TOTALLY UMBILICAL HYPERSURFACES
OF THE ALMOST EINSTEIN SPACE

By HONG-SUH PARK

Introduction

Recently in a locally product Riemannian manifold, M. Okumura [1]1™® tried
to prove the totally umbilical hypersurface with constant mean curvature to be
isometric with a sphere and obtained some results about the totally umbilical
hypersurfaces with constant mean curvature.

In the totally umbilical hypersurface with the non-constant mean curvature,
however, there does not exist above mentioned ones. In the present paper, the
author tries to discuss the properties of the totally unbilical hypersurfaces with

non-constant mean curvature.

We shall devote §1, to preliminaries. In §2, we obtain the mean curvature
and scalar curvature of the totally umbilical hypersurfaces in the special kind of
locally produt Riemannian manifolds. In §3, we find some properties of the
totally umbilical hypersurfaces in the almost Einstein space.

8§ 1. Preliminaries

Let there be given an (#+1)-dimensional locally product orientable Riemannian

manifold M"*! with locally coordinates {X%}, Then, by definition, there exist a sys
tem of coordinate neighbourhoods {Ua} such that in each U« the first fundamental

form of M”*™! is given by

p q ” P
(1. 1D ds" = > lGab(Xc)dX“de SSG (X)HdX dX,
a, b= [, S
p=2, q=2 p+g=n+1,
and 1n U amU 5 the coordinate transformation (X% x")— (Xﬂf, X"y is givn DY
Xﬂrzxﬁ'(j{ﬂ), XH:XI-’(X!).
If we define Fj by
0% 0\
A
(1.2) (Fi=

—

%) Numbers in brackets refer to references at the end of the paper.
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a, b=1, 2, e P, S, £=1, 2, cre-e- g,
in each Ua, then Fﬁ is a tensor field over M n+1 and satisfies
(1.3) FlFszaﬁ,
(1.4) =G, F 1= 25
(1.5) v#Fﬁzo,

where 7, denote the operator of the Riemannian covariant derivative with

respect to Gupt’ (1.3) shows that Ff; assigns an almost product structure of rt,

Let M" be orientable hypersurface of M"*! reprsented parametically by
where {x"} are locally coordinates of M". We put sz@Xz/axf, then B} (1=1,
2,3,:++, n) are linearly independent tangent vectors at each point of M”.

The induced Riemannian meftric g ji of M” 1s given by
(1.6) g;;=G7,B’B.
If C; are the contravariant components of the unit vector normal to Mn, then

we get
(1.7 G, BiC'=0, G,C'C'=1.

The transformations FﬁBf and FﬁC“ can be expressed as linear combinations of Bf}

and Cf. We put

(1.8) FAB!=fBi+f,CY,

(1.9 FACt= "B+ fC,
from which we have obviously

(1. 10) fi=F.B:B,

(1.11) fi=FiB!C,,

1, 12) f=FiCyCH,

where we denote by (B%, C;) the dual basis of (B;?‘, CH.

Moreover we have the following
(L. 13) fii= & i =Fijs
(1.14) fff;;-:a{“fjfi:
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(1. 15) i =—ffn  ffi=—rrHh
(1. 16) f.f =1-f7,
(1. 17) fi=(—~F.

If we denote V; the operator of covariant differentiation along the M", we

have the equation of Gauss™
def _

(118 V B} ==0;B}+BiB/{, |~ Bi{ i} =H ;;C",

where { ;‘-‘,-} and { jz} are the Christoffel symbols formed from g; and G,; respecti-

vely, and H,; are components of the second fundamental tensor of M”.
We have also the equation of Weingarten

T

(1. 19) vV jCt=d;C*+ BiC*{ 2= — H'B],
ik
where H.=g"H ;.
Differentiating (1.8) and (1.9) covariantely along M” and transvecting with

B,, and C, respectively, we get the following relations

(1.20) Vfi=f"H +fHY,
(1,21 Vifn=sH j,— i
(1.22) Vif=—2f"H .

§ 2. Scalar curvature of M”.

Let M" be an n-dimensional totally umbilical hypersurface of locally product
Riemannian manifold, then it satisfies

at each point of the M”, where H = H ﬁg“ iS mean curvature and i1t i1s scalar.

From the Codazzi’s equation of the M”
_ Lol B 6
(2.2) V,H;,—V,H,=B;B;B,C"R, 75,
where R,,;4 are components of curvature tensor in M"*!, we have

—"

) He call VJ-B;? the van der Waerden-Bortolotti covariant derivavite of Bf along the

hypersurface. [3]
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Transvecting with g%, we get
_ _ (U _ BN pUB
(2.3) (n—1 V;H=(G"-C C )BjC R,
P B8
—RuﬁB;‘-’C .
On the other hand, a locally product Riemannian space is called an almost
Einstein space [2], if its Ricci tensor has the following form

C2‘ 4) E.Uﬁ:aGUﬁ_l-‘BFUﬁ’
where ¢, 8 being necessarily constant.
Since, in an almost Einstein space, it holds
(2.5) ViH=af;

where a=8/(n—1).
We can prove the

LEMMA. 1. [In totally umbilical hypersurface of almost Einstein space, H=> constant.

PROOF. If H=constant, since M”*! be almost Einstein space, from (2.5) we
have f;=0 and so f=+1 because of (I.16).

On the other hand, making use of (1.21), we have f;=/gi
These imply that

(2.6) Jin= 18
Substituting (2.6) into (1.8) and (1.9) and regarding that f,=0,
we have FﬁBﬁ-‘z + B,
FiCt=+C4,
from which we obtain
Fh=+0%

‘This contradicts the fact F ﬁ is non-trivial almost product stucture M*+1. So H

can not be constant over M".
Next, we assume that M”*! is Einstein locally product space, then V H=0.

Thus we have the

LEMMA 2. Ixn totally wumbilical hypersurface of Einstein locally product space,

H =constant.

In totally umbilical hypersurface M” of locally product Riemannian manifold,

we get the following
(2. 7) ij’k:H(fth,']‘f:a?):
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(2.8) ij;;=(fgjh+fjk)'
(2.9) Vi f=—2Hf;.

Let R;;;, be covariant compenents of curvature tenser of M”, then from Gauss’
equation for M" in almost Einstein space M”*!
(2. 10) R, ;=B B; BJ‘B‘8 Ryﬂ%5+H2(g;,'gzh—£z;g in) .
Transvecting with g'”
2. 1D R,=og;+pf;—Bi Bl C'CP Rupaﬁ—rﬂ'*’(n D&,

and moreover transvecting with g’/, we have

(2.12) R=(n—1)(a+nH?) +B(p—q—2f).
Thus, from LEMMA 2, we have

THEOREM 2.1. In totally umbilical hypersurface of Einstein locally product space,
R=(n-—-1) (a'+nH1) 1S constant.

§ 3. Totally umbilical hypersurfaces of almvst Einstein and Einstein locally
product space.

In totally umbilical hypersurface M” of Einstain locally product space M”11,
we have H=constant and

(3. 1) ViV f=2H*f—fg;d
Again, differentiating covariantly, we get

(3.2) Vi ViV f=—H gV ; f+8Vif+8;V4b),
and (*)

(3.3) %gj,:vjvff+ V:Vif

=4H"(f;;—f2;D-
Hence, in totally umbilical hypersurface M” of Einstein locally product space

Mt we get £/gﬁ-ﬁ;0, l.e. V,f does not become the Killing in M?.
4
In fact, if f}zg ﬁ-—-O, from (3.3) we have
4
fj,'“_fgﬁzo'

Transvecting with gﬁ, then we have

(%) £f denotes the operator of Lie derivation with respect to Y/;f
F
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f= 1::::11 , i.e., f is constant.

‘This contradicts the fact that f can not be constant. So c%gjfﬁeo.
. ¥
- From (3.2) and Ricct’s identity with respect to V .J,» we have

A —— hek o -
3. ) %=V, 0V + Ry "V f ‘
Substituting (3.4) into the following identity
ep h_wldf of 1N il ofA)
(3. 5) ﬁRU’ —— V (ﬁ{ﬂj/ V (p’f lh—}/,
we have
(3.6) £R;"= —2H 0%V, f~01V v, ).
F J |
And contracting # and / o
(3.7 %R e Ci-%g iis

‘where C=(n—1H 2 is constant. Thus we have

THEOREM 3. 1. In totally wmbilical hypersurfaces M™ of Einstein locally

product space Y %%zCﬁg}.h

From (3.7), We have
(3.8) (VfIV R+ R, ;Vf + R,V V°f
—¢8 4V f—¢g ;v ;Y f=0.
Transvecting with gj ' it holds |
(3.9) B,-,,-V«fvff= cAS,
because of g/'V R;=V,R=0,
where Af=g:;V'V'f.

If we assume that M” is compact, from Green’s theorem, we have

@10 [, RNV fdg=0.

where dg is volume element.

And in such M", if gj Av iV f=0 for scalar f, then f is constant [4].

Therfore we know that gﬁ ViVif <0,
From (3.1), we have
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Thus we conclude

THEOREM 3. 2. In compact orientable totally wumbilical hypersurfaces of Einstein
locally product space,

i g — p—q_
[, RiiVIV fdo=0 and f>-L1-.

Now consider that M”*! is an almost Einstein space, from LEMMA 1, H3x

constant and

(3.12) ViV f=—2af;f;+2H*(fii—fg;).
where qg= B ~,
n—1
inorecover
(3.13) £gi=—4aff; +4H(f1i—f8 i)

Again differentiating (3.12) covariantly, we get by (2.7), (2.8)
(3- 14) V,-V,-V;,de [(fg & fjf)vh f‘f'2(fg;'h'_ ih) v;‘ f"‘ (fg};j_'fkj)vi f]
—H*(g;;V, [+28,V , f+ 84,V

from which and the Ricci’s identity with respect to V,f we have

(3. 15) el M=v,; v,V f+ R, V'S

rSf

=—2a(f}V, f+fIv,;F)+0iv,0+0{V ;0
where pfzvj[~2(af+H2)f] are gradiant.

Substituting (3.15) into (3.5), we have

(3.16) LR} =—2a[(V; OV I+ VIV f+(Vif OV ]

+0iV,10;+2a [N OV ViV (Vi IV f;

—07V 0,
contracting # and / and by (2.7), (2.8), and (2.9), |
(3.17) £R,,— (n—D(af+H?)Lg;i+8aH nfif;i— (1 f9)gj]

+2af f,— H2f i+ H g, (0— ).
.From (3.13), we get
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(3.18) LRj;=[(n—1) (af+H2)—-%-(p——q)]£zg}-,-+8aH2 nfifi—A—F g
and by (1.16)

(3.19) gﬁ.' ;% Rﬁ: Ag}':' % !3,;;,
where A=(n—1)(af+H®——5-(p—¢) is constant.
Hence if £R;;=0, then V’/V;f=0, itherefore V;f is harmonic veotor. Thus we

gf °

have

THEOREM 3.3. In totally umbilical hypersurface of almost Einslein space, if
L£R;;=0, then V;[ is a harmevic vector, and

v/
o a(f*—1)
H*= (n+1)f

From (3.19)
RV f=ANS

Thus we have

THEOREM 3.4. In compact onentable totally umvilical hypersurface M" of alm-
ost Einslein space

| RV f30=0 and g7 ;v £ <0
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