A NOTE ON QUASI-UNIFORM SPACES

By Duk Su Oh

1. Introduction

In [1], A, Csaszir introduced quasi-uniform spaces and investigatel some
properties of it. J. L. Sieber and W. J. Pervin [3], and R.C. Stoltenberg [4]
made contributions to the theory of quasi-uniform completion. The purpose of
the present note is to determine the followings ;

(i) sufficient condition for a given topological space to be quasi-pseudo-metriz-
able, using of quasi-pseudo-metrization theorem of quasi-uniformity.

(ii) construction of a completion for arbitrary quasi-uniform space.

If 77 is a quasi-unifomity on a set X, 7 induces a unique topology .77 on
X consisting of all subsets G of X such that for each xe¢G, U [x] =G for some
Uezs. We call 7~ the quasi-uniform topology induced by 7. If £ is a base
for 77, we call that 77 is generated by ..

For each function fof X toY, f, is the induced function on X< X to ¥Y'xXY
which is defined by f, (x, y)=(f(x), f(¥)). Let (X, 27) and (Y, 77) be quasi-
uniform spaces. A function f: X—Y is quasi-uniformly conlinuous relative to 7
and 77, iff fo '(V] € 2z for each Ve %°. f is quasi-uniform isomorphism iff f is
one to one onto ¥ and both f and f~! are quasi-uniformly continuous.

Every quasi-uniformly continuous function is continuous relative to the quasi-
uniform topology, hence every quasi-uniform isomorphism is homeomorphism.

Consequently, if P is a topological invariant, then P is also a quasi-uniform
invariant.

2. Quasi-pseudo-metrization

DEFINITION. A quasi-pseudo-melric on a set X is a non-negative real valued
function d of Xx X, such that
(i) d(x, x)=0,
(ii) d(x, z)+d(z, y)=d(x, y) for all x, y, ze X.
Let d be a quasi-pseudo-metric on X, and V, ={(x, »ld(x, ») <rl.

Ih;less otherwise specified, we adopt the terminology and notation used by Kelley [4].
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Then {V, ,1#>0} isa base for a quasi-uniformity 2 on X, #/ is called the quasi-
uniformity generated by quasi-pseudo-metric 4. A quasi-uniformity ¢/ on X
is quasi-pseudo-metrizable iff there exists a quasi-pseudo-metric ¢ on X which
generates 77.

LEMMA 2.1. Let {U, |new}, where wis the set of non-negalive integers, be a
sequence of subsets of XXX such that U,=X <X, each U, contains 4y and U, ,
U,,, U, , CU, for each necw. Then there exists a quasi-pseudo-metric d on X
such that U, <V, o—n CU,_, for each positive integer. ([4], 185)

We obtain the following:

LEMMA 2.2. A quasi-uniformity 2/ on a set X is quasi-pseudo-melrizable iff 2/
has a countable base.

It follows immediately that if 2/ is quasi-pseudo-metrizable, .7~ is quasi-pseudo-
metrizable. But the converse does not hold in general. It is explained by the
following examples;

EXAMPLE 2.3. Let @ be the first uncountable ordinal and let X={ala
=ordinal, a<Q}, U,={(x, y)|x=a, y=a}Udy for each ¢ ¢ X. Then £={U,|
ae X} is a base for a quasi-uniformity ## on X. It follows that .5~ is quasi-
pseudo-metrizable. But % has no countable base.

EXAMPLE 2.4. Let X be uncountable set and A be a denumcrable subset of
X, B=AU{x}, £={B,|xcX} and let S{x)=B,XB,U(X—-B )X X, ¥/ ={8(x)
|x € X}. Then % is a subbase for a quasi-uniformity 7 on X, and . is a base
for a topology .9~ on X. It follows that %/ induces.¥ by the Lemma 2.5, and
that .7~ is quasi-pseudo metrizable but not pseudo metrizable (Example 2.7).
On the other hand, the construction of . shows that 2 has no countable

base. hence 7/ is not quasi-pseudo meirizable.

LEMMA 2.5. Le! £ be abase for a topology .5~ on X, and let 7 ={Sy|BeL},
where Sg=BXB|J(X—B)XX. Then the quasi-uniformity 2/ with " as a subbase
induces 7 .

PROOF. It is obvious that Sz—>d,, SpoSp=8z To show 7 =5, let
Ge. 5 and xeG. Then xe B-G for some Be £, therefore SR!.t]:B_'G.
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On the other hand, let G¢.5" and xeG. Then (1, Sp [] ©G for some Sj,
€.%, and hence Ge.7".

Now, we give a simple proof of Ribeiro’s theorem [6] using of Lemma 2.2
and Lemma 2.5.

THEOREM 2.6. If (X, 9) satisfies the second axiom of countability, then (X,
97) is quasi-pseudo meirizable.

PROOF. Let ¢ be a countable base for .77, and .¥ ={SgzlBe L}, and let
is a quasi-uniformity with %" as a subbase. Then 2/ has a countable base, since
% is countable. Theorefore, 7/ is quasi-pseudo-metrizable by Lemma 2.2, and
hence .97 is quasi-pseudo metrizable. Lemma 2.5 shows that .7 =9~ p

The converse of Theorem 2.6 is not valid.

EXAMPLE 2.7. Let X be a uncountable set and A be a denumerable subset
of X, set
d(x, J,):{0:.74:=y, or x€ A, yed, or xe X—4, ye A
1:x¢A, yeX—A, or xeX—A, ye X—A.

Then d is a quasi-pseudo metric but not a pseudo metric, and the topolgy .7 o
induced by @ has no countable base. Moreover .9, is not pseudo metrizable.

2. Completeness

In the paper [3], J.L. Sieber and W.]. Pervin left open the question of the
existence of a non-trivial completion for an arbitrary quasi-uniform space. It
is well known that every uniform space has a completion. This theorem was
accomplished using of pseudo-metrics, minimal Cauchy filters, and Cauchy
filter bases, respectively. Since quasi-uniformity and quasi-pseudo-metric need
not satisfy symmetric law, we can't accomplish the corresponding theorem for
quasi-uniform space using of above methods.

R.A. Stoltenberg [5] answered Sieber and Pervin's problem, but in case that
a concrete completion for a given quasi-uniform space is needed, Stoltenberg’s
method is rather complicated. In this section, we answer this problem by a
simple construction.

DEFINITION. [3] Let (X, 97) be a quasi-uniform space.
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(i) A filter #in (X, /) is a Caucy filter iff for each Ue2s, there exists
x€X such that Ulx] € 7.

(ii) A filter ¥ in (X, #7) converges to x€ X iff {U[x] |Ues/} 5 .

(iii) (X, #7) is complete iff each Cauchy filter in X converges to a point of X.

(iv) A completion of (X, 77) is a pair ((X*,2/%),f) such that (X*,2/%) is a
complete quasi-uniform space and f is a quasi-uniform isomorphism of (X, %)
onto a dense subspace of (X*, /%),

THEOREM 3.1. Let (X, #7) be a quasi-uniform space, and a be an arbitrary
cardinal number so that a=|X| . Then there exists a quasi-uniform comple-
tion ((X*, &%), f) of (X, #) such that | X*|=a.

PROOF. Let A be a disjoint set from X such that |A|=a, and let X*=
XA, Setting £={UJAxX*|Ue?}, it follows that £ is a base for a quasi-
uniformity on X*. For,

(a) UUJAXX* contains the diagonal of X%,

(b) WUAXX®) N (VUAXX®)=UNV)UAXX*,

(c) for each UlJAXX* e £, choose VeZ such that

VoV U, then (WUAXX®)o(VILAXX*)UI! AXX*,

Let 2% be the quasi-uniformity on X* generated by .. The construction of
2% shows that (X* 27%*) is a complete quasi-uniform space. In fact, every
Cauchy filter in (X*, #/%) converges to an arbitrary point of A. For each
U*eowr* U¥NXxXe? and hence subspace X*¥—A4 of X* is (X, %), that is,
(X, 2)=(X, 2*NXxX). Therefore, (X, #) is quasi-uniformly isomorphic
to (X*, #%*) by identity mapping f. It is clear that the closure of X*—A4
is X*. Thus ((X* Z*), f) is a completion of (X, #), and |X*|=a.
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(1) |X| denotes the cardinal number of X,
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