Some remarks on the €-topologies

Introduction

Let F and G be vector spaces over real or
complex field, At first, we concider dual
system F and G defined with respect to
bilinear form(x,y)—<x,y>. We can define
the weak topology ¢(F,G) on F,
of a subset A of F, and family & of ¢(F,G)
bcunded subsets of F then we define topology
on G,

The purpose of this note is to prove pro-
vosidon I II concerning saturated semi-norms
and saturated hull of &

Definition 1

Let F and G be the vector spaces over the
real or complex field and (x,y)—<x, y> a
bilinear form defined on FxG. We say that
F and G form a dual system with respect to
the bilinear form if the fellowing conditions
are satisfied

i) If for yE5 we have <x,y>=o0 for every
xe€7, then y=o

i) if for x&7F we have <x, y>=o for every
Y&, then x=o0

Definition 2 )
Given a dual system F,G with respect to

the bilinear form (x, ¥)—<x, ¥> we can define '

a locally convex topology ¢(F,G) on F and a
locally convex topology ¢(G,F) on G, these
are called the weak topologies defined by the
dual systen F,G.

Remark

A fundamental system of neighborhoods of

Oin F for the topoldgy o(F,G) is determined
by the family of sets such that

Usty y2e ynse = {21 <2, Yp > | =6}
where >0 and (Yg)iskz, is a finite family of

the polar -
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elements of G.
Definition 3
Suppose that the vector spaces F and G
form a dual system with respect to the bili-
near form (x,y)—<x, y>, A be a subset of F,
Then the polar of A will be the subset A° of
G formed by those elements 1&G which
satisfy Re<w, y>=1 for all a2e,
The ovem 1
If F, Gis a dual system and A a balanced
subset of F, *hen A°° is the balanced, convex,
a(F,G) closed hull,of AT
Proof
Let us remark that if A
subset of F,then A is a balanced, convex set
in G, closed for ¢(G,F) Indeed, if |<x,y>|
=1 for Al=1, than [ <x, y>=|Al|<x, >
=1, hence A°is balanced, If | <x,y> |51, | <5,
2> Iyazo,fzo a-+f=]1,then|x, ay+ﬁz>l'
ral <z, y> | +RI<Lx, 2l sa+f=1, i. e, A°is
convex. For each x&EF the map y—=<x,v> is
continuous on G for ¢(G,F), hence the set

is a balanced

A=y <x > <1) is closed as the inverse
image of the closed set |4] <1 in K. Thus A°=

1 Ay is also closed for o(F,F) Which
21
shows us that A°°is a balanced,
o(F, G)-closed subset of F,

Let us prove that A°° is the smallest

convex and

balanced, convex set containing A which is
closed for the topology ¢(F,G). Thus it is
enough to show that if B is a balanced,
convex, ¢(F,G) closed set containing A then
BDA°e -

Indeed, let acEB, there exists a continuous
linear form f on the real space F, underlying
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the vector space F such that f(x) <ae for x&B,
and f(a@)>« Since (=B, we can cheoose a=1,
Should F happen to be a complex vector
space, we can see that x—f(x) if (ix) is a
linear form on F continuous for o(F,G) In
any case there exists a ye75 such that f(x)=
Re<#, y>> and we have Re<x, y><1 for all
»€B and Re<a, y>>>1.Since ACB, it follows
from the first inequality that 1€ °and there-
fore the second inequality implies agcA°°

Definition 4

Suppose that the vector spaces F and G

form a dual system with respect to the bili-
‘near form(x, y)-><x, y>. Let B be a subset of
¥. Then the absciute polar of B will be the
subset B of G for med by these elements
9eg which satisfy |<x, J>l\1 for all x&B

Theorem 2 .
" The absolute polar B% 0. a subset B of F is
same as the polar A° of the balanced hull A
of B,

Theorem: 3

Let B be an arbitrary subset of F, then:

) 2% is » balanced, convex set in G, closed
o(G, F)
b) (AB)Y'= .-B foi A&k, A%0, In par-

ticular B is absorbing 1fi 5 is bounded for
¢ (F,G).
Prooct

2) Let A be the balanced hul! of B, then
B=A° By the remark of proof of theorem
2nd theorem 2, B® is a balanced, convex set
in G, closed for (G, F),

b) The balanced hull of AB is clearly AA,
henee (AB)*=(A4)°=—3-4° =3 B%,
. Furthermore B is bounded iff A is bounded.
i e., iff A°

Let & be a collection of ¢(F, G)-bounded
subsets of F, Then the absolute polars B° of
the sets BeEform a collection of absorbing,

=B? is absorbing.

balanced, convex sets in G.

topology /9

Thus @& defines a unique locally convex
topology on G, We call it the ©-topology on
G. We can define & -topology on G by the
fanily of semi-norms gz where BE Z and
which are given by

45(y)=sup| <z y>|.

Definition 5
Let ¢;(1- i m)be a finite family of semi-
nerms on a vector space E, Then
envelop q cefined by
q(x>=1r§négq.~(x)

its upper

is also suni-norm.on E and we have

e}—ﬂ {xlg(x) ¢}
={xlg(x) e, 17i )

{xlg(Cx) -

Dcfinition 6
We say that a family of semi-norms on a
vector space is saturated if the upper envelop

of any finite subfamily also belongs to the

family.
Proposition 1

Suppose that the vector spaces F and G
form a dual system and let & be a collection
of balanced, convex, ¢(F,G)-closed, ¢(F, G)-
bounded subsets of F, Suppose furthermore
that given a finite family of sets in &, the
balanced, convex, o(F,G) closea hull of their
union belongs to&, Then the family of semi-
norms (ga)a. & is saturated,

Proof
By assumption A= (UA °° belongs to &,

Since (U:i.-)“ is the balanoed, convex, ¢

(F, G)-closed hull of U A

1= z<
1U A; C( U ADC°=A
<§3n
we have K

24 =sup|<#, y> | =maxg(3).
Therefore g4(y) is the upper envelop of the
family of g4;(y) belongs to the semi-norms
defined on A4;(i=1,2, 7).
semi-norms(q,) 4. & is saturated,

The family of
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Definition 7
Let F and G be a dual system and & a
collection of balanced subsets of F. We say
that & is saturated if the following conditions
are satisfied
1) Every subset of a set AE & belongs to &3
ii) The union of a finite number of setsin
® belongs to &
ili) If /€S then A€ for all A0
iv) The balanced, convex, ¢(F.G)-closed
hull of every set in @& belongs to &
Definition 8
If © is a smallest saturated collection of
o(F.G)-closed subset containing &, then €is
called the saturated hull of &,
Proposition 2
Let & be a collection of ¢(F,G)-bounded
subsets of F. Then there exists a saturated
hull & of &, Moreover @-topology on G
coincides with the &-topology.
Proof
Let & be thefamily of finite union of bo-
laﬁced convex o¢(F,G)-closed hull of the setS
belonging to @&.
P If Bc(yA,, °°,B°D(DA»°)°)°

=((Y4)°2)°=( 4 *°°= ([ 4r)°
Therefore BCB°°C(LDJJ’D)°°.
ii) It is clear that union of a finite number
of sets in € belengs to &,
iii) If (LIJ).A,,)""EQ then”
(U4 =AY 45)2)*
= (U4
=((7ty~4u)°)°=(g7mv)°°
since IL}JXA,, belongs to &, MLZJ;A”)OO belon-
gs to é’;
iv) The balancedconvex ¢(F, G)-closed hull
of every set (Y 4p)°° belongs to &
It is obvicous that & is the smallest satu-

rated- collection of o(F, G)-closed subset
containing &, ’
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