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1. Introduction 

Let 
00 • 

H{f(x){ =g(Y)=If(x) J/xy).(xy)호 dx , 
o 

the Hankel transform of order r of f(x) , where y is a positive real variable. 
This form of the Hankel transform has the advantage of reducing to the 

1 
Fourier sine or cosine tranform when r= :tτr· IvIany authors regard 

as the 

f(x) J/xy)x dx or jf(x) J r [2(xy)] 강 dx 
o 0 

Hankel transform of order r of f(x). The Hankel 

。。 00 

transform is self 
reciprocal. 

The object of this paper is to obtain a theorem involving chain of Hankel 
transform. 

2. THEOREM. Let (i) H [f(x)] 7=g(y) 

(2.1) 

Then 

Hlx강f(쫓 2r 3 ~ 

=4y강Ø1(y‘)， (2.2) 
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and l \ 
g( -죠-/l a7e bounded and absolutely z'ntegrable in 

F‘urther, let Hrx -감l월)12;-합2(y) ， 

Hrx -2øi옳 

(2.3) 

1 ￠ (y), - 3 )"3 

22 
8r 

= 도 ØiY) , 
2강 

(2.4) 

(2.5) 
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3 

Hlx-%n-1(上
2'-'r 
=「초 1 \ rþn(Y)' 2(2'-8+~) 

Hf )20-1 +융쟁)]2 r=떨략)￠n(쓸)， 
.{, Y~ ’ 

(2.6) 

(2.7) 

provz"ded Re n> 1, n t"s an integer, and under the conditions mentioned above. 

。。

PROOF. Let f(x)J r(xy) (xy)~ dx=g(y). 
0 

5 
h411ItipIying both sides by y-흥 Iγ( 걷-; and integrating with respect to ~ 

between the limits (0, ∞)， we obtain 
c。

lr(￡Y캘 
. “ ’ ~ y 

J/xy) (xy)융f(x)dx= J/몫) g(y)과L. 
。 - y3r 

On changing the order of integrations, which is justified by the conditions 

given in theorem , and evaluating the integral [3, p.57] on the left hand 

side, we obtain (2.2) , on using (2.1) on right hand side. 

We obtain x-감J결) from (2.2) , S배stituting it in (2.3) , we have 
- ‘ x 
∞ 1 ∞ 2 

dx 
" I o o' x강 

On changing the order of integrations which is permissible by the conditions. 
given in the theorem and evaluating the x-integral [3, p.57] , we obtain 

5 4 . _4r 휴 2 
흥 ( t HI t" f( • 4 ’ I = 

2 ? y3i 

3 ‘ 一
We get x--애Jτ ). Substituting it in (2.4) and proceeding as before, w& 

-、2x

have 

9 8 ‘ 8r _홍 2 

HI t잠/육 )1 =경; rþi ~ ì. 
2 ' 나 강 ) 

y 
Proceeding successively we assume the result (2.7). 

Let Hlx-꿇 너)2·r=-」-￠ 1(y)· 
~\2정J J - 2(2'-'+융) 't' n 

(2.8) 
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2i 
from (2.7). Substituting it in (2.8) , we obtain 

∞ . 5 ∞ -
l i f -jZI、 (2’ '+1) ./:1/;(; \ ( t øn+l (Y) = jJ2./XY) (XY)치x ~ Jt'- . A，1(:갱)J2. r(강 )dt Idx 
o 0 "" 

On changing the order of integrations and evaluating the x-integral as 

before, we obtain 

(2’+ 1) / 2·+l 
Hlt 흥 tCξ.~， 

(2' +1 r) j 2'-’ +융) , __ 2 

=~ ~ øn+1( 숭 
y-

We thus find that if (2.7) is true for n, then it is also true for (n + 1). 
But we have seen that it is true for n=2, therefore it is true for n=3. Since 
the result is true for n=3, therefore it is true for n=4, and so on. Hence 
(2.7) is true for all positive integral values of n except one. 

l 
COROLLARY. (i) Let r= n:-l' We obtaz'n the Fourier sz'ne translorm 01 

2 

” 2· 、 , -융 n(2--z) / ” 2 

쓸;-)1=-느二i -Øn(승 
~ . -2 ' 

y 

. We obtaz'n the Fourier cosz'ne transform o} (ii) Let r=-
1 
'+1 
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3. Application. 

Let 
þ, q a:::패:) 

'. g(y) = 
22.‘.0 ,..h. k+l( 4δ 

)짜최강+2.q\.、강 

φ+q) <2(h+k), Re (면 +P+융>-융， j=1, 2, -----, h, 

1 r 1 _.r 
강-.0-강’ a l , .. …,a"i-p+ì 
ßIJ •••••••••••••••••••••••• J β'/' 

[3. p. 91] , 

Re (aI+P) <좋. j=1 ........ k. and larg δI <(h+k-몫-융 11r. 
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:. (A(y)= 
(4p+l) ,_ L' " I 

"h. k+ 2/ 16δ 
• O"J\. U .. I n ~h-l- 4nl ~~2 y 

r , 1 _ _ ~， r 1 _, r 
-p-τ， -p- 2 +경-， a1, …… , ap' -p+강’τ-p十 2 

-

, 
Bl, - - -- -- - -- - -- - -- - - - -- - -- - -- - -- -- - -- - - - -- - - - -- --, Bq 

[3, p.91], (p +q) <2얘+k) ， Re (aj十 p) <춘， j=1, •• , k, 

1 arg δ 1<( h+k-풍-융)π， Re @j十ρ+공)>-웅， J
O

== 1, .... , h. 

Then we get from (2.2) 

Hr)4P+융) d. k(효± l ap ------, % -2r 

p,q\ 24 I βl' •••••• , ßq 

=월뀔L냐dι샘’새k+2f팩l앨펠팅행al「F-얘P-끊，융운-p-끊운.， a꺼욕a띤얀1νl' ••• 

)연때4째p+융) ~p+4， q\i 뼈l' .••••••••••••••.••••••••••.•••••••••••• , ßq 
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r ~ r , 1 ， 2， 3육 r _, r , 1,2, 3 
-p-강， -P一 2 + -'4 ~ , a1’ …… , ap' -p+τ， -p+3Z+」x--

1. (3.2) 
ß

1
, .......... …… ......... …… ...... … ............ …… .................... , ß q 

(p+q) <2(h十 k) ， Re (a j + p) <춘， J
O

=l , ...... k , 

(,.,1. P q j=l, …, h and I arg δ 1<( h十 k-. 2 - 2 )π. 
We have Ø3(y) from (2.4) , on using (3.2). Let n=3. We obtain from (2.7) 

--4 > n p 十
0 

. 
+1 α

 μ
 

e R 

Hr)16P+융)d. k(격욕 I al' ••• "', 딴 
p,q\ 216 I ß

1’ 
...... , ß

q 

2(64p+4) 
-h k+8 

=랬평까+16， q 

-
‘(- p~공+퓨!효) denotes ( -p-윤+움). (-p-~둥+웅). (-p-끊+훈). 
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2480 
..16 y 

γ r , 1 잊 R … 7 _ _ _, r _, r . 1, 2, "', 7 
-p- 2 ， -p-τ+ 수경~-'-- . , al' …, ap' -p+ 2' -p+ 2 +-'-'궁一 

, (3. 3) 
ß

1
, ••••••• ……………… •• '" '" ••••••• …… ••••• … •••••• '" •••••••••••••• , •..•.• , ß Q 

Cþ+q) <2(h+k) , Re (a j + p) <초， j슈=1L， .”…….“……샘.，… •• 

jF= IL쇠’C「.”…….“… •• 기냐，껴h’ and larg δ 1<( h+k-호-」낀 \' •. ,. 2 2 / 
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Proceeding successively we arrive at the result 

Hr)2NP+융)d'상팍앞 I a1, ...... , ap' 1Nr =i2N)(2Np+l)Gh,k+N 

þ,q\ 22N Iβr---- ， 3qj y(2NP+흉) '-' þ+2N, q 

~+~츠간노따二1) -p-5, -p- 2 N , a1, • ·,%, -p+5, -ρ+τr 

ß l' ... '" ............. , ......••• , •••••• '" '" ••••••••••••..•.••••.•..•.••..••• , βq 

씨
에
 

-% 

+_1, 2, ...... , (N -1) 
N , (3.4) 

￦here N=2
n, Re n>l, n is an integer, 

φ+q) <2(h+k) , Re (aj十 p)<송， j = 1, 2, ••• "', k , Re (ßj+P+공 1>- 1 
2n - 1 ’ 

j = 1, .. ", h, and I arg δI <( h+k- 융-윷따· 

(3.4) can be proved by mathematical induction as the theorem. 

Particular Case: Let þ=k=O, h=q=2, 에=r， ß2=2r. 

We ha ve from (3. 4) 

(2No+3Nr+ !,.) ,.! HI x\-"" , ~'" T흥/ K r(，δ강펴」 

r 

×υ2N.피강N 

Nr 2(2Np+3Nr) N(2Np+1) 

얀 12NiJ+ 흥1 
δ‘ y ‘ ιl 

_P_ ~ + 1, 2, ... (N-12 
2' N 

--

-p+웅， 

r , 2r. 

r I 1 
-P+τr+ ‘ ’ 

2,…(N-1) 
N 

’ 

where N=2η， Re n> 1, n is an integer. 

Re P<(송， Re p+ 끊)>-τ욕， and larg δ1<π. 
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