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Thc purposc of this nole is to givc a shorl proof of the 

TIIEOREM (lto [31). Let (X , β， m) be a [illite measltre space. Let T be a positive 

= /illear operator 01 L1(1II ) ;lIto itsell witlt I!끼 1 = 1. 1[ the seQuellce (T n1}. T n 

= (1 / 11 ) ε; 펴 T k• is umformυ illtegrable, thell the pαJltwise ergodic theorem holds 

f or T , i . e . • 

lim T' [ ex;sts 1II-a.e. (allllost eL'Crywlzere) [or eaclz [ f L1 (m). 

In the f이 lowing we assumc thc uniform intcgrability of {T"I } . Wc notc thal 

the assumption is cquÎvalent to thc wcak convcrgcnce of {Tnl }. If we writc 

Iz = w - lim T "l , then Iz c L 1 (1/1) a nd T Iz = h. Let C bc the conserva tivc part of 

lhc spacc X associalcd wilh T. \Ve wri lc Cg~ {ε풍oT'g =∞) for cach g fL l(Ill ) . 

It follow s rcadily that {Iz>이 =C.ÇC. Wc c끽 n a lso provc 

LE~I~IA. C=C. 

By lhe gcneral ergodic theorem o[ Chacon-Ornstcin [1] . wc havc lhe pointwisc 

crgαlic thcorem for T on the conservative part C. On the othcr hand. it follows 

from a theorcm of Hopf [21 that for cach positive lincar operator T of L' (1/1) . 

into LI (I/I ) with IIT I1 1 트 1 ， the point、vise ergodic theorcm holds on the dissipalive 

pa rt D= X - C. Thus we have the theorcm . 

PROOF of LEMMA. It is enough to show IIl (C n A)= O wherc A = X - C •. Lcl 

U bc lhe adjoint of T. l A deno\.es the characterist\c function of the set A. 

Sincc the set CIt \s an invariant set. \. e . • Ul c,,= lck on C and U1 A 0 on CI'I' wc 

reaùily have U1A트lA- Howevcr U being positive imp\ics lhallhc scquencc \U‘ 1 샤 

is decreasing (see also Lemma 3 of [히) . ln fact we have lim U'1 A= O ’}I .o. e 
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If we put g ; Iim U'lA' then g ; lim U"lA where fii'; (1/11) ε갚õ U'. By 

Lcbesguc dominatcd convergcnce lheorem and the weak convergence assumption 

we have 

.J g ;늬네Ii씨1Il넨n 

Thus g ;O ’}l -a. e. 
On lhe olher hand, U'1cnA르U'lA ' k ; 1.2, .... implies Iim U' l cn A; O 1I!-a. e. 

We note lhat the set C n A is invariant [2], i.e. , UlcnA; l cnA on C. By lhe 

usual argumcnl we have 

0; IimJU'lcnA르 IimJcU' lcnA; f니cnA ~ 1II (C n A) 르o and 1I! (C n A);0. 
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