NOTES ON CLOSED HYPERSURFACES IN A RIEMANNIAN SPACE
WITH CERTAIN DIFFERENTIAL EQUATION

By U-Hang Ki

1. Introduction

Tet M be an n-dimensional oritentable Riemannian manifold covered by a
system of coordinate neighbourhoods (§*) and g;, V,, K,y K, and K, the
positive definite fundamental tensor, the operator of covariant differentiation
with respect to Christoffel symbols { ]}:} formed with gj;, the curvature tensor,

the Ricci tensor, and the curvature scalar of M respectively, where here and
in the following the indices &,7¢,7,++ run over the range 1,2, -+, n. Recently

K. Yano [1] proved

THEOREM. Let M be an orientable Riemannian manifold of dimension n which
admits a non-constant scalar field v such that

V.V v=f(v)g;s
where f is a differentiable funciion of v and S a closed orientable hypersurface

in M such that
(1) 7ts first mean curvature is constant,

(i) [K;+@—Df (v)g;) C'C'>0 on S, where C* is the unit normal to S,
(iii) the inner product Ci< v has fixed sign on S.
Then every point of S is umbilical.

To obtain a generalization of avobe theorem, we assume in this paper the
existence of a non-constant scalar function which satisfies similar partial
differential equation. While, under an arbitrary conformal transformation
gjk=v2gjk any geodesic circle will be transformed into a geodesic circle if and
only if the function » satisfies the relation

V}-V,-v=agji+vjvf

__ ology

and such a conformal transformation will be called coxncircular [4].

%
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2. Formulas in M admitting any Scalar Field
We consider a closed orientable hypersurface S in a Riemannian manifold

M whose local parametric equations are
§h=Eh(na),
ne being parameters on S, Wwhere here and in the following the indices
a,b,c,+++ run over the range 1,2, -+, n—1.
If we put ' _
| B'=a,&",  8,=a/,
then Bf are n—1 linearly independent vectors tangent to S and the first

fundamental tensor of S is given by
g,=8 ﬁBchb'.
We assume that z—1 vectors Blh, Bzh. e, Bn_lh give the positive orientat-
ion on S and we denote by C? the unit normal vector to S such that
Blh, B h’ oo Bﬂ_lh’ C
give the positive orientation in M.

Denoting by V,_the operator of van der Waerden-Bortolotti covariant differ-

entiation along S we have the following equations of Gauss and of Weingarten:

h

(2'1) VCBbk:kcb C y
h /i
(2-2) v C'=—n°B",

where %, is the second fundamental tensor of S and & “=#, g"°. We also obtain

the equations of Gauss and those of Codazzi in the form
Rpipiph
Kkj:'h ‘Bd Bcj'Bb Ba =chba_(kdakcb_hmhdb)’

R 7 z h__
Kkjih Bd ‘Bc Bb ¢ _vdhcb—vr: kdb’

where K, is the curvature tensor of the hypersurface S. From the equations
of Codazzi, we have, by a transvection with g%,

kE _h ¢ ¢
(2:3) Kkth C=thc -—-Vck .
We now assume that the Riemannian manifold M admits a non-constant

ccalar field » such that
(2-4) Vjv'_. = f(v) g;, 0.0, v,=V_v

where f(v) is a differentiable function of .
The condition (2-4) is a formal generalization of a concircular transformat-
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ion in a Riemannian space. We shall call such:a transformation a f-concircular
lransformation.

We put
(2.5) z:h-:-vaH—ozC"
on the hypersurface S. From (2-4) we obtain by transvection with B Cij‘
(2:6) V.0,=f(v)g,+0h,+v0,
from which
(2:7) to=(n—1) f@)+ak, +v°0,,

where A is the Laplacian operator on S: A= g""’vcvb.
From (2.4), we also obtain by transvection with Bbij
(2.8) Voo=—hv, +ouv,
On the other hand, substituting (2.4) into the Ricci identity
ViV 0~V V=—K,',
we find that

—K kjfhvhzf @) (85 —V;8 w) TS (g v,—8 Up)s
from which

K o' =—@—D{@—f@)y;
- and consequently |
K 2C=—@m—Da(f @—f(v),
which can also be written as
Kﬁ-(Bcjvc +al)C'=—m—-Da(f (v)—f@)),
or, by virtue of (2.3),
(V 1~V gD+ @K ,C'C'= —(n—Dea(f ) —f@)),
that is
(2.9) ak CIC"+ (n—1) (' @) ~f@)e+v°V oy =V, (h,0°) + by of

7
+f(0)h, +ah k=0

by virtue of (2.6).

We now assume that the hypersurface S is closed and the first mean cur-

vature of S is constant.
Applying Green’s theorem to (2.7) and (2.9), we obtain
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(2.10) (=D, f0)dS+ fsh dS+ [pon,d5=0

and

(2.11) ./; [ K ﬁCj C +@n—Dalf () —f@))+ Fh, + och B+ kcbvcvb] dS=0
respectively, where dS denotes the surface element of S.

Eliminating fs f(v)ds from these two equations, we find that

2.12)  [J[a(K ;+ (n—Da(f o) —F@)+a{r— 1 k,,gcb\(kcb L ng)

+(h.«,-b‘“ n{_ TP gcb)v"'v ]dS::O
On the other hand, from(2.6) and(2.8) we have
V. V,a=—(V h,,) v~k (ah’+v0"+f(0)d )
+ (—kcava+ o ), +a(ah,,+vo,+f(v)g,.),
from which
(2.13) Aa=-—V c(vak;) —n f_,m,,z:“""z:'g'+t:l:zkt,:”+2t:7::v"’z)lEz + f(v) (n—1)¢.
Applying Green’s theorem to (2:13) we find that
2:14) [, Ih0" 0 —a’h] ~2000%0 ~(n—Daf(@)]dS=0.
From (2-10), (2-11) and (2-14) we have
(2-15) j;a'[(KﬁJr(n—-l)f’(v)gﬁ)c"'C"Jr k"”-—~n i 7 k,’g""’)(k 1 hg )]ds

+f [2a— b oo, |as=o.

3. Results

From (2-12) and (2-15) we have immediately the following

THEOREM 1. Let M be an orientable Riemannian manifold of dimension n
which admits a proper f-concircular transformation and S a closed crieniable
hypersurface in M such that

(i) its first mean curature is constant,

(ii) K it (n—1)(f (v)— f(v))gﬁjCij =0 on S, where C" is the unit normal to S,

1
n._]_ H Cb

or () and (ii)" [K ;+(m—1Df (@)g}] C'C'=0 on S (iii)’ C'V V= 50
on. S.

g.)0v", C'V .0 have the same fixed sign on S,

(i) (&,
1
_ 1)

* =0

T hen every points of S ts umbilical.
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THEOREM 2. Let M be an orientable Riemannian manifold of dimension n which

admits ¢ proper f-concircular transformation and S a closed orientable hypersurface
i M such that

(1) 7is first mean curvature is constant,

(i1) Cfvfz) s posttive on S,
i) K ;+ [(e— D) (F (0) — (@) ——a50"0,] 8;;3C'C'20 on S.

T hen o is normal to S.

PROOF. From (2-10) and (2-11) we get

fs Of[KﬁCij—l- (n—D)(F @) ~F@))+h, k' — : 3 h'h, 'oz(nl—--l) rv'v,
1

n_-_._
| Py hcbvc vb]ds:- 0,

by virtue of C"V,-v=a'.
or

[a](E+{—DF@~F0)— 4z J;:)C°C

ch 1 t b, 1 c b 1 1 b
+(k o n—1 kt £ - 25).:1 v )(kcb hssgcb ! _2(! vbﬂc)]dS=O.
1

n—1
These complete the proof.

Therefore 4, h;gcb E 22 v,v.=0. Hence v,=0.
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