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Introduction

Given a set X and the lattice of all topologies on the set. We will investigate
properties of the minimal Ty topology and minimal T topology on this set. In

the paper [4], M.P. Berri discussed minimal properties of Hausdorif spaces,

Frechet spaces, completely regular spaces, normal spaces, and locally compact
spaces.

In general, the terminology of this paper will coincide with the teminology

found in [4]. In the comparison of topologies, a topology .7~ will be weaker

than a topology .7 if . is a subfamily of .Z77. In this paper, the notation
7 denotes the family of all closed sets on X. |

DEFINITION 1. A topology .~ on a set X is said to be weaker than a topology
7 7 on X, if, for each closed set F in (X, 97), F is also a closed set in
(X, 7).

§ 1. Characterizations of minimal 7T, space.

1.1. DEFINITION A topological space (X, .97) is said to be minimal T space,

if 7 is T, topology and there exists no 7T topology on X strictly weaker than
.

1.2. LEMMA Let (X, .5 ) be Ty space on an infinite set X. If there exist A
and B in 9 such that a=A, b=B and ANB=¢, then (X, 7 ) is not minimal

TO space.

PROOF Suppose 7~ is minimal Ty topology, then there exists " which is
proper subfamily of .9~ as the following:
I '={T|T=AUA, (beA,) or T=Agz (beAp), A, AgET}.
Now, we prove for .97 to be a topology as the following:
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where

H m i in
( U Aar)U( U A,B)Ef, &C'( U Ag)U( U Aﬁ)
=1 A=1 a=1 B=1
Hence, the finite union of closed sets in .9 is contained also in Z7/. And
(|’11 (AUA )D)NC ‘QAAﬁ) doesn’t contain b, so that itself is contained in .9,
e €

Here .77 contains ¢ and X clearly.
Next, we prove for .77 to be T, topology as the following.

We consider the three cases 1.e. (1) the case of %30, 770, (2) the case of 3D,
y3b, and (3) the case of %3h, 33b, for arbitrary elements x, y in (X, 9 ).
Here, % denotes the closure of x in .97, and X" denotes the closure of x in .7 .

1.3. LEMMA Let (X, .9) be a Ty space on infinite set X. If lnere exist A
and B in (X, 9 such that a=A, b=B and ANB=C, where Cx¢, CxA and
CxB, then (X, 9 ) is not nunimal Ty space.

PROOF Suppose .~ is minimal T topology, then there exists .77 which is

proper subfamily of .7~ as the following:
ff:{TlT:AUAa (bEAa) or T=A‘5 (bﬁ‘Aﬁ), Aa, ABEf}.

Therefore, as well as the method in proof of 1.2 Lemma, we can see easily

that .77 is a T, topology.

1.4. THEOREM Let 9 be a nunimal Ty topology on an infinite set X: I

=A{a, : ced}, then arbitrary two elements A, A g M 7 have the following relations
A, DA or A,C Ag.

PROOF. Suppose that above result does not happen from the assumption, then
it arises following two cases, but the all cases come to have contradiction.

Now, we consider the case of Aaﬂﬂﬁzqi. There exist @, b; aed,, beAg, and
we have 2Nb=¢. Hence (X. .97 )s not minimal T space by 1.2 Lemma.
Next, we consider the case of Aa,ﬂAﬁzA, where A 1s different from ¢, A,

and Aﬁ. There exist ¢ and b;
2Nbx¢ or 2Nb=2¢.

where
g €d,—A and b edg—A.
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Hence (X, 97) is not minimal Ty space by 1.3. Lemma or 1.2. Lemma res

pectively.

1.5. THEOREM A necessary and sufficient condition that @ Ty space (X, 97)
be minimal is that 7 satisfies the following properiies (1), (il).
(1) ZEwvery two closed sets tn 7 ={A,:.acdy have the relation A, CAg or

(i) If we put A,xX and A,~¢, then A, is represented by A,=a, or

PROOF At first we will show that the conditions (1), (i1) are necessary. We put
I =9 —{A4, : aed, A'=4},

and we show as following, that (X, .777) 1s not T space:

Now we consider the case of A,=a, (ced’) In I .
Let 2,=Agz in 77, then A,CAg. If Ag=a85in 5, then Az=a’s Hence a@’,
1S equal to @’ 3 in .97, which is contrary. And if Agis not a point closure in

7, then A,~xApz and A,CAg Hence thereis an element x such that xedz;—A,.

Since @,'=Ag Ag is the least closed set containing @, in 77", Since #F'=Ay,

—y

let 27 =A,;, then A=Az  On the otherhand, since *DA,, we have a,
€d;, ', =A; and Az=A,. Hence we have 4;=A43 and x"=a,, which is contrary.

And, we consider the case of A“ZBHA Gg in I .
€

Here, we can see A, .9 and A, € .9 7. On the otherhand, since 25 €7 ",

we have (1 ag=A4, € I,
Bed

Therefore ths case can’t arise.

Next, we show that the conditions (1), (i1) are sufficient.

Let .~ be a minimal Ty topology which does not satisfies (i) or (ii). But by
1.4. theorem, we know that .7 satisfies (). Hence, this assumption represents

that there exists an element Aﬁ of 9 which doesn’t satisfy (i) only. We put.

f":f—-Aﬁ
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then clearly .77 is a topology and (X, .977) is T space.

It i1s contrary.

1.6. REMARK As following example, we know that (X, 97) is not minimal
T, space, if 7 is a family of non-linearly ordered sets. Now, let X be set {a,

b, ¢} and .9 be a closed family in X; &, {c}, {6, ¢}, {e, ¢}, X, then .9 Iis
a topology clearly. And point closures of each elements are different mutually,

since 2 ={a, ¢}, b={b, ¢}, c={c}. Hence (X, 97) is Ty space, but 9 is a
family of non-linearly ordered sets. Here we put that .97 is a family of closed
sets excepting {e, ¢} in J, then 9 is also T, topology and .97~ is strictly
weaker than .7 .

Finally (X, .%7) is not minimal T ; space.

1.7. REMARK On 1.5. theorem, the condition (i) only is not sufficient for T

space to be minimal. As an example, we put
X={[1, 2], 3, 4, 5, 6},
and .77 is a family of closed sets in X such that
X, {01, 2], 3, 4, 5,-}, tle, 2], 3, 4, 5,},
128, 4, 5, -}, {3, 4, 5,ee}, oo,
where ¢; 1s a real number such that 1<e; <2.
Then .97 is a family of linearly ordered sets. Now (X, .97) is Ty space clearly,
but we put that .77 is a family of closed sets excepting {[1, 2], 3, 4, 5,-} In
.7, then .9 is also T topology and .7 is strictly weaker than .7~. Finally,

(X, 77) is not minimal T space.

§ 2. Characterizations of minimal T',, space.
2.1. DEFINITION A topological space (X, .77) is said to be minimal T ,-space,

if 9 is Tp topology and there exists no T, topology on X strictly weaker than

7.
As the ground of this part, we begin with the following theorem in paper (1].

2.2, THEOREM Let 9 bz a topology in a set X.
(1) If (X, ) tsa Ty space, then (X, 77) ts Tp space.

(2) If (X, 97) is a Ty space, then (X, J ) is Ty space.
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2.3. THEOREM LILet 9 be a minimal Ty, topology on an infinite set X; 7 ={4,
cwed}, then arbitrary elements A, Ag in T have following relatfions

AHDA/Q or AG,CA;;.
We can easily see above theorem by following 2.4. Lemma and 2.5. Lemma.

2.4. LEMMA Let (X, J) be Ty space on an infinite set X. If there exist A
and B in (X, 9) such tkat a=A, b=B and ANB=¢, then (X, 7 ) is not

miznimal Ty Space.

2.5. LEMMA Let (X, .9) be a Ty space on infinite set X. If there exist A
and B in (X, 97) such that a=A, b=B and ANB=C, where Cx¢, CxA and
CxB, then (X, 7 ) is not minimel T space.

We can see easily above Lemma 2.4 and 2.5 in the similar method with the
proof of 1.3 and 1.4.

2.6, THEOREM A rnecessary and sufficient condition that a Ty space (X, .7)
be mimimal is that 7 satisfies following properties (1), ().
(1) Every two closed sets in 9 = {A« : ated} has relation

AQ’CAﬁ ar AO.’DAﬁ'
(W) If we put A,~ X and A,>¢, then A, satisfies

Aa:aa, Aa:aa——da 178 Aa:(ﬂ &a,)ﬂ%l’l (aﬁ_aﬁ))-

oed

PROOF At first we will show that the conditions (i), (i) are necessary. We put
T =9 —{Ay: Bed’, A<},

and we show as following, that (X, .77°) is not T'p space;

Now we consider the case of Ag=ag (Bed’) in 9. Let ag =4, in I then
Ag”A;. If Ay=w,; in .9 then 43=a, in 9.

Hence @4 is equal to @’y in 97, which is contrary. Therefore, we can see
that (X, 77°) is not T, space, i.e., (X, ") isnot T, space. And if 4,=a,
—a, in J, then AyxAg and A;D A4 Hence there exists an element x such that

v€Ay—Ag and x=xag. Since we put ¥'=4,, then 4,&=A;. On the otherhand, ag4
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is an element of A,. Hence we have @’sg<A,, i.e, A;=A,. Therefore we may
have A;=4,, l.e. @’3=x". We can see that (X, J°) is not T, space, i.e,

(X, ) is not T space.
And we consider the case Aﬁzaﬁ —ag(Bed’) in 7. From the first case, we

can see that all @4 contain 7. Since I is Tp topology, all 2gz—ag are the
elements of .777. Hence this case does not arise.

Next we consider the case Aﬁz(ﬂdfza)ﬂ( ﬂA (@y—ay)) (Bed’) in 9. Here
e TE

ﬂﬁ ¢, does not fall away in & under the first case, and similarly for N (@,—ay)
'8 43 Yed

under the second case. Therefore, A; must be an element of 777, It is contrary.

The proof of the sufficiency is the similar method in proof of 1.5. Theorem.
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