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1. Introduction 
We shall denote 

g(y)=j f(x)Kr(xy) (xy)τdx=Mr [f(x)]. 

。。

(1. 1) 
o 

the Bessel transform of order r of f(x) , where y may be a real or complex 
variable. This transformation was introduced by Meijer [1] • It was further 
investigated by Erdélyi [2] and Boas [4]. 

Let r= :t웅， (1. 1) reduces to the Laplace transform, 
c。

1>(Þ)=ÞJe-.얀f(t)dt， Re Þ >0, 
o 

then 1>(Þ) is said to be the image of f (t) and f (t) the original of 1>φ) ， and is 

denoted symbolicaIly by 
f(0 1)늑 (Þ) or 1>φ)듀f(t). 

The object of this paper is to establish a new property of this trans­
formation and a generalized result as its application. 

2. THEOREM. Let (i) Mrrf(x)]=g(y) , 

(ii) M라2g(추) |=π1>1 (y) , (2.1) 

then 

~ 
4 =y-융1>l(r) ’ (2.2) 

φrovzaed 

±윷응±7‘ 

( 1 ‘ Re α> -1 for small x and f(x) , g(τ ) are boμnded and absolutely z"ntegrable in 

(0, ∞). 
Further, let 

--% / 
, 
ι
 

-
댐
 

M 
=21/2π1>2(y) (2.3) 
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M2'rrx-흘φ (1 ’ 1"2\ 2x2 =옳2 rþ3(Y)' (2.4) 

=옳εrþ4α) ， (2.5) 

••••••••••••••••••••••••••••••••••••••••••••••••••• 

M 2"'rr x-짧-1 꿇 - πØn(Y) 

- 2(2-"-3/2)" 
(2.6) 

Then 

x\- .’ -i J{ 강;-)J=Y 2 Øn( Y; (2.7) 

1 under the condiUons mentz"oned above and Re r> - .L_, Re χ>1 and n is an 
2n 

integer. 

。。

PROOF. Let I f(x) Kr (xy) (xy) 2 dx=g(y). 
0 

- 1 / a ‘ 
Multiplying both sides by y τKrl、; ) and integrating with respect to y 

between the limits 0 to ∞， we obtain 

§패(띔ψ월(x)Kr (때)싫x펼-늄r 웅)gα)dy 
On changing the order of integrations, which is permissible by the 

<:onditions given in the theorem and evaluating the y-integral on both hand 

side and using (2.1) on R. H. S. , we obtain 

a웅&-울f(x썩 
Hence, we obtain (2.2). 

We obtain x늄J속 ) from (2.2) , substituting it, we have from (2.3) 

상πrþ2(y)옳2r(때)(때렐뽑(강)K2r(승 )dt Idx 

On changing the order of integrations and evaluating the x-integral as 

before, we obtain 
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M2'rrt융f(검 
‘ \ 16 

。

]=y감'2 .몫 

, we obtain from (2.4) 

2-울윌πø 3(Y까y K 2'r( 꽃 ldt Idx. 

Proceeding as before, we obtain 

M2'챔f(옳， =y꿇3(줬 
Proceeding successively, we have the result (2.7). 

Let 
2nrr_ 1 . / 1 \ 1 πØ"+-l (y) 

M ‘ ’ | 갚꿇rfJn (강ε)}=F띈끓 . 
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(2.8) 

(2. g) 

(2.10) 

3 / l 
We obtain x τ#τ걷-) from (2.7) , substituting it we obtain from (2.10) 

“‘ ιx 

2(흥-2--‘)π와+1(Y) =삶2nr 때(xy냉 

• 00 _ 

xlx-챔(2 사 -l)j(우〕K2 r(힘dt Idx. 
O ‘ 

On changing the order of integrations and evaluating the x-integral as before, 
we obtain 

M ‘ I I t \ - - 2 /f( • n.~ ， )’ =y옳x+1(i ，. 
찌T e thus find that if (2.7) is true for n. it is also true for (n + 1), i. e. , for 

the next higher order. But we have seen that it is true for n=2 and therefore 

it is true for n=3. Since it is true for n=3, so it is true for n=4 and so on. 
Hence (2.7) is true for all positive integral values of n except one. 

1 COROLLARY. Let r= _M~l • We obtaz'n from (2.7) 

X(2--1 -흥)j(폐늑(츄 윷p흥￠”r# ), %%der the c0%dittoyzs me?ttz·0%ed t% the 

theorem. 
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S. AppIication. 
I 3 \ F … a 1"_ I Ilr._ •••••• _f~ ‘ “ 

Let !(X)=X,r 21pFql 당， •.•..• ，낭 -dX‘ 1 , 

*y{응-μ)p+2Fqrαll ------, gp, 쁨ζ; - 4δ 
? l' 

g(y)=2(μ-2)r(뺨 
-β1 •.........•.. …, β，; y-

p 드 q-1 , Re y > 0, and Re (μ :t r) > O. 

-/%-m / 
dl(Y)=속갚「r(쁨섣r(뾰5二1 

πy\r 21 ‘ 

Xþ+4Fp 
αιιa1 •• 끼Iμ ••••• ……… •. ……… .. …… .. …뺏 .. 얘 .. a pαg따P”， ￡츰향L ’ 맡같LL; 1뻐 6ò 5 

βß，.’ ”……….“. 

[3, p.153] , 

þ:::.드드 q-3, Re(μ :t r) > 1 and Re y> 0ι • 

Hence we obtain from (2.2) 

M2rrx(2μ-4)LFqJaf---- ， a，; -철 • • 
βl' ...... , β，; 16 

×r(쁨r )r E츠r二l 
2 þ+4Fq 

2(4μ-8) 
-

πy(2.μ-흉) 
a , • .••.•• α μ:t r μ±7-1 . l , --- - , u ,, --R--- ---견←--. 

β" …… .....••..•..... -....• ßQ; 

Re(μ :ty)> 1 

Re y>O 
πrj \ 

Rnd Rejy+4δexp ( ";t )J>O for r=0 , 1,2, 3, if p=q-3. 

16δ 

캄 /, (3.Ü 

if þ<q-3, 
if P+4드 q， 

We obtain Ø2(y) from (2.3) , on using (3.1). Let n=2. We obtain from (2.7) 

M~’ I x' ‘ F 걷-)δF q{ -~.. • -~" -ð••; Y‘ 
" 1 β，. …… , ßG: V' .'-;8 

=-=-2(12μ-19) r판끽r(간브二!.ìr{판r + • L 
π원 (4.μ-흥) \ 2 .1 \ 2 ; \ ι 

I a 1, ...... a 걱츠ζ 걱츠I=L， μ ;!:r :t ~ ; 216δ XI>+8Fq["~" 2 ’ 2 ' 2 :r: 4'_~동， t, (3.2) 
• β" ……… ••.• … .....•••••• …------------------, β，; Y 

Re y>O if P+8 드 q, Re (μ :ty)>l if p<q-7, 

Re b+쨌 exp(줘식}>o， for 7=o, La--- , 7 ifφ=q-7. 
Similarly. we get ifJ3(Y) from (2.4) , on using (3.2). Let n=3. we get from 

(2.7) 

.. (뿔r)=r(쁨r )r(뜯r ) 

닫T+쇠=r(작E 

’ 
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b‘ qlß,’ ”…" β，: v 216 

2셔야뀐 rr단추r 받FL1r 

_. -
μ:!:r μ:!:r-l μ±r ] L 1,2,3 . 

1,2, 3 
용 

8 

17 

X.""FJ'" ‘’ 
------gp, -E}, --E-, 

-흥-주-경’ -
1> +16 .... q 1 " 。

248，δ 
i 6 , (3.3) 

‘ i < . 

PI, ... ... ... ... ... ... ... ... μ 

Re y>O if P+16 드 q, Re {y+216 δ exp πrz 

2 > 0 for r=O, 1, 2, ...... , 15 if P 

=q-15, and Re (μ :::t r)>1 if p<q-15. 

Proceeding successively we obtain 

b‘ qlβ1 ， ... …,ß'I; 
..,\ 2 

2{(n+l)Nμ-(n+2)N-(n+l)} 

r 
(N-l).， {(μ-1)N-1/2) 

π y 

μ:!:r-l 
2 ’ 

쁨r . r 쁨L-웅)r 뿔Z 

+1, 2,3, .녁융-1 
N 

y 
(3.4) 

where N=2n
• Re n>1 and n is an integer. Re(μlμL:::ty’)>1， Re y’>Oi표f P+2N드qι 

’ 
R뼈e허떠{녕y+냉쟁랬했N애δ핵e양뼈빡x뱅썩p바(펌펠쩡ι식}μ싸‘~>O fψo야rη7仁=0α피，JJ1L， .”….”.”“냉. (.찌(2짜2 

Equation (떠3.4찌) can be proved by Ma따thema따tica외1 Induction as the theorem. 

Particular cases : 

(i) Let n=2, (N=4) , p=O. q=8, and 

ß1, ß2 •
•••• ßs=쁨L， 뽕Z 

VVe obtain from (3.4) 

‘------ 감초r -1- 1 
2 ’ 2 -'- 4 
1 

2 
렐L-」」 객츠L±4;-δ삭\8 

2 2 ’ 2 -'- 4 \2 
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--
2(12μ-19) ,...( μ :J: r 

π장(4μ- 융) ‘ \ 2 
T 
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μ :.!:r-l 
2 n쁨ι)±3「 exp -δ/추\8 

\ .., J \ y 
(3.5) 

Re(μ :J: r)> 1. 

Let r=웅， vve obtain frorn (3.5) 

-δl 좋、8 μ -L 1, 3, 5, 7, 9 
2 -'- 16 x(뻐-젝Fa 

늑p(광-4μ) exp -δ/초ìa) 
\ P J J 

(ii) Let P=3, q=8, δ=108， n=2, (N=4) , 

αl' α2’ α3=놓(.01 +P2- I), 춘(Pl +P2)' 움(Pl +P2+ 1). and 

ß1’ " ßa=Pl' P2’ 울.01 ’ 윷P2’ 웅(Pl + 1), 웅(P2十1)， 융(Pl +P2-1) , 

웅(.01 + .02) , 

VVe obtain frorn (3.4) 

At따(4μ-플)C!‘'2(Pl' P상4)oF2(P1， P2; -x4) 

- 2(12μ-19) r(좌츠L\ r( μ :J: r-1 
π장(4μ-흰1\'.2 )1\'검 

r(좌초1L+」」 
2 ..!... 4 

XnFa 
울(Pl +P2- 1) ，놓(Pl +P2)'춘(Pl+P2+ 1) ， 쁨E，판FL， 쁨r±3」: 

1 _ 1 _ 1/_ ,-, 1/_ ,." 1 
Pl' P2’ 정-Pl’ 정-P2’ 3-(Pl+1)， 정-(P2+ 1) , 경-(Pl +P2- 1) , 2 (Pl +P2): 

provided one of the pararneters in the nurnerator 

Re (μ :J:r)> 1. 

3.9 3"4 
-경­

y 

IS a 

’ 

negative mteger and 

In the end 1 vvish to record rny respectful thanks to Dr. S. C. Mitra, Erneritus 

Research Professor in Mathernatics, B. 1. T. S. , Pilani, for his help and 

guidance in the preparation of this paper. 
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