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1. In this paper 1 have discussed a property of a generalization of Hankel 

transform whose recurrence relations, integral representations and other 

properties have been given by me and by some other auothers. This property 

involves its connection with the Laplace, Hankel and K-transforms. 1 have 
used this property to obtain certain theorems and to evaluate certain definite 

integrals from there. which are difficult to tackel otherwise. 

2. Agarwal (1950) gave a generalization of the well-known Hankel trans-

form, VIZ. , 
C잉 

f(x) = /，.1폐 JvCxy) g(y) dy, 
o 

by means of the integral equations 

A∞ À+ -Å- μ11 
f(x) = (1/잉 ，μ때) 강J;C융x-y- )g( y)dy, 

o 

whel"e J !(x) is the Bessel-Maitland function defined by the series 

(-x) ’ J;μ(x)= εr∞ , μ>0. 
=0 r!r(l+λ+μr) 

For μ= 1， (2.2) reduces to (2.1). 

(2.1) 

(2.2) 

(2.3) 

He gave the inversion formula (1950) and some theorems (1951) for this 
generalized Hankel-transform. 

we can write (2.2) in the convenient form 
c。

f(x) = jè때)껴μ(때) g( y) dy. (2.4) 
O 

The object of this paper is to evaluate some general integrals involving 

Bessel-Maitland function defined by (2 , 3). Henceforth we shall call f(x) to be 
generalized Hankel-transform of g( y) , if the relation (2.4) holds. 

3. THEOREM 1. If f(x) 
음y-cλ+1)+μCr+ l) g( y암S 

is generalized Hankel-transfort.η of g(y) and 

the Laþlace-transform of t Ca+1)tt-1 1[/" (tμ/2) and 
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tq￥7"(1/t) z's the Hankel-transform of order ν of sÞ Ø(s) , then 

2μr( 츠±L-a-4+조+→L@ l i / 2 
\ μ 2 ' 2 ' 8 Ll pÞ-흥 - 8x M r S 

r(써-1) x쁨-a-q/2-r-3/8 'J s" ~ e -- 1ι펀-a-윷-흉， 융\ 4x 
0 

XØ(s) ds (3.1) 

provz'ded R 

absolμtely. 

산-=-.1 _ q ，_α十L
μ 2 ..... 2i >-웅 and the integ짧 involed 

r À.+1 In particμlar， f q=2| ----a----- !, we obtaz·% l 2 ~ 2 8 

xr-강/’꿇)늑흙뚱r s켈-늄(간) 

converge 

(3.2) 

1 -(.l+l)+μ(r+l) μ 
PROOF. For, if 1r y g(y ) is the LapIace-transform of 

(a+l)μ-1 μ1/2 
ψ'(r' -). then 

and 

죠±프+r+l 얻 a-(yt)τ ‘ 
μ T ’ T J. g(y)= /t '-e 맺7"("'; t) dt 

0 

00 

f(x) = /(xy)γaμ(xy)g(y)dy 
0 

00 _ 00 1 

f"r μ 쓰±프-r-l f.a -(yt)τ -
=/(xy)]λ (xy)y μ /t-e φ'(‘I t)dt dy, 

o 0 

00 00_ 1 

f ,a._ , .--:-, f λ+1_1 -(yt)τ 
=x μ 1[f("'; 0/ y μ .l.e ~" ]λ (xy) dy dt, 

o 0 

Provided we can justify the change in the order of integration, 

7∞ .l+1 n. 1 
=μ x'/ t 피--c..c-‘le-~‘1[f( ~-=-) dt. ; νt 

(3.3) 

on expending] :(Xy) in the form of infinite 

term, a process easily justifiable. 

series and integrating term by 

∞ ∞ . .l+1 _ .M ~ro _ 

f(x) =μ상 당+챔(s) fiτ-a-q(2-7，껴Iu (4/ t s) dt ds, (3·4) 

o 0 
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Provided we can justify the change in the order of integration; 

( À.+ 1. _. q , V , 1 \ 2μT(-----α---+--+--) 。s
f(x) = \ μ 1 ’ 2 2 p ) .(l一Ee-경F 

r(v+l)x도-a-숭-r-숭 i 

U 

강
 

3 
-8 몫

 

f 쨌
 

-u 옳)Ø(s)ds. 

since (i) as x→∞， 

L.-k(λ+용) 
Iλ (x)=olx "V' ι exp{(μxY'cos πk/μk} Ik= 1 

1+μ ’ 

(ii) as x• 0, J~μ(x)=o(I) ， the change in the order of integration in the 

steps (3.2) and (3.3) is permissible under the conditions stated by virtue of 

De La Vallee Poussin’ s theorem. 

4. AppIieations. (a) Suppose μ=1 and g(y2)=y22-2r-2a-1eYS/4wk β 、
、l 

j 
/ 

f 
-2 

and tqψ/ 1 1= 
\ t 

f@)= Fff뚫쩔)2쁨二호-￡xE흉二*-홍e￦蠻-용， E二흥+Ã.+울 (2x) 
tq-뼈+2a+2(t2+2)β+k-융 

냥r 융-k+ß、 

1 Jf we take k= -2ß-v-강 and q=4ß-2α+v-3/2， then 

!ø(s)=~ß+v+융Kβ(2~ 잉 
￠(s) = ，+3/2β 

2" '-'-"r(ß+ν+1) 

Hence from the theorem, we get 
。。

β+V -5'/8x. I I S2 \ 
( ~ __ )K ，，(~ 2 s)ds 

o 2-2β-융+홍· 융\ 4x i β 

3v λ ” 
-2효+흥+2β-l F(감1)r(l+λ-2ß) ν밤+융x 

r(λ-2β+풍)r(l+ν+3β) ι ι W 설렌， 떻二V. 

2. Ã.-2v-l (b) suppose μ=1 and g(y-)=y" -. ~exp(-‘/강y). 

1-λ .. - .- ‘ 
:. f(x)=2갱-x-A(1+2x)-‘μ[~I주Ex-1]A 

and /ψ(4÷ tq+2a-X+ lexp(-갚)D- 2(t2)· 
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2 S 
4). --4 + A 

-4 + ’ 
f 

ι
 

then 

h ‘1ι A , sg 
s" rþ(s) =응슨S-강-"e-4M ν ì. , 3 

흥-4 '1""4' 

suppose if we take q= A.-2α+ν-융， 

we get Hence from the theorem, 

풍 lds n4f X3eX1 
강-;I+4[’ 흥 +i+t 

2 S 

4x U 

2 
Mì. _v 7 

~---

2' 8 ’ 

2 
S 

X 

2S 

값
 

00 

}. 3 
s-강-흥exp 

0 

λ 5 R(ν-~')>-~ 4 .1/ -4. 

t’, 3.:\ , 3 

=4관쁘효확프3 . 쓰표갚걱U- ; R(U)> -1, 
2Trfν- 츠+효\ ν1+2x 

v 4' 4 
2 2X-2r-1 y’/ (c) Suppose μ=1 and g(y-)=y-" _. -e μÐ_2ì.(Y) 

.. f(x)=2성-융eXD_2ì.(2‘/x) 

• 

, • 、 ,q+2a+l 

t'7[!l쉰= ----'r(자 융)(2+t2)A and 

then q=v-2α-흉， Suppose if we take À. =1 and 

• 쐐(s)=2-걷-、/표 sec (νπ) ,,;' s [1ν(‘/강s)-L_" (，，;'강s)]. 

Hence from the theorem, we get 

[lvCν/강s)-L_vC，，;'강s)]ds 
2 

S 

4x E 
M19 v 
홍-흥’ 

c。

exp(- 짧 
0 

15 " 
= r(ν+ 1)exx홍 -강Ð_2(2‘Ix) 
객T떻 sec (νπ)2Cu-

if we take λ=ß+v+1 and q=v-2α-융， then we obtain (n particular, 

KβC，，;" 2s) ds 
/ 끼 

f s 
융V잃 

M ~， v , 15 
β+강+홍’ 

? 
S 

8x 

c。

β+ν 

s exp 
0 

, 11 

exxß+ì+흉D-2Cß+v+1) (2.y' x). = ------L----=ι 
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and 01 g(y) , H ankel-transforηz 

then 

5. THEOREM 2. If f(x) z's the generaUzed 
3 

yxg( y) z·s the K-trafzsfoym of tαμ-흥 띠(tμ) olorder v, 

- (dt 

• 

we obtain If we take μ= 1/2， 

0 

In particular. 

r- ii.:t v十흉 ; -X2/t 4 

융，쇄 

1 ∞ í 1""' lr-λ :t v ， 3 
~ . . -

I(x)={-^+흉하lCλ- r) +a-해(t)J ~ \.. 2 T 4 ~2F。L L F(1+λ) - 3 

dt. 

γ-λ+ν 5 
젠느仁±포12FJ간긴초!:'+효 ; ~， 1, 1+ ii.: -X2/t 4 

2_1 R 、 \ 2 '4 ’ 2 ’ 
tTI릎+λ ‘ 

The proof of the theorem is on the same line. 
ι‘ 

λ+ ，-r+4 
g(y)=y ι K ， … , 1 (y) 

A-Vï강 

Let (i) Applications. 6. 

1 (x2
). 

훌 

, .. 1 yl%' 
'. I(x) =2"-v- -z r(2v+ l)x’ -자갱-w 1 

-v-효’ 

when l<t<∞ PU 1 (2t4-1), 
τ ^-v-τ 

(t- -1) ~ 

v 4-a 
2 t then Ø(t)= Suppose r=2Â.+l. 

when O<t<1 =0, 
we get Hence from the theorem, 

+홀; λ±ν 
2 

-X2/t 4 

1十λ;1, 
1 
-2 펴

‘
‘
 

5 
-4 
-D 

+ 

「h

u 
----

+-~ 
2 
-U 

[A

r· 

//I 

P 

-? 
냉
 

∞
 
“ 
1 

dt 
+4: 
3 -x2/t4 
강+λ: 

-λ-융 +r ~ .. ， r 1""' fγ-μ”↓γ n 
1 .. _ ( 2 “ ι (-x) 끼 I ，.느- .• +으 

l(x)=2l(t
a

-
1
rþ(t);í2 -r-λ+r. 3 \ 2 '4 

λ±ν 
2 

3 
강’ 

+1] 
4 ) 

2F3 
1, 

2xr(씀U 
t2규흉+λ 

+-

-2u-2 - 2X+ i 

then and 7=3λ+ν+ 흉， 
2λ-T+l 

(ii) Let g( y) =y ,., 

l+y 
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￠(t)=t4-aH”(t2)· 

q
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n4 

-+ -x2/f4 dt 

--
3/2 

π cosec (-2λπ) 
l lJl , .. , 1 4iτ겹i주7 
-::.~+v+. :. __ .. ::~ . 

X 3 '-'6 

껴
 

‘ 4 / 
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、
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