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Some properties of an operator set A[fi Jek (Tk), X]

. . 1=1

Jae Chul Rho

1. Preliminaries. It is well known that the set BCK, X) of all bounded

linear operators on Banach space X into Banach space X is also a Banach

space. If X is a Banach space, then Y=XxXx···xX is a Banach space

with the nonn 11 (Xb XlIt "', XN) 11 = sup 11 Xi 11. Let T1 E BCX, X), k =
I~

1,2, .. -N, we set the domain D(ffI-T)= Dr(ff)and Range R(ffI - T) =

-dr(ff) for any ~ E pCT) where peT) is a resolvent set of the operator

T. Then we have D(ReCT» = AT(ff) and R(Re(T) = DT(ff).

Through. this paper ReCT), aCT) and I will denote a resolvent operator,

spectrum and identity transformation respectively. The resolvent operator

can be regarded as a bounded linear operator on A-rCf) onto Drrt~ Defining

Rei CTI)Re:CTz)···ReN(TN) (XI' X:, ...• xN)

::;;.. [Rei (TI)xl] [Re! (TJ ~la····· {R,I\' (TN)XNJ
N

for (Xh x:, ..., xN) E IT LlTk(~I)' we have
1=1

f(T" TlIt···.. TN)(XbXI.···.XN)

= (2.t~z)NfcJcl··L;fctb ~:, ..., ~N) [R'I (TI)X1};-[R'N(TN)XN]df"I···~N.
N

An operator f(Tto T2t •••, TN):IT LlTk(ffi)~ X is a multilinear transfor-
1=1

mation. We denote this by
N N

ACIT Ll,I(TJ, X] = {[(Tb TI, ..., TN):IT Llrl(ffk)~ X}.
IF=I 1=1

Defining 11 I(T1, T 2t ••• , TN) 11 = sup 11 f(TI, T 20 "', T N) (XI' Xz, ..., XN) 11 ,
II(X~X,,···.X~II:S:1

it enjoys following properties:

1) 1I fCXIt Xz, ...• XN ) 11 ~O

2) 11 (Tit T:• ..., T N ) + g(Th T2t "', TN) 11 :::;;: 11 (Th Tz, ..., TN) 11

+ 11 g(Tb T20 ···TN ) 1I

3) 11 a ICT1, Tz, "', TN) 11 = lal II/(T1, Tz• ...• TN) 11
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N

Definition 1. By the strong opeorator topology in the set A[llA,.(T.). X]
"=1

we mean a topology induced by the norm 11· 11 which is defined in
N

A[ll A,.(T.). X] .
• =1

A spherical neighborhood is given by

S.(f(Tb Tz, ...• TN): (AI x Aa X .• , X AN))
N

= {g(T I• Ta• ...• TN ) E A[ll4,.(T.). X]: II/(TI• Tb ...• TN)
....1

N
- g(TI• T l!> •••• TN) (Xb X2t •••• XN) 11 <e, (Xb Xl!> •••• XN) Ell A..}.. ....,.

where each A. (k = 1. 2, ...• N) is any finite set in X. This basis induces
N

a topology in A[ II A,.(TJ. X]•
• =1

In this topology a generalized sequence {f.(Tb Ta• ...• TN)} converges to

fo(Tb T2t •••• TN) if and only if the sequence {f.(Tb T l!> •••• TN) (XI. Xl!> ••••

XN)} converges to loCTb Tl!> •••• TN)(Xb x2t •••• xN).

2. Results.

Theorem L If a sequence ff..(T.. T z, •••• TN)}converges to lo(Tb T", ...• TN)

with respect to the strong operator topology, then spectra O'[/..(T1• T2t ••••

TN)] converges to O'[fo(T.. T2t •••• TN)].

Proof. First of all, we would like to prove that I.(A.. A2t •••• AN) conveges

uniformly on IT O'(T.). For any element I .. I. E In 0'(r..).
• =1 6=1

f. CAb Az, .••• A.,,) - f. (A" Az, ...• AN) = h..••(Ab A", ...• AN) (n=#=m)

is an element Of u[h,.• •(Tb Tl!> •••• TN)]. For if h", .(Ab Aa• ..•• AN)~ d(h.. J...TI•

Tz, •••• TN)]. then this contradicts to the fact that 1.(Ab Az. •..• AN) Eo[f.(Tb

...• TN)]. (see [2]). Hence

lh.• • CAI • Al!> •••• AN) Is 11 h,.••CTI • Ta• ...• TN) 11.

Therefore

I/.CAb Aa• .••• AN) - I ..(A I • •••• AN) I --,); 0 as 11, m--,); 00.

this means that {f. (AI. Aa••.•, AN)} is a Cauchy sequence in the complex

plane. so there is a ft1Iletion q(Ab Aa•. ". AN) such that

I.CAb Aa• .... AN) --,); g(Ab Aa•...• AN). as n --,); 00.

We have to show
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g(Ab A2• ...• AN) E: fo(Ah A2• ...• AN)'

Let fM(Ah A2• ..•• AN) E oTfM(T1• T 2• ...• T N)] for sufficiently large M.

so that

fM(Th T2• "', TN) E SE/I Cfo(Tb T2• ...• TN)

and IfM(Ab ...12• ...• AN) - g(AI' A2. ,..• AN) I <8/2.

Suppose that

g(Ab A2' .... AN) E:t: u[[o(Th T 20J .... 1N)]'

Since 11 {[.(AI. A2• .... AN)! - f.(TI• T 2• ...• T N)}

- {g(Ab A2• .... AN)! - foCTI. T 2• .... T N) 11

:s;: If. (Ab A2• .... AN)! - g(Ah A2' ...• AN) I

+ IIf.(Tb T:. ...• T N) - f.(Tb T 2• .... T N) 11 <8 for n2.M.

and [g(Ab A2. "', XN) - fo(TI. T 2• .... TN)]-I exists. so does

[fM(AbA2. "'AN) - fM(T h T 2• .... TN)]-I.

But this contradicts the fact that

fu('Y h 'Y2..... 'YN ) E u[[M(T1• T2• .... T N)].

Therefore

g('Yb 'Yz..... 'YN ) E:t: qUo(Tb T z• ...• TN )].

According to the generalized spectral mapping theorem. any number

fl E u[fo(Th T2• .... TN)] can be represented in the form

Thus we can identify fo(Ab A2' .... AN) and g(Ah A2" '. AN) that is.

fo(Ah A2• ...• AN) E: g(Ah A:. ''', AN).

N

Theorem 2. For an operator f(Tb T 2• .... T N) E A[ IT Aek(Tk). X] there
k=1

exists an element (;I(O).;Z(O). · ... ;N(O» E D(t) such that

Ilf(Tb T z• .... T N ) 11 =If(;1(0).;2(0). · ... ;N(O)I

Proof. IIf(Th T z• .... T N) 11 = sup IIf(Tb T 2• .... TN)CXh X2, .•.• X N) 11
II(Xu X" ...• XIJ)II,;;I

:s;: sup sup If(;h;z, "";N) I
11(x.. x" ..·.XN)II,;;I. ~",,,,,"N)ED(f)

X 11 2: J: Rel(TI)xI~IIl'" It -2
1 r Re (TNhNdeN fI

".i Cl Xi 1CN N
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::;: sup
(,./;•...• ,N)ED(f)

since -2
1

. f. ReCT)d~ = I
XI c

and sup 11 Xk 11 ::;:1.
I:5:k:5:N

N

On the other hand for anyCAb A2> "'AN) E IT ITCTk)
k=\

11 fCTJ, T 2, "', TN) 11 :2: IfCAb A2. "', AN) I

i, e IIfCT1, T 2,··. T l'f) 11 :2: sup IfCAI, A2, "', AN) I.
N

.(1;.., .. ·-.'~CJ·')

Moreover f(~b ~2'''' ~N) is holomorphic, so does If(~h'''' ~N) I. Thus there

exists a point (~I(O)' "', ~N(O» in DCn such that

IfC~, (0',1;2(0>, ""~N(O')1= IIfCTI> T 2, ''', T N) 11
N _

since ITqCTk) c Det).
k=1

Using Theorem 2, I proved the following
N

Theorem 3. The operator set A[ IT A'k (Tk), XJ forms a Banach alge-
k=1

bra.

Proof. Through the simple calculation. we know that the set is a normed

linear space. The completeness is proved in the following way:
N

I,.et {fnCTh T 2> "', T/f)} c A[ IT A'kCT.). XJ be a cauchy sequence, that is,
k=1

for anye)O

IIf,,(Th T2, •••• T N) - f.CT I • T 2,", TN) 11 <e for n, m:2: M.

Thus

sup If..(Ah A2> "', AN) - f ..CAb A2> ...• AN) I <e for n, m :2: M,
N

O.. .l" ...AN)Ef!u(T.)
k=1

hence
N

{I,,(Ab A2' "', Al'f)} is Cauchy in C. Since IT q(Tk) is bounded Closed, there
k=1

exists a holomorphic function feCAz, A2' "', AN) such that

sup Ifn(Ab Az, .... AN) - foCAz, Az, "', AN) I ::;: E-
N(A.. .l" ...• AN')iI!:?,)

Therefore foCAz, A2' "', AN) EH [DJ. Hence. according to the Lemma

2 [lJ this corresponds to an operator



Jae Chul Rho 71'

N

fo(T" T:b ...• TN ) EO A[ IT L1e(T.). X].
k=l

The other criteria for a Banach algebra are trivial. It remains only to

show that the inequality

IIf(T" T2... ·.TN )·g(T" T 2.....T N ) 11 ~ IIf(T\. T 2.. ··.TN)II·lIg(T" T 2.. ··,TN )

This inequality is however. easily seen from the Theorem 2.
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