
ON BILATERAL CALCULUS IN TWO V ARIABLES II 

By R. S. Dahiya 

1. Thi s papcr is a cont inuat ion of my paper 1, in the Kyungpook Mathema tical 

Journa l. I havc slightly modi[ied the theorem in a way that the ‘original’ 

and the 'imagc’ have been interchanged. The proof of the theorem is on the 

samc line and I state the theorem in the follo wi ng way. 

2. THEOREM 1. Let 

( iωi ) F(pκlν’ P2)얻G(씨s이"’ S2)'’ I/P，늑sι， (“r=타1，’ 2잉');’ t“w씨‘U이’새，lzeJ 

geJ시싸zt iJ…’Jl a pair 01 associιed COllver geJl ce dOf，씨1ZS Sþ, alld 응 ιhiμ'z t，때 be the 

ha/[.p/alles R (P,)>O, o.r -00 < R (P;l < ∞. 

「 ‘ 1 1 (i i) Ø,(P" s，)늑exp ! -sjJ:(x，)+ ",;. , !Ø,( x,), r=I , 2 va/id i/l a þair 0.[ 
l ,--",' O/(x,)J" 

assocαIQ띠te찌d COIWωweιer갱geαellκcαe doα”’”끼M’na띠all…l””lss q낌〉l amm’IId DαP. uω씨씨1/， 

R( þ까’'， )>0α’ (“I /þκr늑xιr' r = l.’ 2) aω’'"싸d s이"’ S2 are real paral:’metκers. 

( iii ) (}:(x,)+(},-'(x,) f s.,' r = I ,2. 

(i v) ø，λ(þκι"’ sζ，) is bφ0.11“…1m“…11띠de싫d all띠d abso./ute/y ’111씨l시t“egra야b’μ 11…’11 (-∞’ ∞). 

T hell g( þ" þ2) = I며。{: ø, (p" s .J rþ2(κ， s2) G(s" s2) ds,ds2 

F ((}t ( x ,) + ~ 1.
1 

" (}((X2)+끼~) 
ξ[(x" %2) = • 나 (J펴 「←」석"2) 나， (x，) 

10 ，‘(x ，)+~， 1 1 0; (x2)+ ~I~ . 1 l .' ' " (}, '(x ,) J l -. -.' (}2 (X2) J 

3. COROLLARIES 

ø 2( x2). 

(a) , Let (i) F ( P" þ2)특G(s" s2)' valid in a pair of associated half-planes Hþ, 
a nd H • . 

"' (i i) Letk= 1. I = - Iand Ø, (x,)= l, r = I, 2. 

(i ii) (},(x,) = cosh (x,) + a,x,> 0 for all values of x, in (-∞， ∞) . 

Since exp( -20, coshx, -2a,s,x,) 늑μ， Kþ,+2., " (2s,) ~ rþ,c p" s,) 

Then 짜d:며。f$ KA+찌， (2s， ) K •• +2..''c강'2) G(s" s강 ds싹 

F[2(co해%， +a,x ,), 2(coshx2+a아2) 1 
!:!:;f(x p X?)= ‘ 

l ‘ 4(coshx , + a,x ,) (COShx2 +azXzl 
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provided that 다 {f} is abso!ute!y convergent in a pair of associated domains 

Dþ, and Dþ, where Dþ, denotes the region -∞<R( P，) <∞. 

Cor. (b) , Let (i) ψ，(x，) =U(x,), r = 1, 2 

(i i) (},(x, ) = x,/2, r= l, 2and k = 1 and 1= • 1. 

exp( -s，x시U(x，)늑P，/ (P， +s，) = rþ,cp" s,), - R (s,) < R ( P,) <∞， (r =' 1, 2). 

Hence from the theorem, we get 
r∞ 「∞ G(s" S2) ds, dS2 F (ι X2) 

P'P2 I_-=-- I “ l ‘ , ',--..'" U( x ,) U(x2). 
J -∞ι ∞ 강큐판(P2필):;; x,x2 

Cor. (c) : Let (i) 이(x，)= exp(x，)， k=l. 1=-1 

and <þ, (x,) = [1-exp ( -x,)] ,- , U(x,). 

exp(-앙r강，) (1 -.-xη，-1 U(x，)느r(v) p,.-" (2s，)웅(ρr- 1) 

. W 1/2-þ,/2- " _þ,/2(2s,). R (s" V)>O. 

Hence from the theorem , we get 

[r (v)]셰2jrgf$exp(-sl-S2)(2sF-l)깅 (강2)@--1)R Wl/2-ι/2-" _þ,/ 2(2s1) 

X W 1/2_ P“
2-’ , _Þ./2(2s2) G(sl' s2)ds1ds2 

순1/4 cxp( -x1- x2) [( 1- . •,) (1-.•')] ’ - 1 F (2ex, , 2e꺼 U(x ,) U(x2) . 

Cor. (d) : Lct (},(x, ) = I /(2x,) . k= l, 1=-1 and <Þ,(x, )=x,'-1 U(x ,) . 

cxp( - s,/x ,)x,'-1 U(x，)늑2s/깅p「U/2 Ku(2/S껴，)， R(s, )>O. 

Hcnce from the theorem, ‘ve get 

1( P1κ)1-'/21껑。f 웅 (SIS2) ,/2 K ,(2/s ,P,) K ,(2/S2P2) G(s l' S2) ds1ds2 

:느 (X 1X2)" F (l /x 1• l /x2) U (x 1) U(X2) ' 

4. IlXAMPLES 

(1) Supposc F (P" P2) =(P1 P2) - I/2 exp(- l/P1 P2)=;;(x 1 x녕 1/6 1 1/2. 1/2 (3νx 1적)U(x 1 ) 
X U(x2) = G(x l' "2) 

By the Cor. (d) , we get 

A∞A∞ (SI S2)"깅+ l/6Kv(2/SlPl) K，(2생2) 11/2.1α(3썩2) dSldS2 

= -á [r(v+3께 2 cXP(P1P2/2) Pl,/2-1/2 P2,/2- 1/2 W -,-J. o(P1PS)' R (v)> - 3/ 2 



On biloteral caiαlus i ll two variabies J J 67 

(2) Supposc F ( Pl' P2) = log P ， P2악 [찌(1) - log x ,x2J U(x ,) U(x2) = G(x l' x2) 

Ily thc Cor. (d) . we get ( w hen v=O) 

f∞ r∞ ;:-;; '\ V (') /:::---h\ r'),.t.f1\ _ ,"' ..... " "', A .. A .. _ Jog P1 ι-끼þ(l 、 / 0-- Jn-- Ko(2‘I s, P,) Ko(2‘/S2 P이 [2@(1)- log slS2] dsl ds2--- 3 ----Jo Jo o 
4PlP2 

(3) Suppose F (p ,. P2)=cx P (l!P, P2) 一Jo. o( - 3γ끽갱 U (x ,) U (x,) = G (x l' X싱· 
ßy thc Cor. (d ) . we get ( whcn v= O) 

r∞ r∞ - • • 

μ .10 Ko(2ιs， P,) Ko(2‘/팽;) Jo. 0(-3ν필) ds , dS2 

= (1 /4) exp( - P, P2) E i( P.P2)' 

(4) Suppose F ( p)= r ( lI) p - n- m exp(-I/p) Lr，(I/P)늑t”+R/2fm(2/t) U(t) . 

ßy the Cor. (d). we get 

2P'-"ρ%""s"+'/2+ m/2 J .. (2/s) K ,(2/s) ds늑 (11) x'+"+" cxp( - x) 다(x) U C-'). 

or (111+ 1)-' (11+ 1) - ' r (m+v+II+ 1)r (m+II+ 1) P-' - …
- n 

X2 F , (1II+1I +V+ 1. 111+11+ 1; 111+ 1; -l!P)뉴xl: "", +n cx p( -x)L치(x) U(x) , 
R(I시 + 11 + 1)> 0， R (v+m+ II + 1)> 0. 
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