CERTAIN THEOREMS ON GENERALIZED HANKEL TRANSFORM
By R.S. Dahiya

J. In this paper I have discussed a property of a generalization of Hankel
transform whose recurrence relations, integral representations and other
properties have been given by me and by some other auothers. This property
involves its connection with the Laplace, Hankel and K-transforms. [ have
used this property to obtain certain theorems and to evaluate certain definite
integrals from there, which are difficult to tackel otherwise.

2. Agarwal (1950) gave a generalization of the well-known Hankel trans-
form, viz.,

f(x)= f«/?c} T (xy) g(3) dy, (2-1
0 | |
by means of the integral equations
Foy=/2) [ 21 155 Je(ay, (2-2)
0 | - o ,

where J; (x) is the Bessel-Maitland function defined by the series

it _ co (—-_x)r -
]Z (x)*-Z}":O 7"!]-'(1-“'2 ﬂv?’)’ ﬂ>0- (2 3)

For u=1, (2-2) reduces to (2-1).

He gave the inversion formula (1950) and some theorems (1951) for this
generalized Hankel-transform.

we can write (2-2) in the convenient form

f@® =) T, @) g(») dy. 20
0

The object of this paper is to evaluate some general integrals involving
Bessel-Maitland function defined by (2-3). Henceforth we shall call f(x) to be
generalized Hankel-transform of g(y), if the relation (2-4) holds.

8. THEOREM 1. If f(x) is generalized Hankel-transform of g(v) and

173)'"(2“) +”(T+1)g( y*) is the Laplace-transform of gLt el ?P'_Cl‘_”/ %) and
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199 (1/¢) is the Hankel-transform of order v of s* ¢(s), then

A+1 _q , v, 1\» . ;
(S —a— g g —% s
fx)=- A+1 2—7—3/8 > ¢ M;H'l a——?———?'— 2. \4x
P+l o V980 T 278 2
X@(s) ds (31)
provided R(— 2:‘—1___%__“_1__%_1) s> - ; and the inltegrals involed converge
absolutely. |
In particular, if q=2[ —z'-i-l—--—a——i———z—] we obiain
’ 2 2 87/
r—v ./ E:*'_P_.._.
* f("'fx_ '_"‘22 o 52 T W) - (32
—(2+1 1
PROOF. For, if -—!1-;- ¥ Ak Fu(rs )g( yﬂ) is the Laplace-transform of
Du—1 2
t(a+ H @T(tﬁ/ ), then
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r( IR TS S |
=X ftaw'(«/ £) fy PR J f(xy) dy di, (3.3)
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Provided we can justify the change in the order of integration,

2"-—-1_—:!—&-—2 —xt
= xft v( 4/?) dt.

on expending [ 2 (xy) in the form of infinite series and integrating term by

term, a process easily justifiable,

> Y. _
f=p’ [HE¢(o) [u TR () at ds, (34
G 0
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Provided we can justify the change in the order of integration;

A+1 1
2;:1*( ———L-+ Y ) _ s?
f(x)= - (s" P
I'(v+1Dx ¢ a__f'_r_“g' 0
KMjz4q 3 y( S )@(s)ds.
SR e S AT

since (i) as x—»oo,

1
—R(A+ k
];(x)=o[x (442 exp{(ux) cos n'k/#k}]k_ 1
1+p
(ii) as x—0, ]f(x)=o(1). the change in the order of integration in the
steps (3+2) and (3-3) is permissible under the conditions stated by virtue of
De La Vallee Poussin’s theorem.

4. Applications. (a) Suppose =1 and g( yz) =y2’1"27"'2‘8"'195'2 Mer 3( y? \,

I (14— ~28) ,, A— f 1 7+8—k_ 3 |

' f(x)= 4y 2 4o Wee38—2 1 k—B+2, 1(2%)
r(172+B—k)- AR 1 h-btl, 1
_48+2a+2,,2 B+p—1
g ¢ 1 tq (¢ +2) ?
and ? !.U"\ ;

2k1"(—%- —k+ 5>

Jf we take k=—2‘8—v—-é— and g=45—2x¢+v—3/2, then

935( - ‘8+”+_2_K5(24/ s)
S S)—
o' gt yt1)

Hence from the theorem, we get

CO _28
[+ s/xM2_25_7+_ ( * VK (/Eds

-8 7

C+s+26—1
222 F+DI'Q+A-2 2 TE
( ) ( ‘8) X 2 BexWﬁ_l—v—l A=38—v,
2

r(2—25+185)r(1 +9+38) 5

2 A—2v—1 —
(b) suppose =1 and g(y )=y T exp(—/ 2 ).

1A 72 _1/

 f(x)=2 2 (1+2x) [4/1—1—2x—1]2
\ +2a—-2+1

and ¢ !ET( ) exp( {4 )D_Z(tz).
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suppose if we take q=2-—2a'-l—z)——1— then

2!‘
A

5 ¢(s) 2% _';:_le-'ifM (32)
S )= ~— Ja
/T Foath prgted

Hence from the theorem, we get

OO

2 3 52 32 g2 g2
$TT T DEexp —=M,_, - , M . g _ = Jds
[0\ [( 81') 4] 5 + g T( 417) 5= ' I _2_.1._4_.]..‘_41_(2)
. -é—+32+-§- 2
vl (1+v)x 4‘ W1+ 2x—1] h:R(p)>—1 R(v——&)> 39,
_—lil WV ’ 4 4
5 21"(9—-2'—4-—5—) 1+2x
4 4
(¢) Suppose =1 and g( yg) 23?22—27*—1&3,2/ ”D_zz( y)
_ 1 .
. f(x)=2%""2°D_,(2/F)
g+2a+1
and (G- )=ty
r(A+ %)@+
Suppose if we take A=1 and q=v—2a'—%. then
5 v—1 . o
sp(s)=22 /1 sec (wn) +/s [[,(n/28)—L_, (4/25)].
Hence from the theorem, we get
7expf 5 )Mlg (-—'SE-) 1,(»/28)—L_,(+/25)]ds
) \  8x g7 o\ 4% —?
s
_Tw+1Dex® 2D_,(2/7%)
— —1>/2
Sl (%3) seC (m)2(u ’
{n particular, if we take A=8+v+1 and q=z:-—2af-——-%, then we obtain

{sﬁ”.axp(- gi )M5+7+§’ 7\: i )}'{5(,\/23) ds

%
F(v—l—l)f’(ﬁ—l—v+ 3 \F(5+v+1)22”+ ) 11

x 8+
/ ——
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e X 2 _B_D—2(ﬁ+v+1) (2'\/-55_)-
8
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5. THEOREM 2. If f(x) 7s the genemlzzed Hankel-transform of g(v), and
Y g(y) 15 the K-transform of ¢ T 7 (¢ ) of order v, lhewn

fx)=21 ﬁ“ 10— 2 1)
£ w2 '+ 1A+ A+ pr)

Y —A—g 7 r(Y—ALtv+7r | 3
2 — )I’ FO2) Y
(=T >]dz

In particular, If we take u=1/2, we oblain

. co ; . ’]-(_T"—Riv, 3) r--—/'i.+v—1—i —x2/tt
r—A+3d v ,2(A-7)+a— 9 T4
x)=2 x | (t)i 2F
A £ ¢ T+ P\ 5 L1425
—A+v 5

ol (L—2=V4 9

(-2 2 3 4 )2F3(7+§i” | 2 : -—%— 1, 1+4; —x?-/t“)} dt

rr(5+2)

The proof of the theorem is on the same line.

A+o—T+2
6. Applications. (O Let g(»)=y 2K, (3

Ty
Z—U-'%- T—% —xi- 0
L f(x)=2 F'Qv+x 2e2wW | 0G5,
VT3 7
? 4—cx ) 4
Suppose y=24+1, then ¢()= 21 - Pl_v_%,(% —1), when 1<
4
¢ —D?
=), when 0<¢<1 -
Hence from the theorem, we get
Th_21-2 2 /2 4 r\/liv,S) 2%-”}2'
¢ P, 1@ D N2 4 )op, — 22/t
}1 2 \"Ta o _:1? 1 142
Aty | 7\ Aty | 7 ‘*

+?xf 2 4‘)25‘ 24 2/ |0 gt

2 3, 9 —X "

T(§+2) L 5, $+2: ),

—2—2 22+ =
=27 T@+Dx Zexp(x /W _ 1 1€ %) R@> — 5
' g
2A—7+1

and 7r=84+v+ g, then
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bO=F “H (.

Hence from the theorem, we get
1"( 2A+v+v+3 ) 2A+v+v+3

o —41—2y—3 % 2 5 ;
L 2] 2A+v+v )
2xf'( 22 |27)__I_Z) [ 2) 9 +2 ’
T 5 2F —x2/14 |1 dt
£ T'(3/2+2) 1, %. %4-1 :
3/2 - .2/3
1 cosec (—24An) (x
- 112_!_0_'_ 1 4A+3v+7 {];{, ! [3 "Q") ] COs ('_Zﬂ')
3 B 2

+1a+4. 43(5 I RA> —1.
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