ON BILATERAL CALCULUS IN TWO VARIABLES II
By R.S. Dahiya

1. This paper is a continuation of my paper 1, in the Kyungpook Mathematical
Journal. [ have slightly modified the theorem in a way that the ‘original’
and the ‘image’ have been interchanged. The proof of the theorem is on the
same line and | state the theorem in the following way.

2. THEOREM 1. Let

() F(py p)=G(sy, 85). 1/p,%5s, (r=1,2): where L2{G} is absolutely conver-
gent in a pair of associated convergence domains S,,‘ and Sp’ which may be the
half-planes R(p;)>0, or —co<R(p,) < oo.

(i) ¢,(p, s,)':.exp[—s,f)f(x,)+'al—;-g]¢,(x,). r=1, 2 valid in a pair of
¢ 5
associated convergence domains Dp. and D, which also may be the half-planes
R(pI>0, (1/p,5x,, r=1, 2) and s,, s, are real parameters.
(i) 6} (x)+6,7'(x) € 5,, r=1,2.
(iv) ¢,p,.s,) is bounded and absolutely integrable in (—oo, o0).

Then g(py, py)= f N '°° o P10y 5)) ¢2(p2. sy) G(s), ) dsds,
F(@l () +—7— e;c 1)+ —p—
6, ( 6,/(xp)
n [k Ky)= : ] L L ] (2 B (%)
[0‘ o E*Gl) [od e+ 0, ()

3. COROLLARIES
(a): Let (i) F(p,, py)==<G(s,, s,), valid in a pair of associated half-planes Hm
and H,.
(ii) Let k=1, I=—1 and ¢,(x)=1, r=1, 2.
(iii) 6,(x,)=cosh(x,)+a,x,>0 for all values of x, in (—oo, o).
Since exp(—2s, coshx, —2a,5,%,) = 2p, Kp, 42,5, (25,) = ¢,(b,» s,)

Théa 4p1ﬁ21 oofm Ky 120,5,(28) Kp 124,5,(289) G5y sp) dsdsy

F[2(coshx; +a,x,), 2(coshxy+ayy)]
4(coshx; +a;x,) (coshx, +ayxy)

#f(xp 12) =
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provided that Lﬁ {f} is absolutely convergent in a pair of associated domains
D, and D, where D, denotes the region —oo<R(p,) <co.
Cor. (b): Let (i) ¢(x)=U(x,), r=1, 2
(ii) 6,(x,)=x,/2, r=1, 2and k=1 and /=—1.
exp(—sx,)U(x,) 50,/ (0,48,)=0,(8, 5,), —R(s)<R(p,)<oo, (r=1, 2).

Hence from the theorem, we get

o oo G(Sy, Sp) dsydsy  F(xp, %p)
Piby j“"’ —o By +s)(Batsp) T xyz,

U(x,) U(xy).

Cor. (c): Let (i) 6,(x,)=exp(x), k=1, I=—1
and ¢,(x,)= [L—exp(—2)]" "' U(x,).
exp(—25,6r) (1~~~ U (x )= () pe™"r (25,27 Pr—D

-W1/2__Pr/2—p, _pr/2(2s,,), R(s,, v)>0.
Hence from the theorem, we get

@10y 7, [ oexp(=s=sp @) ®™D2 @@V W,y p(28)
X W japsa—s, —pyo(28y) G(sys sy)dsds,

=1/4 exp(—x;—xp) [(1—e™™) (1—e™™)]"~! F(2¢", 26™) U(x)) U(x,).
1 2 1 2

Cor. (d): Let 6.(x)=1/(2x), k=1, I=—1 and ¢ (x)=x"""U(x,).

exp(—s,/x)x)"" U(x,)'——.-2.';,”/2 i K, (2/s,p,), R(s,)>0.
Hence from the theorem, we get
1pp) [T [ (5159 K (25, K (2550 Gsy 5y) dsyds,
?;;(xixQ)" FQ/x, /%) Uxy) U(xy)-
4. EXAMPLES:
(1) Suppose F(py, p)=(pyp9) "% exp(—1/p,p)=(r,2)"" I, g 1 1y BV E)U (2)

X Ulxy) =G(xp x,)
By the Cor. (d), we get

fooo fom (513" VO K (2/5,0)) K (25589 ] 172, 1/2(3’3/—51?2) ds,ds,

=4 @ +3/21% exp(py0y/2) 0,772 07 V2 W_, | ((bb)s RG> —3/2.
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(2) Suppose F(p,, py)=log pipy=i[2¢(1)—log xxy) U(x)) Uxy)=G(x,, x,)
By the Cor. (d), we get (when v=0)
% (oo s — 1 —2¢
fo .];) Ko(2v/s1p) K25y [20(1)—log s,s,] ds, dsy= Eplfliiﬁ% =
102
(3) Suppose F(py, p)=exp (1/p, py)*=]g of =3z, xp) Ulx) Ulx) =G(xp, xy).
By the Cor. (d), we get (when v=0)
15" [ Bo@vspy) Ko@/5apy) Jo, o(—3¥5,5) dsds,
=/9 exp(—p, py) E,‘(Plpg)-

(4) Suppose  F(p)=I"(n) p™" "™ exp(—1/p) LI'(1/p)=t""2 ] (2/t) U(D.
By the Cor. (d), we get
29! [T 1 (215) K, (2/5) ds=(n) £ exp(—x) L) UGR),

or (m+1)" n+1)"" Fm+v+n+DI (m+n+1) PR

XoF (m+n+o+1, min+l; m+1;—1/p)=2"""" exp(—2)L"}(x) U(x),
Rin+n+1)>0, Rlv+m+n+1)>0.

Department of Mathematics
B. I. T. S., Pilani and
lowa State University.

REFERENCES

[1] Doetsch & Voelker (1950). Die Zwei Dimensionale Laplace Transform.

[2] Ditkin & Prudnikov (1962). Operational calculus in two variables and its applications.
[3) Dahiya, R.S.(1965). Thesis submitied for the D. Phill. degree, B.1.T.S. Pilani.
[4) Erdelyi, A. (1954). Tables of integral iransforms Vol. I & [I. Bateman Project.
[5] Mikusinsky, J. (1959). Opertional Calculus.

[6] Pol & Bremmer. (1950) Operational Calculus.



