
CERTAIN RULES FOR TWO SIDED LAPLACE TRANSFORMATIONS 

By R. S. Dahiya 

1. [n this paper the auther has obtained certain rules on bilateral Laplacc 
transformation. Thcse rules are next app1ied to evaluate certain operational 
relations in two variablcs. The domain of convergence has been fully investi 

gated by P. C. Chatterjee [1] and R. K. Gupta [2] in the Bullitin of Calcutta 

Mathcmatical Society and in their theses lor doctor's degrees. so the author 

has made no a‘ ':empt here to discuss the region of convergence. 

2. Let f(x , y) be a lunction 01 two real variables x and y delined lor all 

pairs (x, y ) in - 'JO <x <∞ and -∞ <y <∞ and ifltegrable in every finite 

rectanglc R,y: - X < X<X , • Y < y <y. 
lf lor a pair 01 complex quantitics p and q the limit 01 each 01 the 101l0w 

ing double integrals 

li앉K Q e Px qy f(x, y) dx @ (2. 1) 

，-∞ 

ll3K f3ve-px-qy f(x, y) dx @ (2.2) 

，-∞ 

1!_rr;，J~J; e -p'-qy f (x, y) dx dy (2.3) 

，-.。

!잎 [~J~:-P'-" f(x. y ) dx ψ (2.4) 

,- 。

exists and then evidently the double integral 

L~{f} =J며。f":~e-þ，-qy f(x , y) dx ψ (2.5) 

exists and we call it the two.dimensional bilatcral Laplacc integral 01 f(x , y) 

for the pair 01 values p and q. lf L;U} exists not only lor a parπ띠tiClαωu뼈l 
0이1 values p and q but a마Is잉o lor every pair 01 values (p, q) in certain associated 
regions 01 the complex p and q planes, we call it the two dimensional bilat 

eral Laplace tra nslorm 01 f (x , y ) . We write 
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3. Rule 1: úl 

( i ) / ( p) ,:F ( x) , ( ii ) K(p)낯/(x) , 

Ihell - ;pq? K( p =-ι '""F(츠±꾀 
þ' - q‘ \ p + q / \ x - y / 

PROOF: Consider the integral 

넌3:。 f후 e-
þx

-
q
’ F(픔}) dx dy. 

On puLl ing x + y tt: x - y. wc get 

I = 5 J$ frLe-P(‘ l 이/2-싸，)/2 F (u/v) dudv 

On wriling uv for u, wc ohtain 

1 = .~ r ~ ... (þ-q), v dv r ∞ .(1) 2) -∞e ' '" .,. v dv) _∞e ,!V" 'II n ~ F(z.써 t 

= 와q frZ。e ;(0-q)e f I a ( P+ q)U} dU 

2 r∞ _1.二L 。= , • . ,,2-/ e Þ+q / (v) dv= ‘ 
( þ+ q) ' .J -∞ ( þ + q)( þ - q) K(팝웅) 

- 2Pq ? KI’ þ~q ì ::.，J(츠±ι) 
( p‘ q‘ ) 、 p + q / \ x - y / 

RULE 2: úl (i) f( ρ) :c. F ( x) . ( ii) K( þ)피/(1 /x) , 

Ihell :뻗" K( þ2- l 뉴F( xZ-y2) · 
p - q / 

RULE 3: ú l ( i) rþ ( ρh-'- F(x) . ( ii ) K ( þ) ,:Ø( X) . 

þ ,,( p q \→ 1i'( 조2:y ì 
þ- q •. \ (/ J ' ‘ \ x / tll ell 

RULE ~: ÚI ( i ) Ø( Þ) c'-/ (x ) . ( ii ) K(p)듀F(x) ， 

thell ~^ Ø( þ- q)K(q)τ/(x) F ( x + y ) þ- q 

RULE 5: úl ( i) ç(P) ?-/ (x) , ( ii ) K(p)듀F(x) ， 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

thell 껍2 앨.sl.. K 빨ι /(x - y ) F (x+y) . (3.5) 

3. APPLICA Tl0NS 

(a) Considcr Ø( þ) =‘/둔 peþlμ ，:e-"' =/(x) ; -∞ <R( p) <∞， 



Cerloin rules lor two sided Laplace Jrans.씨or…aliOlts 

and K( P)=、/iëp"+ 1 e
þl

/ 4 듀e-X' He. ( -x) = F (%) ; -∞ <R(P) <∞. 
Then from (3.5) . wc get 

71 

프pq ~띤" o.vnr잊二'1i μ±낀~k 2 T eiPliLi웅L+iI윈스j ""exp [_ (x _ y)2_(%+y )2J He. ( - %- y ) , 

∞ <R (þ:t; q) <∞. 

一 K，(.1a2+짧-X) 
(b) Ø(P) = r( P+ I) K ,_,<a).' 1. 2 ι，/2 = / (%) ; O <R( ρ)<∞. 

ll+τe- ') 

F (%) =kc [ .1a2 +&2+ 2a싸꿇] ~2p k,(a)k.(b); -∞ <R(p) <∞， R (a, b)> O. 

Hencc from (3.5) , wc get 

r (þ- q) 1. l' _, 1. 1" _"\1. 1"1.,\.. kJ、la2+띈카 | 
2 • k, αf2_qf2 (a) k(þ+q)/잉(a)k(þ+ q)f2(b) " - 끼 . 2 강二1짝 

\ a / 

Xko [ .1강과굉돼파필)]. O <R( p-q)<∞ -∞<(þ+ q)<∞. 
R (a, b)> O. 

「(a +c) r(p + a) I'(b- p) • _ ___ .f 1 , 1 , __ .. 1 
(c) Ø( P) =p , '~i-.~~μ、 「“ ‘、 늑exp[2→ (c-a)%-τ(.-X) J 

X M b+ -}(o_ ,).-}(o+<_ .)(e-X)=/ (%). - R(a) <R (p) < R (b) 

K ( p)= pr (밤핍짧GF=PZ늑exp[~e-X-ax]W • " -} (. _a)(e- X) , 

- R (a, 1) < R(p) < R (b) . 

Hence from (3.5) , we get 

pqr(센 q)+ a) r(한 P)+b) r(하+q)+l) r(꽉펴냉r(b 융써q))r“+ c) 
2 [r (a+&)] 2 r [c - ~ ( p 써r(b+ l) 

늘exp[ ~ ( (c- a) (%- y ) _e-(x끼1 x exp [ ~ e-X-'-a(x + y) ] 

X M bT i <o-C)' 1-<o+C-“e'- X) w_승a ” i(l -a)(e-x-η， 

( 1~ 1_\./ DI" I.'\ D I" _1 '\./ D I" 1~ ， 1 - R (a) <RUP-강q)<R(b) ， - R (a,I) <R ( î P+ î q)<R (b) . 

r(v) L ’ 
(d) Consider Ø( P) = 갇뜰 r+lFs(a , ν ;y; -þl -'-:' Iι • ,F , (a;y; - I )U (I), 

。 <R(p) <∞， r <5, R (v) > O; 

and K ( P)=2pk. (a)~e-arosh X; ∞<R(p) <∞， R (a)> O. 
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Hcnce from (3.5) , wc obta in 

pq (μ(þ썩-껴냉q띠)-' rη(“…” 

X ，F，(α ’ r; -- x +y씨) U(x --y)e一a cosh (x+,,) ’ O<R(þ • q) <∞， 

--∞ <R ( þ +q) <∞， R(a)>O, R(ν)>0 ， r<s. 

(e) Consider tþ( P)= ‘/πpe" Erfc(p)""e “(4 U(x) ~/(x); --∞ <R(þ) <∞· 
( 1 .. , 1 . 서 pr (2p+l) r녀 μ+융 v--P} 

K(P) = r(퓨경과l+p꺼용μ-힘마마뀔강μ+ 1 +샤 
록lμ (2e융X) J

v 
(강ix) , - 1/2<R(P) 〈U2Rω+ν) .

Hence from (3.5) , WC obtain 
.y-얀: ‘ 

ιπþq e 2 타fc(융P-융q)r(p+ q + l) 

2r(. .. Lt+-Å- IJ+ -Å-Þ+-Å- q+ 1) \경 μ ZW'Z.f' 강 't ' .LJ 
r ( l t.t+! ν 1 ι l까 x-' \ ~μ 2~ -- 2 1' --2칸/ 、

• --- -- --- .---0------------__ ----__ ----rO μ-a u+ 환+융 q+ l ) r(융u-5μ+3P+융q+ l) 
늑e-(쉰까)’ xJ，‘(2eFx+y)) ILl (2 e씬+y)) U(x -- y ) , 

-∞ <R[(P)--(q)] <∞， -- 1 <R(p+q)<R(μ+ IJ) . 

(f) Consider tþ(P)=-- ' S I짧) 늑하1) - ' =/(x) ， -- 1< R ( P)<0, 

and K ( p)= nþ cot πP늑(상 1) - 1 = F (x); -- l <R ( p) <0. 

]‘hcn lrom (3. 4) , we get 

-- [n2pq cot(np)] / sin [π (P -- q)] ",, (.1 + 1) - '(ex+y + 1) -1 , 

-- 1 <R (q) < 0, -- 1<R ( þ -- q)<O. 

(g) Consider tþ( p) =2p.강 (a)늑e-acosh x 프f(x); --∞<R(þ) <∞， 

and K( þ)=융Þr(p+샘r(p 융ν)늑k，(2e-ν2)三Fω 
1!2 IR (v) I < R ( P) <∞. 

Hcnce from (3. 4) , we get 

þq kp_ ,ca) r( q +환) J'( q --힘)""앉p( -- a cosh x)k 딴쉰+y)] 
-∞ <R (P-- q) <∞，1!2 I R(v) I < R (q) <∞. 

(h) Consider tþ(p) .. ~ 2þkp(c)늑e c c∞hx드f(x); --∞ <R(p) <∞， 

a찌 K ( p) = 2þ kpCa씨(b)냥o[Ja2+ b2+2abco빼 x ]= F (x) , --∞ <R(þ)<，∞· 
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Then f rom (3.4) , we obla in 

4pq kp_/c) k/a) k,/b) .... e-"'''h %kO[ .ja2 +b2+ 2，ωcosh (x 세 y)], 

∞\R(p- q) <∞， ∞ιR(q) <∞. 

(i) Considcr Ø( p) = Þ I ’ (þ+a) r( p- a)":2k2n(2e - •) f (x); R(a) < R ( P) <∞， 
nnd K(P)= r(p+ J )느ex p( -e-%)=F ( x ) ; O<R ( þ) <∞. 

Then from (3.4) , we obla in 

p r(껴 J) r (p q+a) r (p q + a끼) 강-r'-…-샤]’ 

R(“a이) <R( P q) <∞， O<R(q)<∞. 

(jωjη) Con빼lS 

and K (P)= r( P+ J) c에잔)은 .cos(e %)~F(x) ; O< R(p) <1. 

Hcncc from (3. 4) , we obtain 

P( p _ q)-l r (p - q+J ) r(q+ J) sin r작p-q) 1 co셰 ~ q)극sin(e -%) cos(e-%-') , 
L2 " r"'''J ---\ι / 

- l < R ( p-q)<J, O< R (q)<l 

(k) Consider Ø( þ) = r( þ+ J) sec(lfp)늑exp( -e- %) Er(c(e -한)드f(x) ， 

O <R(P)< ~ ， and K( þ)=πco앞c(rrp) ' .log(e%+ l ) ~F(x) ， o < R ( p) < 1. 

Hcncc (rom (3.4) , we oblain 

rrP (p一 q)- I r( p q 키 J ) coscc (πq ) sec[rr(p-q)J "::exp(-e-%) Er(c(e-
1f1

' 

X log(상+'+1) ， O< R ( P q)< i , O<R (q)<J 

(1) Considcr 
f' (a - p) . _*(Q-b .,.. ljx , " 1_ ' 

Ø(P)= Pr’(b냉 .e흥 % Ja ~b- l (2e 2 %)드f(x); 

~ R (a - b) l < R (Þ) < R (a) , 

and K ( P) = r( þ + J) r(a - þ) [(' (a + þ)J - 1 :..，싸 CXJ{~X e킹) Ia_ ~Oe%) 
O< R ( p) < R (a ). 

Hencc (rom (3.4) , we oblain 

pμκr’(a-p+ q이) /' (“q+ J ) r(“a-p)π) {' (η(“b+p→q끼끼) Iπr“’ 

+ Á (x+y) - !;r개Ja + b - I (성%) 1a _J (옹 eX+') 
ι ‘ • 2 、‘ / 

융R(a-b) - i < R@• q) < R (a) , o < R (q) < R (a) 
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[n a similar ma nner. we can calculate many correspondcnces in two varÎa bles. 
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