
NOTE ON INFINITESIMAL 깨-CONFORMAL AND CL 
TRANSFORMATJONS OF SPECIAL CONTACf 

METRIC SP ACES 

By U.Hang Ki 

Y. Tashiro and S. Tachibana showed some characteristic properties of Fubi 

nian and C- Fubinian manifolds in their paper [1] . whcre the notion o[ C-Ioxo 

dromes was introduced in an almost contact manifold with affine conncclion. 
Recently H. Mizusawa dcfined an infinitesimal η-conformal transformation in 

a contact mctric space [2] . K. Takamatsu and H. Mizusawa have shown 
some relations in a compact Dormal contact metr ic space under aD infinitesi . 

mal CL- transformation [3]. 

1n lhc previous paper 에 • We have obtained that an infini tesimal CL-trans' 

formation in a normal contact and K -contact metric space had some analog­

ous properlics of [3]. ln lhis paper. wc study on infinilcsima l η-conformal and 

CL- lransforma tions in K -contac t and normal contact metric spaces. 

~ 1. Prcliminarics 

An 11 (=2씨+ 1)-dimensional di[ferentiable manifold M of c1ass C- with (ψ， 

s. η. g )-structurc (or an a lmosl contact metric structurc) has 뼈en defined by 

S. Sasak i [5] . By definilion it is a manifold with ten50r [ields ψll ， F , 까 and 

50 called an associaled Riemannian mctric tensor g ji defined over M which 

satisfy t he following relations, 
( 1. 1) r끼=1. 

( 1. 2) rank Iφ';'1 =n- l , 

( 1. 3) ψllF=0. 

(1. 1) 'Pj ’η，. ==0， 

( 1. 5) ψlrψr’ = δj+s’~j' 

( 1. 6) gjl' =η” 

(1. 7) gjiψ'.''P. ’ = g'h- ~'~h . 

On lhc other hand Icl M bc a different iable manifold with a contact struc 
lure. lf we put 
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(1. 8) 2gir，ψ/=2φ'ji =Ò/'1i-ÙiT?j’ 

thcn we can find four tcnsors φ'/ ， ~’， ηi and gji so that they deline an (，φ， f， η， 

g)-structure. 8uch a structure is called a conlact mctric slructure [5]. 

1n an almost contact mctric space there are four tensor fields N j/ . N /. N l ’ J ••• JI 

and Nj which are the analogue 01 the Nijenhuis lensor in an almost complcx 

struclurc [5]. 

A conlact mctric space \V ith Nji=O Or N서= 0 is called a J( -conlaCI metric 

spacc Or a normal contact metric 8pace respectively. Of coursc a normal con. 

tact metric space is a K-contact metric space and a K-contact mctríc space is 

a conlact mctric space [6]. ln the following we consider a nolalion rt instead 

01 r. 
A K-conlact melric spacc in 、이lich the Ricci tensor takes the form 

( 1. 9) Rji =agjj+ú끼끼 

is ca Jled a J( -contact η-Einstcjn space, whcre a and b become constan t:(1l>3) , 

and 

11. 10) a + u= n - l, R=an+ú 

hold good 17] , 1미 . 

Lo1 Rkji h bc the Riemannian curvature tensor and put 

( 1. 11 ) 킨=￠찌ih' then Hji= - 삼쩌1 
In a contact metric spacc, ψj， is a skew symmclric closcd tcnsor and 

11. 12) \'，ψlr= (” l)1/l 

h씨ds go여， where \1 denotes the covariant diffcrentiation with respecl to thc 

Ricmannian connection. 

ln a K -conlact metric space thc following identilies arc 、lalid 메 

(1. 13) \'jη =ψJ' ’ 

( 1. 11) τμ''lji + Rrkji1/ :;:;: O. 

(1. 15) RkJihT/TJ' ~ O. Hi，η'=0. 

( 1. 16 ) Rkjil，rlrl' = gjj -ηlηl ’ 

(1. 17) Ri'η' ~(n-1)~i' 

In a normal contact metric space 
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( 1.l8) \'ιφll=끼gk，-η'， gkr 

(1. 19) 까Rkltr=η'kgji-ηjgki’ 

( 1. 20) φ/R”=Hl， +(n-2)ψ”’ 
and also (1. 13) , ( 1. 17) hold gooι [6J . 

1n a normal contact or K -contat metric space a vector tI is caIled an infinitc 

simal CL-transformation if it satisfies 

1 " 1 ( 1. 21) 윈jt f =pl? +P치+a(ηPlh +”%h), 

wfm f IS t he operator Of Lie derlvatlve and {Z꾀} is Riemann삐10씨n띠1니배뻐i녀때a밍때’n co 

p까i l잉S a vector f““le리l삐d and a is a certain scala r [IJ ’ [3J. Contracting" and j in 

(1. 21). we see that 까 is a gradient. 

In a K-contact metric space an infinitesi mal CL-transformation hold good 

thc following rclations [4J. 

( 1. 22 ) -CRji=( I - 1I ) \7j.oi+2α(1끼lη';-gji) +까ψ，/'\7 ，.a +η，4Ol r ?，α， 

( 1. 23) ~팩Rklf=까'\7 k.o;-η'. \7jκ +a(η'kgj，-까g.;l . 

F'inally we shall preparc the following theorem which has been provcd by H. 
Mizusa wa a nd K_ Takamatsu. 

LEMM i\. III a lwnnal cOlltact metric space. ‘if v' t'S an infi’uïesimal CL-transjor­

lIIalio/l. I"en Ihe fo /lolUing relalioll holds good [3J . 

( 1. 21 ' ，Cgji=- \7j.o， +a(gii+끼ηi ) 

~ 2. 1nfinitcsimal CL-transformatiolls in an η-Einstc in norrnnl contact 
mct ric space 

Let ν'bc an infinitcsimal CL-transformation in a normal contact metric 

space. Substituting (1 . 21) and ( 1. 21) into the identity 

1"1 , _ nl" 1 
rk Fgl, = gh,f tkjf + g lhfikt i’ 

、，ve get 

(2.1 ) R，;/，γ+(g션 ~j끼) τkα-(δ~+if끼) \7P= .o'gji-까야， 

e{씨}+2(.ok껴+.0，야)=(야+ifη.) \7 la + (껴 +ifηj)τρ-(gj'+끼까)\"h a [4J 
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Thus we have the following' 

PROPOSITION 2. 1. Lel r! be all inf'‘’',itesima/ CL-tranν.or11latioll alld Pi be its 

associated ν'eclor. I f a is COllstant thell Pi is alt ’nfillilesilllal projective lrallsforma­

UOIl alld cOllversely 

Now. we 야gin with some simple lemmas 

LEMMA 2.2. 111 a K -co/ltacl lIIetric space, for a veclor fie/d Pi if tlzere exisl Á 

Dl1d μ suclz tlzat 

(2.2) "jρ， =λKji+μ까η .. 

thell I!'e Iz ave μ=0 [7J. 

PROOF. Differentiating (2. 2) covariantly and taking account 01 (1. 13) we 
have 

"V. \l jPi == g ji\l kÀ. +끼’7i".μ+μ(φ'ltj끼+φ.i'7j)' 

Transvccting q/" to this and making usc of (1. 4) , (1. 5) and (1. 11) , wc get 

H" p'= ψl;k" ..，À+μ(/1-1)η" 

Transvecting the last equation with 끼 and using of ( 1. 15) , we have μ=0. This 

complets the proof. 

LEMMA 2. 3. 111 a K -CO/ltact lIIetric space, for a vector field Pi if Ilzere e.μ51 

scalars λ alld μ such that 

(2.3) "jρ，;=Àgji +μ까끼 +c(까ψ，;'P，. +lllP/P，)， c:co"slallt , 

thell we h a.νe μ=cÁ . 

PR∞F. Operating 안 10 (2.3) , using of ( 1. 13) , we get 

(2. 4) "."jPi= Cji인λ+ 깨'; '\l ltμ+μ (rp.j끼+찌까)+ c {φ'It/ψ껴+￠iPlrPr 

+'7jr''' fφ'i，+T]jP' '\l .'ψ'j，. + ηlψ'jr '\7 kP" + TJiψ'j，，， .p'). 

On the other hand, from (2. 3) we have 

ψ"、7.P' =λψ';. -C'I • .o，. +대껴’'7.끼· 

Substitut ing ( 1. 14) and the la5t 여uation into (2. 4) , we obtai n 

‘7.‘7jρ'i=Cji".Á+ 까'7;'\1.μ+μ(ψ'ltjη'j+ 'Pltiη) 

+C{rp.,<fJi# +ψlfiψli-끼PrnSR，，，r-PIPiR，kjt 
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+끼(ì.rpj， -C 1/ιPj+C ηr PrTJ/tη'j)+까 (ì.ψ'i/t -C ηIlpj+C TJrPr까끼)} . 

Transvecting 싸lη. to this and making use of (1.4). ( 1. 5). (1. 16) and ( 1. 15). 

we get μ=cì.. 

LEMMA 2.4. 1 11 “ 11 ( ,,> 3) dimellsiollal Ilormal contacl η-E…sleill sþace (b!çO), 
11 is aJl i1σïnitesimal CL-trallsjormal‘011 thell the 꺼ollowillg relolioll "olds good. 

(2. 5) ?, a = L (PI 까P껴) . U " J '1 

PROOF. Contracting" and j in (2. 1) we have 

(2. 6) - R,;P' +까1f?ya-lt?lα= (1- II )pj" 

Transvecting (2. 6) with η' and usingof (1. 17) , weget y/' \' , IX =O. 

Thus (2.6) can bc written as 

RjnO' + 11 '\1p = (ll - l)p, . 

Substi t uting ( 1. 9) and ( 1. 10) into t hc last eq uat ion. wc obta in (2.5). 

LEM MA 2. 5. Lel v' úe a“ ”μ'iJlitesimal CL-transformaUon ill a JlOY1시al COlltact 

y/-E,‘ !lsleill sþoce (11) 3) 1Oil" ú놓O. thell Ú is a contacl olle. 

PROO F. Taking of thc Lie deriva ti ve of t hc both sides of ( 1. 19) ‘ 1I1d subst it ut­

ing ( 1. 23) into thc 여uation thus obtai ncd. WC gcl 

(2.7) 마까?l，=gl，한'k +T/k탑jl-g샤γηlpgkl η， \1 kρl 

+η'" Y，ρj+α(까gk， -까gj;J . … 
카
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Substituting ( 1. 9) , ( l. 11 ) and ( l. 20) into (2. 8). wc get 

(2.9) ，c까 = rJ 끼 , 

where we have put (J = η'，cη" 

’ 
In an η-Einstcin spacc with b~O. for any vcctor v' wc have 

(2.lO) fκl=afg선b(1/펀끼+끼한') 

Substituting ( 1. 22) . (1. 24) . (2.5) and (2.9) into (2.10) , we obtai n 
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(2. 11) 

U~Hollg κt 

(I -II) \1jPi+값(/.깨- g;;) +-%-(17/~i' P, +17/P/ p,) 

=a[- \1jPi+α(gji+까끼)J +2b찌η" 

1‘H1l0REM 2. 6. 111 a I띠rmal cOlltact η Einsleill space (11)3) /Uilh a+2<O. v' be 

all injt:llitesimal CL-transjorη'l at:‘ OJl wlth α=coustallt. theu ν is a concircular Oll(!. 

PROOF. Prom Lcmma 2. 4. (2.11) can bc written as 

(2.12) (l -II)"ρ.i+ 2α(깨lη，- gj) =a [- \1 j,o, +α(gj'+끼끼)J +2b rJηl끼· 

Applying Lemma 2.2 to (2.12) ‘ it fo l1ows that 

Ù'jρ， (a+2)αg;J' 

which shows that the transformation is concircula r 

THEORE;\l 1.7. * Iu a comþacl llormal contacl η-Einslein .'lþace (u)3) with 

(1 !-;2 、O. I el μ be (l/l ùl!illitesimal CL-traJisformalioll t/lelt vl is all ill/ill‘tesiJJlul 

isometry 

PROOF. Operating 'k to (2.5) , we have 

'V k，ρ=4따Pj-ψ'" Prη 까\1，ρ니rμrψk;l 
1‘ ransveclin)l l' (0 t his and using of (1. 4) we get 

(2. 13) jα= ~ ("，0，-β) ， 
11 ’ 

whcrc we put β= ηrr/'\ιO 

On lhc other hand. substituling (1. 9), (1. 10) . (1. 22) a nd (1. 24) in(o t he 

idcntity 

‘f:-R=g" .ßR‘ + Rj,.ßg 1’ . 
11 V /J 

WC obta in 

0=(1-") \1'，ρ.， +(agj;+ b까η，) [ \1'ρ’ a(g"+ ~'~')J Or 

(2. 14) b( \1' p, β)= -(a+2)(n- l)α. 

Compa ring wi th (2.13) a nd (2.14) , it follo \Vs t ha t 

(2. 15) Lla = 뜸!... (a+ 2)α 

’) lt is well known that vl + ~pi is an infinitc 
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Sincc a+2<O, applying Green 's thcorcm lO (2, 15) , wc havc a=O [9] , 
Last. :l pplying Lcmma 2.3 to (2. 11), we gct 

(u 1) (a+2) 
(2. 16) lt?)Ot+ b --αg，，-(까rP， 'ρ， +η，φ'/ p,)=o. 

Thus, laking account of ,2. JJ anù α 0, ‘.vc havc τ")i=O， 

Sincc Our space is compιct. wc find α =0, 

Hcnc“ u’ IS “ n infinitcsÎmal i$omelry. 
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1n an 7]-Einstcin space it i3 kno“ n lhat if ιg" = ", thcn J:，~， = 0 holds good [7J , , - , 
l’y ’Theorcm ~. 7 ‘ ln t1 lhc irlcntily 

'\' j J:.η'j- .eψ，=μ{j，}. 
u - ‘ 

、，vc have immediatcly the following [2J 

COROLLARY 2. 8. lu a compacl Ilom:al cOlllacl η Eillsleill space (11)3) Il'ilil 

a+2<0. a/l …1initeslmal CL-trallsjormatioll is 011 outmnorþhis’'J1. 

‘ 3. Curvι!urc-prcscr ，- ing infini!esimal CL-trnnsforma!ion i11 a K-con!act 
mctric spacc. 

~1. Okurnura has provcd that, in a norm:l l contnct metric space any curva. 

turc-prcserying inIi nitcsimal transformalion i!::i ncceS&1.ry an infinitcsima l 

isometry [8J . 

ln this scclion we shall provc the following; 

TlI EORI':~ I 3. 1. 1/1 a co시IPact K -contacl mclric 、:pare. a c“κ ature prcsen:illg 

ÎujiJli/esimal CL-lransformalioll t"s llecessary Ull ’ Ilfiui/esi lJlul lSO} ，찌ry 

PIlOOF‘ Transv(;ctin~ gJI to ( 1. 22) , we havc τ，ρ’::;: O. Thcrcfore p,;;:: O. 

Tran';ycctinμ ( 1. 22) ‘rilh r;'r/ . 、ve get 

(:3.1) (1 -11)"’γ'\' ，κ→ 2α(11 1)=0, 

On the othcr hand, transvccting g“η， to ( J. 23) ànd taking account of τ'P， ::;:o . 

wc oblai n 
(3.2) -~'ηsτ，ρ α(11-1) =0. 

From ( 3.1끼1) and (3. 2) , ‘\vc fi…띠ln뼈n때i띠d a=Oι. and hcncc 
’ Sincc our spacc is compact, 、，ve havc ,cg;.=O. This completes thc proof, 

u 
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In the proof of Theorem 3.1 . we have imm어 i ale ly lhe foll owi ng 

COROLLARY 3. 2. Let ν ’ be all iu[z"nitesimal CL-trallν'ormal‘。11 and Pi be ils 

associaled vector ;11 a K -colllacl metr‘c space. I n order that v' be an Îllfinitesima/ 

curνature-þreserv，‘ng trans[ormaUoll , it is necessary alld su!/t"ciellt that a be zero 

alld \j ρ; =0. 

~ 4. Infinitcsimal η-conformal transformation. 

ln a contact metric space, we consider an infinitcsima l transformation satisfy . 

ing the following 

(4. 1) .cg;; = ì.(g;;+ ηlη'i) ' 
" . 

where À. is a scalar function. We shall call such a transIormalìon an infinitcsi 

mal ~-conformal one [2J. ln the paper [2J. H. Mizusawa has proved lhe following 
t \vo theorems. 

1‘ HEOREM A. /n a K-co씨act metric space witμ couslant scalar CUtτature R 

,", -(11- 1) , all 씨ifÌ1zitesz"mal η-COllformal transformalioll wil/l À. -= cOllstaJlt is QU 

i l1j inilesimal isometry. 

T lIEOREM B. /11 order Ihat a Irall.ψormatioll in a cOJllact me!ric sþace úe QU ill­

finitesimal isomelry. il is lIecessaη and sufficiellt thal the IransformatioJ1 be iJl 

fillilesimal η-conformal aJl d illjillitesimal affille at the sallle time. 

1\0“’· ‘,,"c shall provc the foilowing : 

T Ii EOREM. 4. 1. / 11 a compact K - cO/l lacl melric space (11) 3) 1Vil" cO/lslalll sca!ar 

cII",alllre R + (11- 1)르O. aJl iI꺼nitesimal η-conjormal lrall‘(ormatioll is all ;11 

finitesimal isometry. 

PROOF. Subslituting (4.1) inlo the idcnlity 

r "1 1 
U{1tj rτgh'(\1껴grt+?lfgrl~?lfgjI)， 

、vc gct 

(4.2) 헌}iJ= ~ [까(δ?+ 꺼ηi) + ì.찌h+해jJ -λ씨i+덴i) 

+2λ(Pll!η， +ψj h끼)]. À, =a,À. 

According to ( 1. 14) , (4.2) and the idenlity 

(4· 3) fRktlh = ?kf{2 } - ?lf{L }, 

we have 
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(어4.4씨) fRkhl”싼l 

+'i7 .씨(δlh+fpl)-τλ(δt+ r/'η'.)+ À.，(ψ，..끼-φ，;'~.) 

-'i7.À.'(Kji+ η'j~i) + 'i7 jλ‘ (g ki + ~'~i) -λ'(2ηlψ'ltj+ TJjψ'lti 

-ηiψ'ji) +2\0;'(λ•'7j - λl까)+2λ(2，ψIk/Pi‘+씨，ψlh-ψJ'ψ，/) 

+2À.(ηknrRr1， h--ηlη’R'ki"-ηrηiRjk， h)] 0 

Now taking of the Lic derivative on both sidcs of (1. 16) , we obtain 

(4.5) 야η‘ßRki/， + ηkRkth￡ηh+η'"Rltji" .ßrl = .f:-g jj - Tf“e~i - ~ißη" 
“ v v' • v 

59 

ubst ituling (4. 1) and (4.4) into (4.5) , transvccting gj’ to (4.5) , and making 

usc 01 ( 1. 15) and ( 1. 16) we get 

(4 6) ; I4β (11+ 1)β-2'i7'À.， + 2(11 - 1)λJ = ;((11+ 1)- 2팩ηr’ 

whcrc wc put ß=rfη’\J ,Àso 

On the othcr hand , Irom (4. 1) and the idcnlity 

& f까gf”rf”，. 
wc hav l. 

('1. 7) η’￡끼=λ . 

Making usc of ( •. 0) and (4.7) , wc obtain 

(.1. 8) 2\"λ， + ( 11 - 3)β=0. 

According (4. 1), (4.4 ) and the identily 

gJ팬lt + R”f g lt = FR=o, 

‘,ve have 

(4.9) - 1/τ';(， + ß-;( (R + 1I - 1) =0. 

Subsliluting (4.9) into (4.8) to climinate β， we get 

(4 l 0) ?rAr= - (깐한ff감김) λ， (,,> 3) 

Applying Green’ s theorem to (4.10) , we have λ=0 if R+II- 1르O. This completes 

lhe proof. 

We ha ve a lso from theorem 4、 1. 

COROLLARY 4.2. J1I a compact K-coJ/tact η Ei1tSteill space (,,> 3) with a +2(0, 
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an tl‘ifimïesi1llal η-COJlformal traJl5，.끼orma!ion is aJl automorþhism. 

THEOREM 4. 3. 111 order Ihal a Irallsform이iOIl ill fln EÙlsteill (01' compact) cOlltact 

11lelric sþace be an 끼'finitesinzal iso11letry, it is necessary aud suJficz"eut 1ft띠 Ift e 

Ira시sjormatiou be injinitesimal η conformal aud t"1ψt:mïesimal CL-transjormatioJ1 

at the 5ame Ume 

PROOF. ßy t heorem ß, the necessity is eviden t. We shall prove the suffici 

cncy. From (1. 21) and (4 .2), it follows that 

(4 .11) Pjδ，h+pllh+α(η/P/+η'/P!' ) 

=융 [λ;(δμηhp，) +λ찌~+ηhpl) -λh(g;;+ '7j'7;) +2i1. (ψlhη';+ψ끼)] . 

Cont racting (4.11) wit h respect to j and h, we get 2씨=ι . 

Next transvecting (4.11 ) with 까J we obtain 

'7jPi + '7iPj= ('7“r!)(g;;+까η，) ， 

from which we have η껴r=Oandpi= O. From these and (4.11) , we find 

λ= constant. α= iI.. 

ßy the identity (4.3) and iI. = constant it follows that 

(412) fRlt=λ'7， ('1'/끼+@l r까) ， 

(4 폐 fR=g꺼R까Rltfgll = -λ(R+Rlif )· 

lf wc assume that the space be Einstein. we have 

11+ 1 !:.R = - W , .1. ÀR= O. 
" 11 

from which we gct λ = O. lf the space bc compact, from (4. J) we ha ve 

n + l ., 
'7 'V' =-"-2 - .. A. 

ßy Green ’ s theorem wc have λ= 0. These complete the proof. 
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