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On_ Boolean algebraic ideals of Boolean algebras

Hyune Koo CHA

In Boolean algebras, we know well that it is very hard to define th> concept
of exact sequences. In this paper, we shall define the concept of Boolean algebraic
ideals and by using this we shall introduce the definifion of exact s:quences of
Boolean algebras. We shall try to search properties of exact s:quences of
Boolean algebras and the coincidence of usual retracts and our retracts.

1. Let B be a st with two distinct distinguished elements 0 and 1, two binary
operations \V and A, and a unary operation “. If the following conditions (1)~(10)
are satisfied, then B is called a Booglean algebra [1].

ey 0'=1 =0
@ pN\0=0 pVi=1
€)) PAL=p pVO=p
@ AP =0 pVp =1
6) p”=p,  where =@
® pAp=p Np=p
@ (2N =p'Va’ (PVe)Y =p'Ng”
€)) pAg=g/\p PVa=aqVp
® PN\ =OADNr PV (gVr)=(BN@Vr
(10 PNV =AYV (D7)
oV (gA\r)=(BVONBVT),

where p,¢q and 7 are in B.
Let A and B be two Boolean aigebras. Suppose that there is a mapping f from
Ato B, i.e.,
fiA———B
If f preserves the operations A, V/ and” in A such that for pandgin A

FOAD=FD) NF@D, FOVO=FD)V D, F&)=(F B
then f is called a Boolean homomorphism from A to B [1]. We shall denote the set

of all Boolean homomorphisms from 4 to B by Hz (4, B).

PrOPOSITION 1.. Let f.bz an element in Hg(A, B). Then
F() =1 and f(0)=0
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Proof. For p and ¢ in A

Forp)= FO =fDINCS()) =0,

FV) = fO=fpVUp) =1L
This proposition implies that for each f € Hg(A, B), f(A) is a subalgebra of B.
We shall define the operations A and V in Hg(A, B) by

(FANDD=FD)N gD
(FNVOWD=fp)V gp)

for f, ge Hg(A, B) and for all pe A We also define the order = in Hs(A, B) by
fVeg=f=—= fzg
for f, geHs(A, B), where f\Vg=F means that for all p in 4, (V2 (P)= ).

With this order Hg(4, B) becomes a partially ordered set. In this case, for each
pair f and g in Hs(A4, B)

FVg = g Lb of fand g
fAg = Lub. of fand g [2].

Therefore Hg(4, B) is a lattice. .
PrOPOSITION 2. Hg(A, B) is a distributive laitice.
Proof: For f, g and & in Hg(A, B) and all pin 4

FNVEARI(D)=FBDOVEAB(D
= fF(DIVg(PINI(P))
= DVgDINF DIVE(P)]
=N VR(D)
=(FVONFVRI(P)
and therefore
V@A =(fNVONSVE.
Similarly we can prove that
INEVB=(fFAOINV(FAR.
Let B, be the category consisting of all Boolean algebras and Bogean homomor-
phisms and let D; be the category consisting of all distributive lattices and lattice
homomorphisms (they preéerve order and operations A, V). Then

H5: BAXBA e 3 DL
A4, B) -————> Hy(A, B)

is a functor which is contravariant in the first argument and covariant in the
second argument.

2 Let B be a Boclean algebra. If a subset D of B satisfies the conditions:
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Oe¢e D
P, ge D= pNgeD
peD ge B— pNge D
then D is called an ideal of B [1]. Each ideal of B is defined by the kernel of a

Boolean epimorphism from B to a suitable Boolcan algebra.

THEOREM 1. Let D be a proper ideal of the Boolean algebra B (D<= B) Then
the quotient B/D becomes a Boolean algebra with suitable operaiions.

Proof: We define the operations A and V in B/D as follows. Since
B/D>(p) = pNVD = {pVdldeD}
for (p), (gD ¢ B/D, we can define
W Vig=0(pVa,
WIN@D=0A .

These are welldefined because of

WV Ig=pVDNVgVD=pVaVD

WIAN@Q=(NV D), (@ D)
=((p D)/ q) V ((p /D) N D)
=((pr )V DA@QIVD
=(pr @V DVD
=(pAg) VD

Since D # B, 1 is not contained in D. Therefore (1) ¢ B/D and also (0] ¢
B/D. On the other hand, since

(O\D) =p’ AD"={p’Nd’|d ¢ D}
and for all de D
=P @A) , ,
=('NDONV (P’ Nd)e DV (' N,
we have
p’VD={(p'\D)VD\d ¢ D}.
This implies that (p")=(p)", because, for all d ¢ D
B=0'Nd".
We can easily show that our operations A, V,” and distinguished clements

(1), (0) satisfy the conditions (1)~ (10) for a Boolean algebra, Hence B/D is a
Boolean algebra, ' o - .
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Let M be a subalgebra of the Poolean algebra B. We shall denote the set
excepted 1 from M by M° If M° is on ideal of B then we call M a Boolean
algebraic ¢deal of B. We know that a Boolean algebraic ideal exists as follows.

EXAMPLE, Let B be a Boolean algebra. Then F={0, 1} is a proper subalgebra
of B. In this cz.ase, I°={0}. Of course, I°={0} is an ideal of B. Therefore I is a
Boolean algebraic ideal of B.

THEOREM 2. If M is a Boolean algebraic ideal of the Boolean algebra B and
if pAg=0 for all peM and qeM’ then

"B = M&B/M°

where = means to be an isomorphism-in the sense of Boolean .algebras and @ is a
divect sum.
Proof: Since

M®B/M*® = {(p, (@) pe M., (g e B/M},

with term wise-operations M@®B/M°® becomes a Boolean algebra [1]. In this
Boolean algebra the distinguished elements are (0, (0)) and (1, (3)). (Note: B/M*
is a Boolcan algebra by Theorem 1.)
We define a Boolean homomorphism
f: B—————> M®B/M°
by
=, (0), JfO=00Q,01
fy=@, ) ifpeM
f@=@, (@) if ge (g) € B/M®
fey=(, (g)) if ac (g} and a=pVq for p ¢ M.

Moreover, for pe M and ¢ ¢ M’,={a’laeM};
FeAD =F(PINS(@) =(p, (ODAQ, (g))=(0, (0))=F(0)

Therefore, we can easily prove that the homomorphism f is an isomorphism.

3. For a Foolean homomorphism

' f. A— B,
we define that fl4°=j°, let {:A— B and j: B-—C ke two Eoolean
homomerphisms. If the short sequence

" "
0 A° B ’ S[O0— )

1se‘c:u;t t_hie"z’li_v;ge c,aI.I_‘i;hs sequence A——B-1.C an exact sequence of Boolean
algebras A, B and C. We shall denote this by
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A B 5.
THEOREM 3. I ¢ exact sequence
Ay—B -,
the following hold.
(1) i{(A) is a Boolecn elgebraic ideal of B.
() If, for p e ¢(A) cnd q e(G(A))Y, pAg=0 then the exact esqurice
i 7 R
Ay—B—7 is split, wkere split mecns B = A®C.
PROOF : Under our assumption, the sequence

1d e
0——A-aBoLCo s

is exact. Hence {(A4°%) is the kernel of the Boolean epimorphism j: B-—C, thcre
fore 7(A°) is an ideal of B. Hence 7(A) is a Boolean algebraic ideal of A.
By our assumption (ii) and Theorem 2 we have the commutative diagram.

e 7

0 > A° — - B —— > (% — >0
l = commutes |==commutes
0 > A° > A°DEB/A° B°/A° >

Therefore, by the five-lemma [3] we have
Ca =1 BG/AD
and therefore 4@ C = B. This means that the exact sequence

AL B¢
is split.

By using the concept of Boolean algebraic ideals we can easily define the
concepts of retracts, projective and injective Boolean algebras [1].

ExaMmpLE. Let f: B—— C be a Boolean epimorphism with the kernel (Kerf) a
Boolean algebraic ideal of B. If, for pe Ker f and ge (Ker f)’, #pAq=0 then C is a
retract of B.

Proof. Under the hypothesis, the exact sequence

Ker f>— B—f>c

is split. Hence there exist a Boolean monomorphism k: C )—B such that f-&=1c.
This implies that C is a retract of B.
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