A NOTE ON EXTENSIONS OF TOPOLOGIES

By Duk Su Oh

In 11, L. Levine introduced the concept of the simple extension and investi-
gated some topological properties which is preserved by the simple extension.
Some results of L. Levine was extended by Carlos J. R. Borges [2], that is,
the necessary and sufficient conditions for the simple extension of topology .5~
to inberit complete regularity, hereditary normality, perfect normality, hereditary
paracompaciness, stratifiability, normality, paracompactness, Lindelof, compact-

ness and countable compactness from .7 .

The purpose of this paper is to determine the followings;

(i) the necessary and sufficient condition for finite or infinite extension to be
a simple extension.

(i) the relation between the simple extension of product space and the preduct
of simple extensions in the case of finite product.

(iii) the quasi pseudo metrizability of extension of topology 7.

DEFINITION. For a given topology .9 on a set X, the topology {Ul! (V1 A4)
U, Ve }, whkere A is a subcet of X, is called a simple extension of 7~ and
denoted by .77 (A). [2]

It follows that .7 (A) is the topology with .7 | /{UNAIU ¢ .97} as subbase.

Let .7 be a topology on X and 7= {A_ lee e dibe a family of subsets of X, and
let .77, denotes the topology {4, "UIU ¢ .77} J{X} for each A€ ¢/. Then there
exists a topology on X with 7~ 1)U , 9~ a, s subbase. We define this the exten-
sion of F by or and denote this I (er). I (cr) is called finite extension or infinite
extension according as 4 is finite or infinite. It {ollows that .7 (cv) =7 (A,)(Ay)
w(A,) if 4={1, 2, +-, u}.
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For a subset M of X, we shall denote the complement X - A/ by M’ and the
closure of M relative to the topology .9~ by M.

THEREOREM 1. Let cr={ A€ 4} be a pairwise disjoint family of subsets of a
topological space (X, 9 ) and let A=), A, Then T (ar)=5 (A) iff
A, NA=A,=0 for each ece 4.

PROOF. Suppose 4a"|A—A,=0 for each e« 4. Clearly.7 (a/)>.7 (A). To prove
I ()9 (A), it is sufficient to show U A_ €. .7 (A) for eachU ¢ 7 and cach &
€d. IfxeU[) A, there exists an open neighborhood O_ of x relative to the topology
& such thatO.NA,~ UNA4, and O,N(A-A,)=0. Let W, =U{0,1xeUNA,L,
then W NA=W_,NA,=UNA, and hence UNA_ .7 (A)

Conversely, if J (a¢)=5 (A). then A ¢ .7 (A) for allae 4, and A4, is repre-
sented by A =UU(V 1 A) for some U,V €9, From the fact i is pairwise disjoint,
it follows that V" (A-A4_) =6, and hence (A-A_ )\ (U ./V)=0. It follows that
(UUVY=A-A, and consequently A, A—A =0, since A, UUV.

COROLLARY 2. If o¢={A_ |lcxedt is a discrete ramily of a topological space
(X, T), then 7 (a)=T (A), where A=), A,

PROOF. This is an immediate consequence of above theorem.

The following ways are also possible. For cach Ue .9 and each aed we
have U14,=UNA;N(U gy o)’ =ANUN(Ug. ,A5)". Since ar is a discrete
family, it holds Uﬁ#aﬁﬁ=m and conscquently U || A, € .7 (A).

COROLLARY 3. Let cr={A, |n¢ N} be a pairwise disjoint family of subsets of a top.
ological space (X, 77 ), where N={1, 2, «, n}, A= UpenA,. Then -7—(1‘1l J(4;)
s A,.) =7 (A) for «ll permulalion (8, Ty 2o :'") of (1, 2, «, w), iff or is

parrwise seperated.

THEOREM 4. Let (X, 7)) be a topological space for i=1,2, -, n, and let T~

(A) be a simble extension of 7 , and 7, T * deiole the product topologies
' opolog
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5.1,{(Xi. Tk [rl{l (X T (A} respectively.
Then() 7 (1l 4) C.T*
(i) Tl A)=5* iff A,e T, for each i, whenever A, *X,

PROOF (i) Straightforward, since ,ﬂ.l AjeTH
(i) Suppose that A4, 5, for some i. We will point out that X XXX, XA,

XX, XexX, is a member of J ¥ but not a memkber of j"‘(III A). Let X X

=1
XX, KAX K, XXX, =0, U (05N A) for some 0, Oy¢.7 and let us take
a=(a, =, a, a, ) € X XXX, | XAXX, XXX, suchthataeA,~ A}
%, a,eX;— A, for j. Then, sinceex?‘IZII A, it follows that ¢€0,. Hence a;
€P,[0 ]CA, where P;is the projection of Il X; to X;. Recalling that the
projection of a product space to each of its coordinate space is open, it

follows that ar.EA?, which is contradiction. The converse is clear.

If (X,5) satisfies the second axiom of countability, (X,.7" (A)) also does, and
(X,77) is quasi-pseudo-metrizable [3]. Hence we have

THEOREM 5. If (X, 9) satisfies the second axiom of countability, (X, 7
(cr)) is quasi-pseudo-metrizable, where ct is a countable family of subsets of X.

LEMMA 6. If there is a base £ of (X, ) salisfying (a), (X, F) is

quasi-pseudo melrizable.
(a): for each xe€ X, lhere exists a member B, of £ ={B|xeBe L} such that

B, CB foreach Be £,. (i. e. B is the first element of A, with the ordering _.)

PROOF. Setting
1: there exist infinitely many members of £, each of which

does not contain y,

Pz, )= ZN":?IN— there exist only N members of .£,, each of which does

not contain y,
0: y belongs to every member of £,

® 40 o "
T is the interior of A; relative to the topology T
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it follows that p is a quasi-pseudo-metric on X. It is easily established that
the topology determined by p equals to 7.

THEOREM 7. If there is a base £ of (X, ) salisfying (a), and ct={A,
leee At is a pairwise disjoint family of subsets of X such that A, NA-A, =0
for each ce A, where A= acaAa, then T (¢) is quasi-pseudo metrizable.

PROOF. By theorem 1 it follows that £* =.LU{BNA|BeL} is a base of
J(cr). Let B be the first element of .£, with the ordering <, then B,1A4
or B, is the first element of £ * according as x belongs to A or not. Therefore
J (cr) is quasi-pseudo-metrizable by lemma 6.
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