ) in
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H, the space H, can be regarded as a subspace of the space H.
According to the above statement, it is easily seen that

Tx=XT,x, and x=1% x,.
el el
The summations make senses since
Tz ll2<lco and 5|2 <oo.
Falal rell

In this paper we shall show the relation between the local spectrum of T e B(H)
at xe H and the local spectra of T, at x,¢€ H, for each yel.

2. Notations, definitions and fundamental faets.

DEFINITION 1. The local resolvent set p(x,T) of T at x is the set of all complex
numbers Jec C for whick there is a neighborkood N of {, and an analyiic funclion.

%  N—H such that (AI-T)% =x for all ¢ N.

The local spectrum o(x,T) of T at x is the complment in of p(x,T) in C.

From this definition, We know that the analytic function 2/(4, x) is an analytic
-continuation of the resolvent, i.e.,

R(A, x, T)=QQI-T)'x, Aco(T), that is p(T)Cp(x, T) and

% (A, x)=(AI-T)"x if 2cp(T), and analytic function in the set o(x, T)

DEFINITION 2. By an operator T having a single valued exiension property, We
mean that if there are two analytic extensions 2/, and % of (AI—T) 'z, them %/,
=% on Ni(\N:. Where N:Np(x,T)#0 end 2/; : Ni—H(@E=1, 2).

It is a well known fact that an analytic extension need not be single valued,
and that if T has the single valued extemsion property, then there is unique
maximal extension whose domain is p(x, 7). '

In the present papers we assume that the operator T. (or T,, yel’) has the
single valued extension property.

3. Loecal Spectra. In this section, We will discuss the main purpose of this
papers, first of all we have the following

LEMMA 1. If an operator T, : H,—H, has the single valued extension property,

then 2/ (A, %,)=Py2s(R, z) for eack 7el.

Where 2/ (2, x,) and 2/(, %) are anmalytic extensions of (A I,—T,)™" x, and
(AI—-T)"'x respectively.

Proof. Since P,T=TP; and P,e B(H), We have o(P,x, T)Co(x, T) for all
xe H, therefore ¢(x,, T)Co(x, T) for all x, ¢ H, and x¢ H.

By definition, for each {ep(x, T), there exists a neighborhood N({) and an
analytic function 4—2/(4, ) such that
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G0 A I-T)2/(R, x)=x for each AeN(S).
Moreover we have
AI-T)%/ (2, %) =x, since p(Ppx, T)2p(x, T).
An operator A I,—T; is a restriction of AI—T to H, and 2/(4, z,) belongs to
H,. Consequently we get

6.2 @IL=TP A, x)=%.
On the other hand
P [(AI-T) 2, %)) =Pry=1x,
Whence we have
(3.3) RI,~Tp)Pr2/(A, x)=x, since P2=P,.

From (3.2), (3.3) and the assumption that 7,(7¢l") have single valued extension
property, the equality
# A, x)=P,2 (R, %)

must be satisfred.

LEMMA 2. Suppose T ¢ B(H), H=S—§H,, P,H=H, for each yel’ end xc¢H,
then we have

3.9 0(%y, T)Co(xy, Ty) for each yel.

Proof. We know that the operator T is an extension of T, on H. Therefore
the equation (3.2) implies
AI-T), z,)=x, for any AeN(D.
This shows {co(x,, T), that is, p(x,, Tyr)STo(x, T)
thus we have (3.4).

THEOREM 1. Suppose T € B(H), H:@H,, P,H=H, and T,e B(H,). T has
¥
the single valued extension property if and omly if T, has the single valued
extension property for each yel’. In this case, We have
G.5 o(x, T)= yra(xr, )

‘ Proof. Suppose T, has the single valued exiension property for each 7el.
Then there exists unigue extension of the resolvent of T, at x, such that
QA IL-TH#z (A, x)=x, for each 2eN () if LeNplxy, Tp).
Since P,2/(A, x)=2/(A, %) by Lemma 1, We have

P, {AQAI-T)# (A, x)—x1=0 for each yel.

Thus we have
QAI-T) A, »=x.
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This means that (4, x) is an extended resolvent of 7 at . It is easilv seen
that the H-valued analytic function 2/(A, x) is unique,-and that
lep(x, T), that is Qrp(xr, Tocolx, T).
Conversely, suppose that T € B(H) has the single valued extension property, then
there exist a unique extended resolvent such that
RQRI-TY22 (R, x)=x
for each A in some neighborhood of Leo(x, T).
Operating P,, We have
A I,—T,) Pis (R, x)=2x,.
On the other hand, suppose that the extended resolvent of T, at x, is 27(4, x,),
that is,
AL —TD% (A, x)=x,.
Then AI—Ty) P2 (A, 2)— (@A x)]1=0.
Since A is not an eigen value of T,, We have
P.o/(A, )=%Q, ).
Therefore *
{ep(xy, T,) and hece we P,2/(A, x) is the unique extended resolvent of T, at
%y for each yel’. This shows T,(rel") has the sinle valued extension prorerty at xr
and p(z, T)CL’gio(xr, T,), thus we have completed the proof.

THEOREM 2. If T eB(H), H:@H, and P,H=H, for each rel’, then
3.6) UoPrr, T)=0(Ty).

Proof. For an arbitraly but fixed Aeo(T,) and each x,€ H,, there exists an

apalytic H,—valued function :
f=QI-T) %= (xI—T) %, =(AI—T)1P,x.

This shows that the number A certainly belons to the resolvent set o(P,x, T),

thus we have
oTHCp(Pyx, T) for each xe H,

that is ,yzg(P’x’ TH)CTo(Ty).

In order to have a converse relation, we consider an element Q'E’Q{ o(Pex, T).

By definition, there exists an analytic H,—valued function 2/(A, P,x), and a
neiborhood N(Z) such that

(A I-T)2 (A, P,x)=P,x for each xe¢ H and AN ().
Consider a mapping
A z—2 (A, x).
Obviously, this mapping is linear on H, into H,. We consider the span of the
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set {27(A, x,): x,¢€ H,} of analytic vector valued functions, and denote it by
S=span {Z (4, x,): z,eH,}.
Since a linear Combination of analytic fanctions is analytic for ZE,Q; o(Pyx, T),
the operator A maps H, onto S. Therefore
QAI-TYw (A, 2)=QAI-T)Az,=x,.
Thus we have
e NSHA T-T Axl t< (| 21+ 1T 1A=l

and
AT el < 1Ay
Since TeB(H), M=(|A|+|T||)'<oo Whence
Mgl < 14z ll, M>0.
This shows that the operator A has a bounded inverse. The domain of A7t is
S and range of A°! is all of H,, and the restriction of AI—7T in S is the operator
A, Since A7 is bounded and linear, this operator is Continuous. Therefore A-!

can be extended to a bounded operaton on 5. Hence A=(4™Y)': H,—S is also
closed, this means that (AI-T,)"! is continuous, thus we have leo(T)).

Consequently,
’QP(P rx, TDCTP(Ty)

i.e., U(Tr)QLLa(Prx, .
It is well known that the equabity ¢(T,)= L{,”("T' T,) is valid. From this

together with Theorem 2, We have
o(Ty) =,,9,f:<xr- To=Uo(Pr T)

or ,L;lHtr(P,x, Tr)=’5lia(Prx, .

Now we can prove the following.

THEOREM 3. If H =@Hr, P.H=H, end T € B(T), then following equatity will
be satisfied:

3.7 a(T)= ,grq(TT)

where T=;§;T,. and T,€ B(H,).

Proof. By Theorem 1, rEJra(xr, T =0(x, T),
we have
xyliry'o-(Prx’, Tr)=yya(x, T =a(T)
And by the fact that “EIJU(Prx, Ty)=0(Ty).
U Uo( Pz, Tr)=yra(T,).

7el zeH
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Therefore we have the desired equality
a(T)zrya(TT).

This completes the proof.
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