NOTE ON INFINITESIMAL n-CONFORMAL AND CL-
TRANSFORMATIONS OF SPECIAL CONTACT
METRIC SPACES

By U-Hang Ki

Y. Tashiro and S. Tachibana showed some characteristic properties of Fubi-
nian and C-Fubinian manifolds in their paper [1], where the notion of C-loxo-
dromes was introduced in an almost contact manifold with affine connection.
Recently H. Mizusawa defined an infinitesimal n-conformal transformation in
a contact metric space [2]. K. Takamatsu and H. Mizusawa have shown
some relations in a compact normal contact metric space under an infinitesi-
mal CL-transformation [3].

In the previous paper [4], We have obtained that an infinitesimal CL-trans-
formation in a normal contact and K-contact metric space had some analog-
ous properties of [3]. In this paper, we study on infinitesimal 7-conformal and
CL-transformations in K-contact and normal contact metric spaces.

§1, Preliminaries

An n (=2m+1)-dimensional differentiable manifold M of class C* with (¢,
&, 7, g)-structure (or an almost contact metric structure) has been defined by
S. Sasaki [5]. By definition it is a manifold with tensor fields goji' f"-. 7; and
so called an associated Riemannian metric tensor &j; defined over M which
satisfy the following relations:

(L. E'n=1,

(1.2) rank }qoj'|=n—l.
(1.3) 0/ '¢=0,

(1.4) ;' =0,

(1.5) (pjr?’r" = —5;'4' ;.
(1.6) g;&'=mn;

(L.7) & j;'%j%i:gkr Ty

On the other hand let M be a differentiable manifold with a contact struc-
ture. If we put
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(1.8) 22,7 =20;;=0m,—0;,
then we can find four tensors rpji. g, 7; and gj; so that they define an (¢, ¢, 7,
g)-structure. Such a structure is called a contact metric structure [5].

In an almost contact metric space there are four tensor fields N;" N j". N,
and N; which are the analogue of the Nijenhuis tensor in an almost complex
structure [5].

A contact metric space with N;=0 or N J-,-"=0 is called a K-contact metric
space or a normal contact metric space respectively. Of course a normal con-
tact metric space is a K-contact metric space and a K-contact metric space is
a contact metric space [6]. In the following we consider a notation 7' instead
of £,

A K-contact metric space in which the Ricci tensor takes the form

(1.9) R;i=ag;+bnm;:
is called a K-contact n-Einstein space, where @ and b become constant(n>3),
and

(1.10) a+b=n—1, R=an+b
hold good (7], [6].

Let Ry " be the Riemannian curvature tensor and put
. ki R
(L1D H ;=@ Ry, then Hjy=—5 "Ry
In a contact metric space, ©;, 18 a skew symmetric closed tensor and
(1.12) V,gaj’z (n—1y;
holds good, where V; denotes the cevariant differentiation with respect to the

Riemannian connection.
In a K-contact metric space the following identities are valid [6]:

(L13) V=i

(1.14) Vit Ryl =0,
(1.19) Ryui'n’=0, Hf =0,
(1.16) Rkjihﬂkrl"':g i~ M
(L.17) R =(n—=Dn;.

In a normal contact metric space
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(1.18) V@i=1;8 ki — T8 wjr
(1.19) T Ruji" =& ji—Mj&wir
(1.20) @;"Ryi=H i+ (n—2)0;;

and also (1.13), (1.17) hold good [6].
In a normal contact or K-contat metric space a vector ¢ is called an infinite:
simal CL-transformation if it satisfies

h)
(1.21) & ji =001 +od ! +ne".
where £ is the operator of Lie derivative and { ﬁ} is Riemannian connection,
g; is a vector field and ¢ is a certain scalar([l], [3]. Contracting /& and j in
(1.21), we see that g, is a gradient.

In a K-contact metric space an infinitesimal CL-transformation hold good
the following relations [4].

(1.22) LR;;=(1-n)V 0, +2a(nym,—g;) +n0;V,x+np;" V

(1.23) U Riji" =1,V 40,4V 0, + (M8 5;—1;81-

Finally we shall prepare the following theorem which has been proved by H.
Mizusawa and K. Takamatsu.

LEMMA. [In a normal contact metric space, if v' is an infinitesimal CL-transfor-
mation, lhen the following relation holds good [3].
(1.24) .{Egj,.=-v o g +nm;)-

§2, Infinitesimal CL-transformations in an 7-Einstein normal contact
metric space.

Let #' be an infinitesimal CL-transformation in a normal contact metric
space. Substituting (1.21) and (1.24) into the identity

i
\“k£g" 8w {kjj +g1h£{ku
we get
21D Ryi"0 +(gji+nm)V'a— @+ ')V ja=0"g;i— 0,00,

Ik]}+2(r:',‘,c)"'+‘oJJ") (5k+n"nk)Va+(5"+n NPV — (gt ) Ve [4].
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Thus we have the following:
PROPOSITION 2.1. Let o' be an infinitesimal CL-transformation and p; be its

associated vector. If o is constant then p; is an infinitesimal projective transforma-
tion and conversely.

Now, we begin with some simple lemmas.
LEMMA 2.2. In a K-contact melric space, for a veclor field p;if there exist A

and 1. such that
(2.2) V j0;=A& i+ il
then we have =0 [7].

PROOF. Differentiating (2.2) covariantly and taking account of (1.13) we
have

ViV 0= iV ANV o+ Py i+ Ol

Transvecting ¢* to this and making use of (1.4), (1.5) and (1.11), we get
H,, 0'=—9"V A+ pu(n—1)n,

Transvecting the last equation with n; and using of (1.15), we have p=0. This

complets the proof.

LEMMA 2.8, In a K-contact metric space, for a vector field p, if there exisl
scalars A and 1 such that

(2.3 V,0;=Ag i+ i+ e 0, +19,70,), c=constant,

then we have p=-cA.

PROOF. Operating ¥V, to (2.3), using of (1.13), we get
(2.4) ViV j0i=8jiV 4 A+ 0V pit+ 1 (@1 + i) + {04010 +01i05,0
+0,0° 40+ 10"V 4P+ 1,00V 0+ 00,710’}

On the other hand, from (2.3) we have
CirV 40 = A0 —CMy0;+ N0 My

Substituting (1.14) and the last equation into (2.4), we obtain
ViV j0i=8 iV A+ 00,V gt + (@ i+ Opy)

+ el + 00 — M0 Ry — 00,7 Ry
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+0;(Apjp—c moj+c 10N +1;(APp—c Mo+ oMM}
Transvecting ¢*/y to this and making use of (1.4), (1.5), (1.16) and (1.15),
we get p=cA.
LEMMA 2.4. Inann (n>3) dimensional normal contact n-Einstein space (b0),

o' is an infinitesimal CL-transformation then the following relation holds good.

(2.5) v; a=L (o~ ndnp.

PROOF. Contracting # and j in (2.1) we have
(2.6) —R, 0"+ 0 V,00—nV joe=(1—n)p;.
Transvecting (2.6) with 7’ and using of (1.17), we get 7'V, a=0.
Thus (2.6) can be written as
R0 +nV = (n—1)p;
Substituting (1.9) and (1.10) into the last equation, we obtain (2.5).

LEMMA 2.5, Let ¢ be an infinitesimal CL~transformation in @ normal contact
n-Einstein space (n>3) with b=0, then ¢ is a contact one.

PROOF. Taking of the Lie derivative of the both sides of (1. 19) and substitut-
ing (1.23) into the equation thus obtained, we get

@7 Ryji "Eny= & iyt L — 81, =M, L85~V 40,
TV 0+ 008 ki — i ji)

Transvecting (2.7) with ¢*/, we have

(2.8) (@""Ry;i"+20," &n,=0.

v

Substituting (1.9), (l.11) and (1.20) into (2.8), we get

2.9 £n,=0 1, ,

(2.9 ;=0 1

where we have put ¢=7"£n,.
v

In an n-Einstein space with %0, for any vector »" we have
(2.10) %Rj,- = a£p«g it b(n,-.i;})yj +7 j&f’ﬂ,-) :

Substituting (1.22), (1.24), (2.5) and (2.9) into (2.10), we obtain
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(2.11) (A=m)V ;0,+20(nym;— & ) '*'%Wﬁi "o ng;"0,)
=a[—V;0;+a(g;+nm)] +2 b onm;.

THEOREM 2.6. In a normal contact n-Einstein space (n>3) with a+2<0, ¢ be
an infinitesimal CL-transformation with oc=constant, then v is @ concircular one.

PrOOF. From Lemma 2.4, (2.11) can be written as
(2.12) 1=V jo;+2a(nnm;— & ;) =a[—V jo, +e(g+nmd) +2 b onm;.
Applying Lemma 2.2 to (2.12), it follows that
-0V j0, = (a+2)agy;,
which shows that the transformation is concircular.
THEOREM 2.7. * In a compacl nermal contac! n-Einstein space (n>3) with

o230, let o be an infinitesimal CL-lransformation then ¢' is an infinilesimal

1sometry.
PROOF. Operating ¥V, to (2.5), we have
b r
ViV =—-(NV0i— ¢ 00— TF,’:’;V:,P’—'?’%%;)-
Transvecting g* to this and using of (1.4) we get
(2.13) doe="-(<"0,-p),
where we put S=7"5'V,0..
On the other hand, substituting (1.9), (1.10), (1.22) and (1.24) into the
identity
LR=g"eR,+R;Lg" .
v v v
we obtain
0=(1—m)V"0,+ (ag;;+bnn) (Vo' —a(g” +7'1)] or
(2.14) WV 0,~B) = —(a+2)(n—Da.
Comparing with (2.13) and (2.14), it follows that

(2.15) do=—2=1

. (a+2)cx.

® 1t is well known that v’-}-%p" is an infinitesimal isometry [3].
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Since ¢+2<0, applying Green's theorem to (2.15), we have =0 [9].
Last, applying Lemma 2.3 to (2.11), we get

~1)(a+2
(JE. _)buaﬁgﬂ_(r]j(p' Fp’ _{_W’rpjrpr)zo-

(2.16) nv 0+ -
Thus, taking account of (2.5) and =0, we have V,p,=0.
Since our space is compact, we find g,=0.
Hence ¢ is an infinitesimal isometry.
In an n-Einstein space it is known that if Jﬁgﬂ:_J. then {’:r;,:u holds good [7].
By Theorem 2.7 and the identity
v £n—80;=1,8{}}

we have immediately the following (2] :

COROLLARY 2.8. In @ compact normal contact n-Einstein space (n>3) wilh
a+2<0, an infinitestimal CL-transformation is an automorphism.

§3. Curvature-preserving infinitesimal CL-transformation in a K-contaet
metric space,

M. Okumura has proved that, in a normal contact metric space any curva-
ture-preserving infinitesimal transformation is necessary an infinitesimal
isometry [8].

In this section we shall prove the following:

THEOREM 3.1. In a coinpact K-contacl imelric space, @ curvature preserving
tinfinilesimal CL-transformation is necessary an infinitesimmal isonelry.

PROOF. Transvecting g to (1.22), we have V,0'=0. Therefore g,=0.

Transvecting (1.22) with 7/7/, we get

(3.1 A=)y V,0,4+20(n—1)=0.
On the other hand, transvecting g"in’ to (1.23) and taking account of V'p,=0,
we obtain

(3.2) -7’V ,0,—a(n—1)=0.

From (3.1) and (3.2), we find @¢=0, and hence £{jf,-}=0.
v

Since our space is compact, we have .ng,.'—*O. This completes the proof.
v
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In the proof of Theorem 3.1, we have immediately the following

COROLLARY 3.2. Let v' be an infinitesimal CL-transformation and p; be its
associated vector in a K-contact metric space. In order that v' be an infinitesimal
curvature-preserving transformation, it is necessary and sufficieni that o be zero
and V;0;=0.

§4. Infinitesimal 7-conformal transformation,

In a contact metric space, we consider an infinitesimal transformation satisfy-

ing the following

v
where 4 is a scalar function. We shall call such a transformation an infinitesi-
mal n-conformal one [2]. In the paper (2], H. Mizusawa has proved the following
two theorems.

THEOREM A. In a K-conlacl melric space with conslanl scalar curvature R
2=—(n—1), an infinitestmal p-conformal lransformation with A=constant is an
infinitesimal isometry.

THEOREM B. In order that a transformation in a conlacl metric space be an in-

Jinitesimal isomelry, it is necessary and sufficient that the transformation be in-
Sfinitesimal n~conformal and infinitesimal affine at the same lime.

Now, we shall prove the following :

THEOREM. 4.1. In a compact K-contact metric space (n>3) with constant scalar
curvature R+ (n—1)=0, an infinitesimal vy-conformal lransformation is an in

Sfinilesimal isomelry.

PROOF. Substituting (4.1) into the identity

[Rl_ 1  hr £ :
£jii= 58 (Vi£8,+ Ve, ~V, L85,
we get
hl_ 1 5

+22(9; n;+9; "l A=dA.
According to (1.14), (4.2) and the identity

(4.3) %Rﬁj’lzvk%{ﬁ'}_vj%{zf}’

we have
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4.4) LRy =5 ! =20 + 1 A0y =40+ 2,0,))
+V A0 ') =V L@+ 0'n) + Ao —0; )
-V kl"(g st +V _,-3-"(3‘“ +mi) — 3-#(273.%;’* N Pri
—MPji) +20; k(lk’? Fam A M) + 22(2¢, ;{P.'k + %a@j"— @ j;‘ﬁkk)
+ 2200 Ryji "~ Ry "1 1Ry ™]
Now taking of the Lie derivative on both sides of (1.16), we obtain
(4.5) MR+ Ry emy t Ry L' = £, —m,Lm;
‘ubstituting (4.1) and (4.4) into (4.5), transvecting g/i to (4.5), and making
use of (1.15) and (1.16) we get
(4.6) ; 45— (n-+DE—2V'2,+2n—DA) =A(n+ 1) =21 L1,

where we put 8=77"V,4,.
On the other hand, from (4.1) and the identity

1 s
<51 nstﬂg,s:ﬂ'{-}fiﬂ

we have
(4.7) T]'JT‘W,:R .

Making use of (4.(5)’and (4.7), we obtain
(4.8) 2V’ + (n—3)B=0.

According (4.1), (4.4) and the identity
g ﬁf'kﬁ + Rji“‘,'?g /= £R=0,
we have
(4.9) V'R +B—A(R+n—1)=0.

Substituting (4.9) into (4.8) to eliminate 5, we get

ra __ (n—=3)(R+n—1)

Applying Green’s theorem to (4.10), we have A=0 if R+n—1=0. This completes
the proof.
We have also from theorem 4.1.

COROLLARY 4.2. In a compact K-contact n-Einstein space (n>3) witha +2<0,
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an infinttesimal np-conformal transformation is an automorphism.

THEOREM 4.3. In order that a transformation in an Einstein (or compact) contact
melric space be an infinitesimal isometry, il is necessary and csufficient thal the

transformation be infinitesimal n-conformal and infinitesimal CL-transformation
al the same time.

PROOF. By theorem B, the necessity is evident. We shall prove the suffici
ency. From (1.21) and (4.2), it follows that

(4.11) p,&,-"+pﬁ,-"+a(ﬂ,¢;"+??ﬁ°f*)
=3 (M@} +7'n) + 2,0 +1'n)) —A(g i+ mjm) +22(e; ni+ o)),

Contracting (4.11) with respect to j and &, we get 209,=4, .
Next transvecting (4.11) with 7,, we obtain

n;0i+00;= (00 ) (& ji+ M),
from which we have 7,0'=0 and g,=0. From these and (4.11), we find

A=constant, a=2 .
By the identity (4.3) and A=constant it follows that

(4.12) £R;i=AV (¢; 0+, 7)),

(4.13) LR=g"LR;+R;£g" = - AR+ R,n'n).
v v r

If we assume that the space be Einstein, we have
SR=— ":l-?.}ezo,

from which we get A=0. If the space be compact, from (4.1) we have

r, - ntl
Vy=—a"4.

By Green's theorem we have A=0. These complete the proof.
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