A THECREM IN BILATERAL CALCULUS

By R. S. Dahiva

§ L.

The object of the present note is to establish a theorem and to obtain certain
bilateral operational relations which are believed to be new.

§ 2. Theorem

THEOREM 1, Let

(i) ¢(p1’ pz)g_._'e—z(sl‘['sa)f(e'—&, e'—sz), 1/pr:-;Sr (7':]_, 2),
where L2{f} is absolutely cconvergent for o, <R(p) < B,
(D Py pof(hp  p=h(xy, %) U(xy, 2x5),

where L,zr {7, U} is absoluitely convergent for R( p;) >0, then

4p:0s 4109 DO aD/2, (Po+4q5)/2)
(0"~ a2 (BPo—a* DT (B +4)/2+2 T [(py+g,)/2+2)

u_l.-_r:__;e—(x.+y1)—(xa+y=)k(exl+y1, e""“”‘)U(xlanz-—yl——y?),

020, <R(p;+q;) <2B;: R(p)> R(g;);

provided that k(xl, Xo) 1S absolutely integrable in xz; tn (0,00) and is of the
form h(x,, x2)=¢(x,-1+’:"+5, x,-1+@‘+q')/2+5) for small x.,0>0 or

k(xl, xg) k(xl: .1'2)

~ and -
ji:1::»~1+2 gt g, (PrEa/22  (Beta0)/?

]

[

are absolulely integrable in (0, co).
PROOF. We have

S?S(p]_: pz) co [ _ -
b =) e e, e dsdsy

-0 =00
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Putting e i=¢;, i=1,2, we get

QS(P , Do)
| _111-”22 __f f 0Pl (1, t)dt ey, (2.3)

In (2.8) substituting the value of ¢4,/ (¢, £, from (ii), we get

¢(pll p2) o oo - _— .
plpz ':...‘{ [ t1p1+lt2 g‘i‘ldtldtQ[ f o %0y zfzk(xlj x2) U(xl’ x2) dxldxz

£ ? oo h(xl, .7C2)
pl p‘? _F (‘pl+2)r (p2+2)f ] P|+2 e+ 2 dxldxz (2.4)

0 0 1 2

Consider the image integral,

p q, "'plp2qlq2[ f f f e_Plxl_ch’L_pzxa_%J’ze—(x1+3’1)"(-‘¥2+?3)

Xh(e" T e:a;""‘*+~’*’ﬂ‘)U(:;:1 + x5, —y,— y5)dx,d 254,48 Yo

=P1P261142f [. e_(Pl—QI)It_(Pz—ﬂz)xadx]dxg

x f f e_(xl+y1)_(x2+}’2)€ *q1(11+}'|)—0=(12+y=)

- O - O

X (", €T Ury+ 20— 31—y dx,dxedy,dys.

Supposing it to exist as an absolutely convergent integral and on making the
subtitution x,=x; and x;+y,=¢, i=1,2, We obtain

Ip” q,:plpququ fm e_rl_ﬂlfi"'rs_fhfﬂ k(etl, efz) dtldt2

X fm [.,, e~ PR an [T [9(0x tx) — 8, —tp) dxydx,
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o0 o0 _ 1 —~ (s 2
:plp2qlq2f f e (g,+1)¢, (g2 4+ 1)1 k(ef;’ eh) dtldtQ

- O

X/ﬂtl [tg e_(pl_ql)xl_(pﬂ-qﬂ)xﬂ d’xldxz

2 2
On putting e¢ti=x;, we get
bo 0 (py—q)(Py—aqy J T g PHa0/202 | (k) /242 )

Now on making use of (2.4), we get

D099 ¢‘[<Pl_ g,)/2, [(__P2+QQ)/2]

U000 = b= 0 (by— a1 (B, + a /2T g+ a2 (b, + 0 )72+ AT (By+ 472+ 2

.-u““e" (X, +y) —(x+ ¥2) k(e-’:l'{'.}'l’ €I2+y2)U(xl+x2_yl_y2); pl> ql'

§ 3. Applications
(@) Let e™%f(e™ ) =e 2" Dzopr(2p+4)=¢(p),

—1/4x

pf(p)=pe ™V P 5 U(x)=h(x)U (2).

2/ T «x

Hence from the theorem, we get

2pql'(prgt+4) L1 5204y —le—(Gy) -
G—I ((p+9)/2+2] “2/ 7 ¢ 4 U(x—y),

R(p)> KR(q).

(b) Let e “*f(e~ =+ 3"2"‘) —v2,-ag u<2\/i_+ 8_2;)'——.- (/2T (p/2+ HK - 29

o =1+ 7K (21407 )| = oy, (U1 Yy
=r(x)U(x), x>2.

Hence, from the theorem, we get
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(2
I 44+11 K
pql [(p+q)/4+1] u—(p+q)/4—l._._1/?21/2"”€—-(:r+y)[;C'r—i—y)—-el

]H/E----l/dr
- [P+ 9)/2+ 2] =

X]uhl/g[{€2(x+y)"‘4}1/2](](-’5“}’): R(p)> R(q), x+y>log 2.

—2x
(©) Let e~ #f(e™ %)== F,S?{ ) Fila, Biri1/2—e )

L PP (a—p=2) ) B p D 9.1 /)=

pF(py=-" 'g]qg?{“)gﬁ) p P\ Biyil/2-)

. —3)/2 .
=‘7x(a+'8 ! W(:x+ﬁ+1)/2—?’. (a_ﬁ)/z(x)U(x)zk(x)U(x).

Hence from the theorem, we get

pal(p+/2+2 (@ P52 r(g- 251 ~2)
(p-—q)i”( i ;q 2)P( -Pigﬁ‘?_ +- 2)

X2F1(a_”qu 2, 18_' ‘p_l—q 2; 14 _p;—q 2,*—%—)

_ X4y
u___:e(:c+y)(cr+ﬁ 0)/2 W(a+ﬁ+l)/2—-7, (a_ﬁ)/z(e YW (x—3), R(p)>R(Q),

R(5~ P54 )>2

(d) Let 6_2'rf(é’—x)~ f(?_{)(f)(ﬁ) e_zngl(a:, 8. 7; 1—e™ ")
_ DL+ DI (= p=DI B~ p=DI (p+2+r—a=F) _;
= I'r—a) (r=p) =PLp

Max ({0, R(ax+pB—7)] <R(p+2)<min[R(a), R(B)].

pf(p):—r"giri)?{;(‘B) ngl(a, B; 7: 1—p)

g__rx(a'-i-ﬁ-3)/2ex/2w tt B4l X _El"—'é_ (I)U(I) :::k(x)U(x)_
2 * 2

Hence from the thcorem, we get
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pal(—E D) (p-PE D) (EL 1rma )

2 2 T/ N 2 _
(p—I' r—a) ' (r—35)
o+ B 1 x4y
‘f—:e(xﬂ)( : _5/2). 278 Wathtl  a—=p <€x+y>U(x—'y),
D , T

RY>R@, R(-L5L+r—a—g)>-2 R(G--52-)>2

In conclusion 1 wish to express my indebtedness to Dr. S. C. Mitra for his
suggestions and help in the preparation of this paper.
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