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L Introduction 

ln [11, A, Csåszár introduced quasi.uniform spaces and invcstigatd some 

propcrties of it. ]. L. Siebcr and W. ]. Pervin [31, and R. C. Slol tenberg [41 

madc contributions to the theory of quasi-uniform completion. The purpose of 

lhe present note is to determinc the followings ; 

( i) sufficient condition for a given topological space lO be quasi -pse ~do-metriz 

able, using of quasi-pscudo-metrization theorem of quasi-uniformity. 
( ii) construction of a comp letion for arbitrary quasi-uniform spacc. 

lf ι is a quasi-unifomity on a set X. l /, induces a unique lopology Y u on 

X consisting of all subsets G of X such lhat for cach x f G, U [x] c G for Somc 

U fll'. We call ..9". lhe quasi.t““forlll topology induced by ι. lf .k is a base 

for //, we call lhat lt' is gellerated by ι. 

For each function f of X lo Y , 까2 is lhe induced function on X x X to Y X Y 

which is defined by f 2(x , y)= (f(x ) , f(y) ). Lct (X , 21') and (y , γ) be quasi 

uniform spaces. A funclion F X • Y is quas“““foYl씨'y contilluolts rclative to Î/ 

and γ， iff h - 1 [v1 f 11' for each Vf r . f is quasi'ullifom“ 'somorþhism iff f is 

one to one onto Y and bolh f and f - 1 are quasi.uniformly continuous 

Every quasi-uniformly continuous function is continuous relative lo the quasi 

uniform topology, hence every quasi-uniform isomorphism is homeomorphism. 

Conscquently, if P is a topologicaI invariant. then P is aIso a quasi.uniform 

invarjant. 

2. Quasi.pseudo.metrization 

DEFINITION. A quasj.pse“do-metrκ on a scl X is a non -ncgative rca l valued 

function d of X x X , such that 

( i) d(x , x) = 0, 

(i i) d (x , z) +d(z , y) 르d(x， y ) for all x, y , z f X. 

Let d bea quasi.pseudo.metric onX , and Vd. , = {(x , y)ld(x. y) <서 

Unlcss other ‘,v ise specified. wc adopt the terminology and notation used by Kelley 씨 . 
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Thcn Wd. ， lr>아 is a base fo r a quasi-uniformily V on X , 9, is called lhe quasi­

uniformity generated by quasi-pseudo-metr ic d. A quasi-uniformity ~/ 00 X 

JS ψJflsl-þseudo-metrlzable iff thcr e exists a quasi-pseudo-metr ic d 0 0 X 、\' h ich

gencratcs V. 

LEMMA2. l. Le/ {U"lllf ω} ， where ω ls Ihe set o[ 1l0n-negalù.:e l l1tegers. be a 

sequellce 01 sllbsets 01 X X X s1tch thot Uo=X X , each U" contaills .1x and U rr-'- 1 

。Un + 1 oU
Ii
+ 1 C Unfor eaclz 1t f ω. Tlten tlzere exis/s a quasz"-þseudo-metrlc d 01l X 

slIcll /llot U n ζ Vd _2 - n ζU"_l for each þosi/ive iJ//eger. ((4J. 185) 

Wc oblain lhc following 

LEMMA 2.2. A quasη-uuiformi/y V O1l a set X is quas‘ þseudo-lIIelrizaùle iff 9t’ 

llas a CQ1.씨/a/lle base. 

lt follows immedialely lhal iI ?ι is quasνpseudo -metrizable， Y “ is quasi-pseudo 

metrizable. But lhe convcrse does not hold in genera l. lt is explained b)' lhe 

following examples, 

EXAMPLE 2. 3. Lct Q be the firs t uncounlable ordinal and let X = {a I a 

=ordinal, a <Q}, U. = {(x , y).x르a， y르a} L L1x for each a ( X. Thcn .t= {U.I 

a f X} is a base for a quasi-uoiformity ')/ on X_ lt follo \Vs that .!T
II 

is quasi­

pseudo'mctrizable. But 1/ has no counlablc basc. 

EXilMPLE 2.4. Lel X be uncountablc 5el and A be n denumcrablc ,uhcl of 

X , B,=AU{x}, "c ={B, lxfX} and lct 5(x) = B，χ B， j (X - B,l X./ {5(x) 

1.'1: f X}. Then .!Y is a subbase for a quasi-uniformity 끼/ on X. ‘111<1 ι is ‘ l basc 

for a lopology Y on X. It follows lhal γY induces ,/ bv thc Lcmma :.!. rl, ‘1Il、l

that j~ is quasi-pseudo mclrizablc but not pseudo mctrizah!c (E、amplc 2.7) ‘ 

On thc olhcr hand , lhe conslruction ofl shows lhal has no couatablc 

basc. hcnce 'i/ is not quasi-pseudo metrizab!c. 

LEtl~IA 2. 5. Le: ，ι bc a base 끼'0， a /oþology ‘ :T on X , alld let ý' = {5 B Br ι }， 

wllere 5 B=B x B .J(X - B)xX. Tllell 111. qua잉~llmfor’mïy 9/ with .9' as a s‘,ùùase 

illdllces Y . 

PROO1'‘ It is obvious thal 50그ðX' 5oo5s=5o' To sho \V Y=.:/끼， Icl 

G f Yand X f G. Thcn X E B =G for some B ("c. thereforc 5 B (xJ = B -G. 
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On the other hand. let G ,.!T“ and x εG. Then n ，~， S8, [xJ c G for some S8, 

, .9'. ‘lfid hence G ,.!T 

No、，v. we give a simpJe proof of Ribeiro’ s theorem [6) using of Lemma 2.2 
and Lcmma 2.5 

THEORE~I 2.6. Jf (X • .!T) satisfies the secolld axiolll of coulltability. theJ1 (X. 

Y) is quasi-þseudo me/rizable. 

PRoor. Lct 。ι be a countabJe base for .3끼 and .9' ={S8 IB , .,c}. and let ι 

is a quasi -u niformity with .9' as a subbase. Then 1/ has a countable basc. since 

.9' is counlabJe. Theorcfore. 1.( is quasi-pseudo-metrizabJe by Lemma 2.2. and 

hencc Y
U 

is quasi-pseudo metrizable. Lemma 2.5 shows lhat .!T=.!Tu' 

The converse of Theorem 2.6 is not valid_ 

EXAMPLE 2.7. Let X be a uncountable set and A be a denumerabJe subset 

of χ sct 

d(x , y)=[O:x=y, or xfA, y , A , or x , X-A , y , A. 

ll: x'A, YfX-A , or xfX-A , y ,X • A. 

Then d is a q uasi • pseudo mclric but not a pseudo mctric, and lhe 10poJgy Y d 

induccd by d has no countable base. Moreover .!T d is not pseudo metrizable, 

:1. Complctcness 

ln lhc paper [3) , ]. L. Sieber and VV.]. Pervin 1cft open the queslion of thc 

existcncc of a non-trivial completion for an arbitrary quasi-uniform space. lt 

is well known that cvery uniform space has a completion_ This theorem was 

accomplished using of pseudo-melrics, minima l Cauchy filters , and Cauchy 

filter bascs. respcctively. Since quasi-u niformity a nd quasi-pseudo-metric nced 

not s:1 tisfy syrnmetric law. wc can't accomplish thc corrcsponding theorem for 

quasi-uniform space using of above rnethods. 

R. A. StoJtenbcrg [5) answered Sicber and Pervin's probJem , but in c.sc that 

a concrete completion for a given quasi-uniform space Îs needcd , Stoltcnbcrg’s 

method is rather complicated. ln this section, we answer this problem by a 

simple construction. 

DEFlNITION. [3) Lel (X, ?.() be a quasi-uniform sp.ce. 
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(i) A filter .!J기n (X, 9,f) is a Caucy filter iff for each U f'!/, there exists 

X f X such that U [xJ f .'7. 
( ii ) A filter .!J• in (X. 11') co l1verges to X f X iff {U [xJ IUf lé}ζ.'7 

( iii ) (X , ι) is cOlllþlele iff each Cauchy fi Jter in X converges to a point of X 

( iv) A cOlllþlelio/l of ( X , ι) is a pair ((Xκ ι융) .J) such that (X* , V *) is a 

complete quasi.uniform space and f is a quasi.uniform isomorphism of (X, V) 

onto a dense subspacc of (X*, 91'‘). 

THEOREM 3. 1. Let (X , V ) be a quasi.uniform space, and 0 be an arbitrary 

cardinal number 80 that a르 IX I …. Then there exists a quasi-uniform comple 
tion ((X‘, ?é*) , f) of (X , V ) 8uch that I X치 =0 . 

PROOF. Let A bc a disjoint sot from X such that IA I = 0, and let X* = 

X l A. Setting J ={U LJ A X X* IUfV}. it follows that k is a base for a quasi. 

uniformity on X*. For. 

(a) U LJ A X X* contains thc diagonal of X‘, 
(b) (U μ A X X*Jr l (V LJ A X X ‘ )=(U n V) UA x X ‘, 
(c) for each U U A X X ‘ f J , choose V.깅?! such that 

VoV = U. t hen (V U A XX‘) o(V U A XX‘)는U l A XXκ 

Let 9/‘ be the q uasi-uniformity on X ‘ generatcd by 0ι The construction of 

9/‘ shows that (Xξ %‘ ) is a complcte quasi-uniform spacc. 1n fact , every 

Cauchy filter in (X‘. 9/*) cOflverges to an arbitrary point of A. For each 

U* O/*. U‘ n X x X f 91' and hence subspace X‘ - A of X‘ is (X, V) . that is, 
(X. V)= (X, V률 n XxX) . Therefore, (X. z.') is quasi.uniformly isomorphic 

to (Xκ ε‘) by identity mapping f. lt is clear that the closure of X‘ -A 
is X‘. Thus ((X ‘ . 1/‘), f) is a completion of (X, z.') . and I X치 =a. 

( l ) I X I denotes the cardinal number of X. 
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