A THEOREM ON HANKEL TRANSFORM

By M. L. Maheshwari

1. Introduction

Let
y o !
H{f@Y =gN=[f@® J @ @)? dz,
0

the Hankel transform of order 7 of f(x), where y is a positive real variable.
This form of the Hankel transform has the advantage of reducing to the

: : .. 1
Fourler sine or cosine tranform when y=+ T Ivlany authors regard

oo 00 .
[f J @z dx or [f6) T, 120012 dx
0 O

as the Hankel transform of order y of f(x). The Hankel transform is self
reciprocal.

The object of this paper is to obtain a theorem involving chain of Hankel
transform.

2. THEOREM. Let (D) HI[f(x)] =gz(v)

(1i) H[g(-—i—*)]r:qél (). (2.1)
Then
H [ng( f —)]2T=4y%¢1(y2), (2.2)
1

——

1
provided f(x), x4 f(x), and g(—?' aere bounded and absolutely integrable in

ha

(0, ). Re 1> -~
Further, lef H [x—%gél(—lxz—-)]zr:—%-qéz(y), (2.3)
-3 (1 g
H[x Qsz(-z—x-z“)] = 2% ¢3(J’): (2.4)
_3 87
H [x 7@3(51_2.)] — 21_25_ ¢,4@)’ (2.5)
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3 .—
3, /1 \F7_ 1
= [" 96”-1(_2:;2 )] - 2(2"'“+%) Pu(3)- (2-6)
Ed) a2\ 2T oY)
T hen H [x f\z—z)] = 1 %(%‘)’ (2.7)

provided Re n>1,n is an integer, and under the conditions mentioned above.

o 1
PROOF. Let [f(%)],(x9) (x9)Zdx=g(3).
0

5
Multiplying both sides by y 2 ]T(-—j—> and integrating with respect to »
between the limits (0, o), we obtain

f]( \dy f] (xy)(xy)ff(x)dx—f]r\ ’ /g(y) dg _
y

On changing the order of 1ntegrat10ns, which is justified by the conditions.

given in theorem, and evaluating the integral [3, p.57] on the left hand
side, we obtain (2.2), on using (2.1) on right hand side.
7

We obtain x—7¢ (-—1—2—) from (2.2), Substituting it in (2.3), we have
x

B, (3)= ffgr(xy)(xyﬂ ft f ) (i) at ]d:c

x
On changing the order of mtegratmns which is permissible by the conditions.

given 11:1 the theorem and evaluatmg the x-integral [3, p.57], we obtain

4 4
A - 2o )

2
3 yf
We get x_7¢2( 12 ) Substituting it in (2.4) and proceeding as before, we
2%
have
5
9 8  8r 7 2
2T 2 ¥
4|1 )| ==r8(%)
y’f
Proceeding successively we assume the result (2.7).
_3 2'7
1 1
Let  H[x 7¢ ()] =—A—p,. .0, 2.8)
2% 2(2 +7)
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3
We have x -2—¢n(~ 12 ) from (2.7). Substituting it in (2.8), we obtain
2%

OO

A ]2_T(xy)(xy)717[ f(2 T )2r( )dtde

0
On changing the order of integrations and evaluating the zx-integral as

before, we obtain

ony 1 Ont1 (2:+17) (2._.+_%) ,
H[t( +§)f<ht22'“ )] =2 y% ¢’n+1(‘yz—)

We thus find that if (2.7) is true for », then it is also true for (n+1).
But we have seen that it is true for =2, therefore it is true for #=3. Since
the result is true for =3, therefore it is true for #=4, and so on. Hence
(2.7) is true for all positive integral values of # except one.

COROLLARY. (i) Let y= We obiain the Fourier sine transform of

2n+1 ¢
1
.1 2 gn-2 2
2 +?) x _7? & ¥
I:x f 2. —_— 1 ¢ﬂ e e
2 Pl 2
¥y
(ii) Let y= .];, . We obiain the Fourier cosine transform of
2
i 1) 2 5 @
( +?) ‘X 2.2 ( P
& f( 2 )_" 1 én 9 J°
2 y?Z '

3. Application.

1
2*0-'— , 2 RTRR , @\
Let f(x)-:x( Y)G: :(5:;: ;1 ...... ;')
20 1 4 1 y
. 2i k,k-l—]./ 45 f-—p——z-, '+ PRILELE lﬂh'f‘_ﬂ'l'f)
PV ) , [3, p.o1l,
g(y) (2ﬂ+-%—)Gp+2:q\; y2 511I.Illllllll.lllll|lllllll5', [ p ]
4

(p+q) <2h+E), (5 +0- f,;) —-—;—, j=1, 9, eeeee, b,

Re (6}.+10) oy =1, 000ee B, and |arg 0| <(h+k Db g)n
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2 kE+2( 160
1(9)=- G —5—
ST leerg) TrrAal 7
r 4 ! 1 s0es —_ 4 ._]‘__ | 4
_p 21‘! p_ 2 I 2 » dl’ . ’ pl p+'_2_, 2 _"'pl 2)
| By, *otetetecesecatettatatuatasititntascanationsns B,
8, p.91), (p+q) <2(h+E), Re (a+0) <y j=1, wwrrseeeron, b,

jarg 0 1<(hth—L—L)r, Re (Bro+L)> 1, j=1, uh

Then we get from (2.2)

1
40+ . S PR ar
H[x( 7)G: (95 |y %))
. » 4 2 51’ ------ ’ﬁq
8 P AN TN & a7 r .1
_2 G’”"“(@ 0T Tl T Gy T T T 2) 8. 1)
3 ,
(d0+3) Prda| ,f T ELTTRETTRRITP PPy , 8,
y
1 _ Y 1
(p+a) <2(h+E), Re (@;+0) <~ j=1, 2+, b, Re (B;+po+T-]>—,
1 D e p_4)
7=1, 2, seeeee, p, and |argé‘|<(h+k 5 2)7?:.
We obtain ¢,(y) from (2.3), on using (3.1). Let n=2.
We obtain from (2.7)
@o+3) el gx [ag e, g\TT 29T hrra [ g6
I P C 2 )] =2 el 20
» q 2 J Bl’ """ ’ ‘8{? y(3p+7) s ¥
[ 7- 7 1112:3* \ T t T |1:2:3
.....-p_-—.’ —p—- I —, y "0 ,a ’ —p l , p I 1 -
2 2 4 1 p 2 2 4 ),(3 2)
By, +- , B,
1 . 7 1
(p‘l'Q) <2(h+k): Re (a}—l—p) <"_4'_: .7_]-: """ k: Re ()8}"!'[0 | 2 )> 4_ ’

j=1,---, h and | arg 5|<(kik g g)n
We have ¢4(») from (2.4), on using (3.2). Let »=3. We obtain from (2.7)

1 640+ 4)
H[x(lsp—l-?)Gh’ k(_ a:&:l_ﬁ_ dl’ ------ . ap) 8722( ' p le k+8
pra\ glo By oo , B, (16p+%) p+16,q
y

*(-—- p-;-—g—-y 1’2’3-) denotes (—p—jz-—+'—}1-)- (—P——g—‘l'—é*)r (—P"‘jz—"'_i‘)'
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L 7 7 1:213: "':7 ves A 4 oy 1:2: "'!7
h2485_ 0= g» —0— 5 8 81 20 By — 0T 5 — 0T g 8 )(33)
16 ’
1 . T 1
(p+‘?) <2(k+k)r Re (a;_l_ fo) <h—s .7'""11 """ k: Re (6}—1—10' o )> “—_8_:
el e _?_q
j=1,  h, and larg 0| <(k+}e o 5 )zr.
Proceeding successively we arrive at the result
ONp+ 2 N [ e N 2Np+1 2N

H[x( p 7)Gk,k(_()‘x§N‘ a,, ,ap)] e ) kN ON*

poa\ 9 By, weeee B, y(2Np+—2—) p+2N,q | o2

| L2 e, (N—1 |

— 0 '?2/’ 0 g_‘—{—lz N( ),.{31, ---,ap, ‘—'p‘l‘l‘, 0 - g

< T R e L Ay <

1, 2, e , (N=1)

| N . (3. 4)
where N=2", Re #>1, n is an integer,

1 . Y 1

0+ <2h+B). Re @+0) < j=1, 2wk, Re (Bro+-5)>——Lp

j=1! '.":kr and |arg 51 <(k+k g _‘g_)ﬂ:-
(3.4) can be proved by mathematical induction as the theorem.

Particular Case: Let p=k=0, h=q¢=2, B;=7, B,=2r.
We have from (8.4)

ONp+3N7 + L 1l N NY  o(2No+3N7) ar(@Np+1)
H[x( 7)1{?(57 A W Ciaic i
y .1, 2,«(N—1) e

2N [gN=Y | T ‘"_?:;,"’ 03" N T O

><sz\r o\ 2N
’ s | 7s 27
1, 2, (N—

~0+-5+- AgN 1)—)

where N=2", Re #>1, # is an integer.

Re p<(—i-), Re (p+—72:—)>— 2n1—1 , and |arg 7] <.
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