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A NOTE ON COUNTABLE-DIMENSIONAL SPACES
Dooho Kim

1. Intreduction

In this paper we consider countable dimensional in a metric space. Up to the present we do not
know so much about infinite-dimensional spaces as about finite-dimensional spaces. The purpose of this
note is to extend some results of the theory of finite-dimensional spaces to countable-dimensional spaces.
We shall give a brief study of countable-dimensional spaces.

2. Preliminary concepts.

Let be a collection in a topological space R and P a point of R. Then we mean by the order of
U at P the number of members of U which contain P, and we denote it by ord pU.
If thele exist infinitely many such members, then ord pU=+00. We denote B(U) as the boundary
of U. If every closed set of a normal space R is a Gd-set, then R is called perfectly normal.
2.1 Let U= (U,|@cA} be a locally finite open covering of a normal space R. Then there exists
an open covering B= {V.|a=A)} such that
ViU, for every acA.
2.2 A space R is countable dimensional if and only if for every open collection (U,|a<r} and
closed collection {F,|a<(r} such that
FeCUq
and such that {Us|f<a} is locally finite for every a<ls,
there exists an open collection {Va|a\/r} such that
Fo.CV.CU,
ord p {B(Va)|a<lr} + 00 at every point PER.
2.3 Let {Fili=1,2, .} be a closed covering of a space R such that
Ind Fi=n, i=1,2,
Then Ind R=n
General notations and definitions can be found in (1), (2).

3. Countable-dimensional spatce.

A metric spase R is called countable-dimensional if R=5Rs
i=1

for-some subspaces R; of dimension=O.
Let An, #=1,2, coevee be a sequence of O-dimensional sets of a space R.
Let U= (U,|a-Zz} be a locally finite open covering. Then we note also that there “exists a closed
covering F= {Fa]a<zr} such that
FeCU,
ord pF=zn for every P&A,
80 we can obtain a proposition as the following.
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THEOREM Let R be metric space. If R is countable-dimensional, then for every locally finite open

convering: {U.|a<zr} of R there exists a closed convering F= {Fo|a<{7} of R such that
FaCU, for every a<z
ord pF<{+4-o00 at every point P<R.

PROOF. Let R be countable-dimensional; Then R is decomposable into countably many Q-dimensional
spaces A;, i=1,2,3, oo For every locally finite open covering {Uela<gy or R, by the normality of
R, there exists a closed covering {Ha|a<(7} such that

H.C U, for every a<llr,
by virtue of 2.2 there exists an open covering B= {Va}a<z} such that

H.cV.CU,

ord p{B(V.)|a<r} <400 at every point. P&R,

Let Fo=Vo

Foa=V,—U{V;|<a} for a<z
then (F.|a<(z} is the desired closed covering. Now we consider on strong inductive dimension of a
metric space. If for any disjoint closed sets F and G of a topological space R there exists an open set
U such that

FCUCR~-G, Ind B(U)=n-1,
we say that R has strong inductive dimension=#, Ind R=n.

PROPOSITION, Let R be a metric space. If U= {U; i=1,2, eever } is an open covering of R such
that Ind U;=n, then

Ind R=n.
PROOF. Since R is perfectly normal, we decompose each U; as Ui=§lF{-' where Fi is closed sets.
Then [F{ 16, 7=1,2, s ] is a closed covering of R such that o
Ind Fisn

by virtue of 2.3, Ind R=n.

The following is hold on a topological space in general. Here let A be a subset of a space R. We
denote C A as the complement of A and IntA as the interior of A.

PROPOSITION Let R be a topological space
If D is a dense subset in R, then dim Int (CD)=-—1,

PROOF Since non-empty basic open set in R contains an element of D, the complement of D has
empty interior. Therefore dim Int (CD)=—1.
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