CERTAIN RULES FOR TWO SIDED LAPLACE TRANSFORMATIONS

By R. S. Dahiya

1. In this paper the auther has obtained certain rules on bilateral Laplace
transformation. These rules are next applied to evaluate certain operational
relations in two variables. The domain of convergence has been fully investi-
gated by P.C. Chatterjee [1] and R.K. Gupta [2] in the Bullitin of Calcutta
Mathematical Society and in their theses for doctor’s degrees. So the author
has made no altempt here to discuss the region of convergence.

2. Let f(x, ¥) be a function of two real variables x and y defined for all
pairs (x, y) in —m<x<oo and —oo<y<oco and integrable in every finite
rectangle ny: —X<x<X, Y<y<¥.

If for a pair of complex quantities p and ¢ the limit of each of the follow-
ing double integrals
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exists and then evidently the double integral
L2 y=[ 7 e fen, 3 dx dy (2.5)

exists and we call it the two-dimensional bilateral Laplace integral of f(x, y)
for the pair of values p and gq. If Lﬁ{f} exists not only for a particular pair
of values p and ¢ but also for every pair of values (p, ¢) in certain associated
regions of the complex p and ¢ planes, we call it the two dimensional bilat-
eral Laplace transform of f(x, y). We write

Fp, =paf " ["2e™ " f(x, y) dxdy (2.6)

as the definition integral and symboliically denote it as
f(x, N=F(p, @ or F(p, q) = f(x, ¥) @.7
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3. Rule 1: Let
1) f(H=F(x), (i) K(p)=f(x),

!hen—pg—- K(pﬂq ( y)

PROOF : Consider the integral
= HEQ 9O —px—qy x+
I F(£2) dx ay.
On putting x+y=u: x—y, we get
~ L[ [ —putv)/2—qu—2)/2
I= [ [ em#@t0r2~0w=072 F(ufs) dudv

On writing #» for #, we obtain
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2pq P—q )\ . x+y
(- {\ pt+q ) ‘"F( =y /)
RULE 2: Lel () f(P)=F(x),

then 2pq_2 K/_-t’_ltf ) = F(2*—yd).

P—q
RULE 3: Le! (i) ¢(p)=F(x), (i) K(p)=¢(x),
P pP—a Xty
then p—q K( g ) ..F( F )
RULE 4: Let (i) d(p)=/(x), (i) K(p)=F(x),

then TETMP—Q)K(Q)”—:J(J:) F(x+y).

2
=<prot=o K

b—q
p+q

(i) K(p)=f(1/x),

RULE 5: Let (i) g(p)=f(x), (ii) K(p)=F(x),
then p = ¢M K210 = flx—y) Fx+y).

3. APPLICATIONS:

(a) Consider ¢(p)=+T pe"/":'—‘e""=f(x) ;—oo L R(p) oo,

)

3.1

(3.2)

3.3)

3.4)
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and K(p)=v7p" ' e?/* 2e™ Hen(—x)=F(x); —o0 <R(p) <oo.
Then from (8.5), we get
n 2 2 .
Eg—q-- (‘b—";)— exp[ia;gl+%ﬂf ]L:exp [— (=% —(x+3)? Hen(—x—y),
- — {R(ptq) oo,
K (Ja’+2ae)
() d(p=I(p+DK,_,(@)+ 9 Sz =f(x); 0<KR(p) <oo.
(1457
F )= ko[ Ja®+ 5%+ 2abcosh | =2p k,(@)k,(8); —o0<R(p) <o0, R(a,8)>0,

Hence from (3.5), we get

k, [\/ @+ 2ae”':“]

) . i |
Ckyo/2-arp @y 1.0 2@y g pO) ( £ e”")"ﬂ
a

pg @ 5 »

xko[\!a_"“ﬁzlzab cosh(;-f-—y)]. 0<R(p—q) <oo, —o0<(p+q)<oo,

A R(a,b)> 0.
NS 5 r 1
© g(p=pTEFLTETO LD woxp| | (c—a)x——5 ()]

XMy ) (a—c), § @@re-1 € =f(x), —R(@)<R(p)<R®)

I (p+1) I'( +a)1"(b_——l¥ 1, ~=x —-x
K(p=" pl’(a+b)g”(’b-iil’)" - _'e"p[ﬁe “”‘]W—%a—a. La-o )

—R(a,1) <R(p) <R(®).
Hence from (3.5), we get

pal(§0-a+a) (3 o-p+0) I(§0+0+1)1(Jp+a+a)r (b= ¢+l @+o

200 @+0)? I'[e—L -@]ro+D
Z?exp[-%— { (c—a)(x—y)—e & }] Xexp [é e"“"—a(x-ky)]

— —X—=y
XMb—..zl-(d—c).-zl-(a{-c-l)(ev P W—%a-b. .ilr(l—a)(e ),

~R@ <R(p—14)<R®). —R@ 1 <R(Sp+10) <RO).

r =
(d) Consider ¢(p)= pu(ﬂ—,HFs(a. v:y:—},).——'l" VF (a:y: DU @),

0<LR(p) <oo, ¥r<s, R(z)>0;

and K(p)=2pk, (@)=e """ *; —c0 KR(p) <oo, R(@)>0.
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Hence from (3.5), we obtain

pg (p— " I'@® 2",.-_1F5(0t, VT 5 g q)k‘ prp(@=(x »!

X F (at; r; —x+y) Ulz—y)e " E 0 LR(p—g) <o,
00 LR(p+q) <00, R(@>0, R@>0, r<s.
(e) Consider @(p)=+/7pe? Erfc(p)zze /" Ux)=f(x); —co <R(p) oo,

pI(2p+1) (2‘“ —p}
I‘(zu_+ v+l+p) (—gp.——-l v+1+4p )F(zu— é-’” 1-|p)

%:J#(M )J,,(ze’z )i —1/2<R(p) <1/2R(p+0).

K(p=

Hence from (3. 5; we obtain
(p—q)*

Japge 2 Erfc(gp-§q).’"(p+q+l)
r(é’”z —gp—54 )

[(ipf 1,41 2p+ zq+1)!"(l —2,u+ 2p+ q+l)

ee”(75) ], 2e2%) ], @ e¥5) UG- y),
—ol R[(P)— ()] <oo, —1<R(p+q) <R(pt+v).
(f) Consider ¢(p)=— =@+ D =f(x), —~1<R(p)<0,

pm
sin(mp)
and K(p)=mp cot mp=(e'—1) "' =F(x); —1<R(p) <.
Then from (3.4), we get
—~ [7°pg cot(np)] /sin [n(p—g)) =("+ 1) " (" P+ !
~1<R(9)<0, —~1<R (p—q) <0.
(g) Consider $(p)=2pk,(a)=e “™" * =f(x); —c0 <R(p) <oo,

and K(p)=4p1'(p+ o)l (p—4v)=k,@e "D =F@)
1/2|R(v) | <R(p) <oo.
Hence from (3.4), we get
_q(®) f(q+ %v) I‘(q—-%rv)"—:exp(—a cosh x)k ,[23_%(””]
~co{R(p—q) <00, 1/2|R(v) | <R(g) <oo.
(h) Consider @(p)=2pk,(c)=e " CoshE_£(x); —oo <R(p) <o,

and K(p)=2p k,(@)k,(0)= k[ Ja*+ 8+ 2ab cosh x |=F(x), —oo<R(p) <oo.
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Then from (3.4), we obtain

4pq ky_,(c) k(@) I (0)=ze~ " *ko[ Ja®+ 4+ 2ab cosh (x+ yi].

—oo < R(p-—q) <oo, oo R(gq)<oo.
(i) Consider ¢(p)=pl'(p+a) F(pwa)i;.?.kza@e—%x) =f(x); R(a) <R(p) <oo,

and K(p)=I"(p+1)sexp(—e H=F(x); 0<R(p) <oo.
Then from (3.4), we obtain

p g+ (p—q+a) (p—g+a)=2e" " fe2,,(2e"!z’):

R{a) <R(p—q) <oo, 0 R(g) <eo.

(i) Consider ¢(p):l'(p+1)sin(-§ p)i;sin(e"r);f(x): —1<R(p)<],

and K(p)=I"(p+1) cos(-g p)i,—cos(e*‘):F(x); 0<R(p) <1.
Hence from(3.4), we obtain
(0" M(p—q+1) I'(q+D) sin[Z(p—a)] coy(5q)=sin(e™) coste ™),
—1<R(p—q) <1, 0<R(g)<L.
(k) Consider ¢(p)=1I"(p+1)sec(ll p)=exp(—e *) Erfc(e"’li")zf(x),

0<R(P) < % , and K(p)=ncosec(np)=log(e"+1)=F(x), 0<R(p)<l.
Hence from (3.4), we obtain

7p(p—aq) "' I'(p—q-+1) cosec(ng) sec[n(p—q)| ==exp(—e ") Erfe(e™ /'

xlog(e*7+1), 0<R(p—0) <, O<R(Q<L.
(I) Consider

- ke 3t 1
¢(p)=pﬁ,‘,‘+—£i:eé“ bEDE g o @e2)=F(2);

.é R(a—b)— i <R(p) <R(a),

and K(p)=I"(p+1) I'(a—p) ('(a+p)] "' =v/T exp( 3 eﬁ)la_lz(—%e’);
0<R(p)<R(a).
Hence from (3.4), we obtain

pl'(a—p+q) I'(g+1) I'(a—p) ['(b+p—q) F(c+q)i..,/ﬂ'—e)cp[% (@—b+1)x
s
+%(x+y)—.éex y]]”b_l(zeg )Ig_%(—ée"”);

—12—R(a-b)——i- <R(p—q) <R(a), 0<R(q)<R(a).
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In a similar manner, we can calculate many correspondences in two variables.

R. S. Dahiya
Department of mathematics
lowa state Unirersity
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