
A NOTE ON EXTENSIONS OF TOPOLOGIES 

By Duk Su Oh 

In [1]. L. Levinc introduced thc concept of thc simplc cxtcnsion and invcsti. 

gi1 lcd somc topological propcrtics which is prescrved by lhe si mple extcnsioJ1. 

Some rcsults of L. Lcvinc was cxtended by Carlos j. R. Ilorgcs [2) , that is , 

thc ncc('ssary and surf;cicn L conditions for thc simple exlension of topology ..r 
to in bcrit complctc rcgularity , hereditary nonrality , (:crfect normality , hercditary 

p:IracompaClncss. st ratifiability , normalily. paracompactness, Lindclöf. compact 

nC!:iS and countable compactness from Y. 

The purpose of this papcr is to determine thc followings; 

( i) the nccessar\' and ::ìufficicnt condi Lion for finite 0 1' infinilc extcnsion to be 

a simple cxlcnsion. 

(i i) lhc rc’alinn bet ", ccn thc si mp)c cxlcn~ion of product spacc and thc prcduct 

of si rr. plc cxlensions in lhc case of finitc pn에uc t. 

(iü) the quasi. J>scudo mctrizaùility of extension of topo]ogy ..9’. 

DEFINITI0N. For a given lopology ..r on a set X , thc topology (Uν (V 0 A ) 

U , Vf..rl, “ J-.cre A is a suboct of X , is ra lJαI a sin:þle exlenst'on of Y ‘lOd 

denoted by .:T(A). [2) 

It follows lhat 9'" (A) is thc topology with ..r 1J {U (' A IU ( .9이 as subba sc 

Let .:7 bc a lopology on X and fl( = {Aσ 1α f J) bc a famil)' of subsclS of X. ancl 

Ict ..r A. denotcs the topology l Aa ~ U IU ( . .'T) U {X ) for cach Anf (1. Thcn thcre 

cxists a topolngy on X with ‘.'T l, Ua, • ..rι ’ lS ~ubbasc. Wc dcfine this t11c e.tteu 

iion of ,T by 01 and d~notc this ‘9'"(，α) ， ‘:T(rv) is callcù 1;'“ te extellst'oll Or i l1fillUe 

extellsioll according as .ð is finite 0 1' inf in it c. It fo llows t hat Y(rt) ;:Y(A\ )( Aû 
…( A. ) if J = { l. 2. ,,) , 
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For ‘:1 suhset M of X. wc shaIl denote the complement X • M by M ’ and lhc 

closurc of M relative (0 the topology Y by M. 

T I 1EORI ‘ M 1. Letlγ={Aμα f LJ} be a þair l/Jise disjoint lami’Iy of ηlbsels o[ a 

loþologica/ sþace (X, Y) al/d lel A= U ",.A". Tli el/ Y (α)=Y (A) iff 

A"n A -A ,,=ß for each α r ð. 

PR∞F. Suppose값이 Ã-겨α=0 for cachα ( ð. αearlyY(ot)그r(A). To provc 

Y(α)ζY(A) ， it is sufficienl lo show U이 A" r Y(A ) for each U f Yand eachα 

fð. If X f u n A" , there cxists an opcn neighborhood 0, 01 ‘ rclative lo thc topology 

Y such t hat O, nA,, - U r Aπand O, n (A A ,,)=(!. Let W ,, =U{O, lxcU n A) , 

then Wα n A=WπnA“=un A". and hence U n A"fY(A) 

(‘onvcrscly , if .!J’(α)=Y(A ) . lhen A"f Y( A ) for allα f A. and Aa is repre 

scnlcd by A,,=uU(V n A) for somcU.Vr Y . I‘ rom the (ar t rf,. is IιlÍ rwisc di인OlJl t. 

il fo llows lhat Vr ( A Aπ) 'o (!, ao , ) hcncc ( A A ,, ) n (u , V )=(). It follow s lhal 

(U UV )'::: A - A", and comequently A,, '- A - A ，， ~ O. ,ince A"C U UV 

COIWLLARY 2_ [f α={A"la r Ll} is a discrelf (，αmily of a loþological sþace 

(X. Y) , 'he l/ ‘r(α) =Y(A ) , where A= U ",.A". 

PROOF. T his is an immediate consequence of ahove thcorem. 

Thc folJowing ways arc also possible. For cach U f .:r and each α (ð. we 

havc U 11 Aα =u r A" n cuβ .. "Ãß)'=A n Un ( U β"i "Ap)'. Sincc α is íl discreLc 

familι il holds Uβ .. "A.~=파 .. "Ap, and conscqucntly U I ,A" r Y (A) . 

COROLLARY 3. Let 01= {A ,.I n< N} be aþairω:'se d“:joint tamily o[ subsets 0/ a toþ 

%gical spι'e (X. T) . /1'ιewN= {l， 2, ,,, !!}, A=UMNArr· Thetl j「 (A， 1)(AJ

• (A,.) = J T(Aj for cll perljI씨aUoll (i 1, z"2' …. i,,) Qν (1 , :!, 11 ) . Iff ÚY is 

pmrw‘se seþerated. 

TIIEORE:'f '1. Let (X" .51기) be 0 10þo!ogi/'al sþace for i= 1. 2. .... 11, alld lel Y 

(A ) be a s’ JJl.'J!e exteJlsioll 01 ‘r , . ond ιr. Y ‘ dello!ι the þroduc! toþolog.:es 
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!L{(Xl, rl)} , 띤 (X; , Y;(A))} resþeclively. 

T hen(i) Y \~I， A;) ζ ‘감 

(ii)Y센 A까r‘ iff A,' Y , for each ’‘ whellαer A , ~X;' 

PROOF (i) Slraighlforward, since 꾀l A, e r ’ 
(ii) SUPPOSC that A; ( ‘!T, for some i. Wc will point out thal X ,X "' X X; _ , X A, . 

X X i+ J X ... X X
II 

is a mcmber of .!Tκ Lul not a memtcr of Y낀 A ,). Lct X ,X 

.，， ×X， -l ×A， ×X1+ l × -- - ×X，=Oa U(Oa맥，A;} for somc 0 a' 0 ß f Y aod lel us take 

a= (0\. a" an’ ) fX， X… XXi_IXA， XXj~ lX…XXn such thalajf A,- A? 

에" ajf X j- A j for j힘. Thcn. since a댄lA，， lt follows that aeOa· Hence a, . 
eP, IOal cA,, whcrc P , lS the prO」ection of El X, to XI- Recalllng that the 

projcction of a product space to each of its coordinate space is open. it 

follows thal aj f A?-. which is contradiction. The conversc is cIear. 

U (X, Y) salisfies lhc sccond axiom of countabiJi ty, (X, Y(A)) also does, and 

(X, Y) is quasi-pscudo-metrizable [3J. Hence we have 

THEOREM 5. If (X , Y) satisfies the secolld axiom of coulllailility, (X , Y 

(α)) is quasi-þseudo-metrizable. where α is a counlable family of subsels of X. 

LEMMA 6. If Ihere is a base ι of (X’ ‘!T) satiψ써g (a) , (X’ ‘!T) is 

quast"-pseudo metrizable. 

(a) , for each X f X , there exists a melllber Bx of ι.x={BlxfBf ι} such IlIal 

Bx ζB for each B c ..cx' (i. e. Bx is the /t"rst elemellt 01 ι'x with the orderillg c . ) 

PROOF_ Sctting 

p( X. y) = 

t 1 : there exist infinilely many members of ιx' each of which 

does nol contain y , 

’ ’ ’ i z 숭 th따h야1냉er야e cx‘d써i잉따s안t on빼1 .• , ι 
not contain y. 

o : y belongs 10 every membcr of ιx ' 

C.) AI) is the inlerior or A; refative to thc topology .r
l 
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it follows that p is a quasi-pseudo-metric on X. lt is easily estab!ished that 

thc topology dctermined by Þ equals to Y 

THEOREM 7. 1/ tilere is a base ,1; 0/ (X. Y) satis/yillg (a) , alld α~(A" 

lα ( J } is a þairwise disjoillt /amily ol ... bsets 0/ X such tilaf Aa n A - Aa ~ O 

for each α f J. ，νilere A~ Ua,.Aa. Ihen Y(α) is quasi-pseudo metrizab/e. 

PROOF. ßy theorem 1 it follows that ,1;‘ =ιU {B n A I B (..c} is a base of 

3끼α) ， Let B, be the first element of ι'x with the ordering ζ， then B, n A 

0 1' B, is the first clement of ,1;,* according as x belongs to A or not. Thcrefore 

Y(Ot) is quasi-pseudo-metrizable by lemma 6. 
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