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By C. J. Mozzochi, 

In this paper there is obtained a p-neighborhood characterization of symmetric 

generalized proximity spaces (introduced by Lodato in [1]) similar to the 
p-neighborhood characterization of ordinary proximity spaces(c. f. [낌 page 193). 

This paper is based on part III of the author’ s thesis, Symηzetric generaUzed 

uniform and proximity spaces, submitted in partial fulfillment of the require

ments for the degree of Doctor of Philosophy in the Graduate School of Arts 

and Sciences of the University of Connecticut. The author wishes to acknow
ledge his indebtedness to Professor E. S. W olk, under whose direction the 

thesis was written. 

DEFINITION 1. (Lodato) A symmetric generalized proxz"mity space ‘'7 on X is 

a subset of P(X) XP(X) such that: 

L1 : (A,B) f ‘Çlf implies (B, A) f ‘'7; 

L2: (A, B) , ‘'7 implies AnB=rþ; 

L3 : (A, B) f g and (A, C) ε9' implies (A, (B U C)) f ‘'7; 

L4: (A, B) E g implies A~rþ and B~Ø; 

L5 : (A,B) E ‘'7 and ({b} , C) E ‘9' for all b in B implies that (A, C) E ‘'7. 

THEOREM 1. For a symmetric generalized proximity space on X the following 

are true: 

A: (A, B) E ‘'7, ACC and BCD impUes (C, D)E ‘'7; 

B: For all x z"n X ({x} , {x}) E ‘'7; 

C: For all A in P(X) (rþ, A) f ‘'7; 

D: (A, B )E ‘'7 or (A, C) E ‘9' implies (A, BUC) E g; 
E: AnB7얘 impUes (A, B) E g; 

The proof of this theorem is straightfoward. 

DEFINITION 2. A set B in P(X) is a p-neighborhood of a set A in P(X) 

(notation: A 옵 B) iff (A, (X-B)) f ‘'7. 
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THEOREM 2. In a symmetric generalized proûmt"ty sqace (X, ,91) the followz'ng 

are equivalent. For all A , B , C 쩌 P(X): 

A: Ag B and {x} ‘9 C for all x z'π B implμs AgC; 

B: A ‘9 B and A .!f'T C imPlies there exists x z'n B sμch that {x} -:l7 C; 

C: A -:l7 C imPlies A -:l7 B or there exz'sts x in B sμch that {x} -:l7 C; 

D: A 옵 B and A ‘9 C z'mPUes there exz'sts x z'n C sμch that {x} 몸 B; 

E: A 몹 B iηzplies A C C or there exz'sts x in (X-C) sμch that {x} 몸 B. 

The proof of this theorem is straightfoward. 

We obtain a p-neighborhood characterization of symmetric generalized 

proximity spaces on X by th~ follo wing. 

THEOREM 3. The relaUon 중 fη a symmetric generalized proximity space (X , ,91, 

satisfies the following condiUons: 

Q1: X ξ X: 

Q2: A ii;;응 B iηzplies A 드 B; 

Q3: ACB 중 C 도 D iηzþlies A ξ D; 

Q4: A C B and A ζ C imþlies A C (BnC); 

Q5: A ζ B z'ηzplies (X -B) ξ (X-A) ; 

Q6: A 몹 B implies A ξ C 0γ there exists an x in (X-C) such that {x} C B. 

[f g is seþarated, then Q7: {x} 중 (X -{y}) iff x :;i:.y. C01iVersely, let a relation 

즙 satisfying Q1 throμgh Q6 be de!z"ned on P(X). Then .9', defined by A -:l7 B zff 

A 몹 (X-B) , is a symmetric generalized proximUy space on X. Furthermore, 
B is a þ-nez'ghborhood of A with respect to ‘9 zff A C B; and zf Q7 is sa#s!z"ed, 
then ‘9 is a separated þroximity sþace on X. 

PROOF. Q1: (by theorem l(C)) rþ gt X; So that (by L 1) X -:l7 rþ; so that X -:l7 (-X); 

80 that X 몹 X. 

Q2: Suppose A 후 B. Then An (X-B) :;i:. rþ; so that (by theorem 1 (E)) Ag (X-B). 

But A ξ B implies A -:l7 (X-B). 

Q3: Suppose A ξ D. Then A ‘9 (X-D). But B 그 A and since C 득 D we have 

that (X-C) 二 (X-D); so that (by theorem 1 (A) and (.E)) B ,91 (X-C). 

But B ξ C implies B -:l7(X-C). 

Q4: A 증 B implies ι'l-:l7 (-B) and A 옵 C implies A-:l7 (-C); so that (by L3) we 

have A캄((-B) U (-C)); so that A용-(BnC); so that A 옵 (BnC). 
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Qs: Suppose not. Then (X-B) g A implies (by L1) A ‘Ç7 (X-B). But A 좁 B 

implies A :Y (X-B). 

Q6: Immediate (by theorem 2 (E)). 

Q7: {x} 몸 (X-{y}) implies {x}캄{y} implies x =l:y. x =l:y implies {x} Jll {y} 

plies {x} :Y (X-(X-{y})) implies {x} 도 (X-{y}). 

lm-

Proof of Converse. L1: Suppose A 령 B. Then A 좁 ( - B) ; so that (by Q4f 

B=-(-B) 옵 (-A); so that B :Y A. 

L2: A 갖B implies A 증 (-B) implies (by Q2) that A 도 (-B); so that AnB=ø.‘ 

L3: Suppose A Jll B and A Jll C. Then A 중 (-B) and A 옵 (-C) imp1ies (by Q4) 

that A 증 (-B) n (-C) implies A ξ -(BUC) implies A Jll (BUC). 

L4: Let A be in P(X). Then A c X 증 X (by Ql)' Hence A 증 X (by Q3); so 

that A :Y cþ. Now suppose A g B. Then B =l: CÞ. But B ‘Ç7 A (by L1). Hence 

A =l:Ø. 
Ls: Let B'=(-B) and C'=(-C). Then A Jll (-B) implies by definition that 

A C B; so that (by Q6) A 옵 C or there exists x in (X-C) such that {x} 중 

B. So that A 량 (-C) or there exists x in (X -C) such that {x} 갖 (-B). 

Hence A캉 B' implies A .9' C' or there exists x in C' such that {x} :Y B. 

and (by theoioem 2 (C)) this is equivalent to Ls' 

It is easily shown that the rest of the theorem is true. 

REFERENCES 

Trinity College 

Hartford, Connecticu; 
U. S. A. 

(1) M. W. Lodato, On topologically !ηdμced generalized proximity relations π， Proc. 
J\rner. Math. Soc. , 15, ~o. 3 (1964) , 417-422. 

(2) W.J. Thron, Topological structures, I-Iolt, Rinehart, and Winston, ~ew York, 1966. 


