HOMEOMORPHISMS ON MANIFOLDS
By Yu-Lece Lee

Let H(X) be the class of all homeomorphisms of a topological space X onto
itself. If X is an »-manifold, then X is a strong local homogenecous (S. L. H.),
i.e., for every neighborhood of any point x, there exists a subneighborhood U (x)
such that for any zeU(x) there exists g in H(X) with g(x) =z and with g equal
to the identity on the complement of U(x). However there exist S.I.H. spaces
which are not n-manifolds, for example, the zero-dimensional completely regular
spaces [1], the universal curve [2] and the normed linear spaces [1,3]. There-
fore being a S. L. H. space does not characterize an n#-manifold. Since S.L. H. is
defined by the existence of one homeomorphism and moving one point onto
another within a small open set, we intend to formulate a similar concept, the
existence of a finite family of homeomorphisms which are the identity map
outside a small open set and move a set to satisfy certain relations. A topologi-
cal space X is called finitely complementary (F.C.) if for every neighborhood
U of any point x and any op3n set V such that xe Bndry(V) there exists a
finite subfamily { fis o f,} of H(X) such that U{f;(V): =1, 2., n} U {x} 13
an open set and each f; is the identity map at x and outside U. The purpose of
this paper is to prove that every {inite-dimensional manifold is L. F.C. This
proposition is very useful in studying H(X)[4]. Also we raise many interesting
questions about L. F. C.

LEMMA 1. A normed linear space ¢s S.L. H.

PROOF. See [1] or [3].

LEMMA 2. Let U be a unit open ball with center 0 in Euclidean n-space E” and
V' be an open set such that O0¢ Bundry(V). Let L be a line segment with 0 as

one end-point. Then there exists fe H(E") such that F is the identity at 0 and
outside U and Cec UL fF(V)).

'PROOF. Since 0¢ Bndry (V), there exists a sequence of points {p.}.

1/1=1 in V

such that { p:.}::: , converges to 0. Without loss of gencrality we may assume that

the distances d(0, p,) are strictly decreasing and plEL. Let g, be the point in
L such that d(q,,0)=d(p,,0). Then there is an arc [g,, p,] in the sphere with
center 0 and radius d(g,,0). Associate with each point g in [q.,, p,] an open
ball B q such that C/ (Bq) NU{p, : ixx2} =¢. Since [g,, f’zl is compact, there cxists
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a subcover (B, --, B, | such that ﬁz,g'Bl, q,€ B, and BJﬂBI-H#é, i=1, 2, e,
m—1, Let x:.eBI.ﬂBI.H for cach =1, 2, +-, m—1. By LEMMA 1, there exists
f, e H (E™), i=1, 2, ---, i such that f; is the identity at 0 and outside BI. and

[i(pp=x,, f.(x,_D=x, for 2<k<<m—1 and [, (x,, _,)=qy Let Fo=f f

4

/s f1 Then F, is the identity at 0 and outside UlB =V, and F,(py) =g, Simi-
§ =

larly we pick ¢.€ L and open sets V, such that V.NV j::qb for 17, and F,

H

¢eH (E") such that F ; 1s the identity at 0 and outside V; and F,(p,)=q. Let F
be the identity on E".\_DzV,. and F=F, onV, /=2, 3, --. ltis now clear
! =

that Fe H(E"), F(p,)=gq. each g, lies on L and 0e CI(LNSf(V)).
Let p=(x;, %y, *=, x)=(7, @2, oo ﬁn) be any point different from 0 in E”

where (7, 0, -, 0) is defined as follows:

x.
in 0= 3<j<nand —T.<0, <
\/xl—l-----l-x,-
X
2
cos O.= , sin 0,= —n< 0 <.
2 \/xl‘l‘xg ,\/xl‘,‘xz

Thus we have
=y cos@ ---cos0, cos0,,
=y cos@ --cosl, cosl, sinl,,

x,=7cos@ cos0

lllllllll

n_q *w-cos0, sin @,

x,_,=7cos@, sin0

n—1?
x,=7sin0 .
This defines a homeomorphism from the product space (0, o0) X ( —Jr,:fr)x<—-g—,
—2
__27?_)” “onto E"\ B where B= ((x), *= %) ¢ E” |there exists an 7 < # such that

x;,=0 for all ;< 7}. Thus we have the following lemma.
LEMMA 3. The family of all sets of the form V(r’, v”: 07, 0.7; i=2, 3, +, n)
= {(r;@2, G WD 171 <U <7 0,."' <0.<0,,t=2, -, njwhere —w <0, <62” <, _

2
<0~ <0.” <——- i=3, 4, *, n form a basis for E'\'B with the relative topology.
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LEMMA 4. For each V(y’, v”: 6/, 0”7 :i=2, 3, », 0) and 0<s<y’'<y"<¢t, —n

/ ’ ’ 7 77 7 T ’ » P ’ Py o I
3<i<n there exists a homeomorphism F of E" onto itself such that F(x)=x for
Ixll<s or sll=¢t or xeB or x=(r, Oy =, On) with €j< E'j" oy @j>$j” for some

jand F(V)={(y, O =+, 0): 7/ <r<r", 0, <0,<¢.”
PROOF. This can be easily seen by the following picture.

LEMMA 5. Let V={x€ E": 0<71<Hxll <V,l, and let a., a, be any two numbars:
such that 0<a,<a,<r,. Then there is a homeomorphism F from E" onto E" such
that F(x)=x when |x||=7, or |zl <a, and F(V)={xeE": a, <l xll <75}

PROOF. This is clear. |

LEMMA 6. Let U be the open unit ball in E" with center p, and ACU be such
that p,e Cl (Int(A)) —A. Then there exist homeomor phisms G, t=1, 2, «, nof
E” onto itself such that

(1=, 0y =, 0): 0<r<k, ——-<0;<0,<0,"<-g» i=8, 4 =, n,
—7 <63! <63 <93” <ﬂ:}
C_’@ Fl.(lnt (A)) for some k and G/, 0", i=2, 3, »-, n, and G.(py)=p, and -G,-
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is the identity in Eﬁ—U for each i.
PROOF. By LEMMA 2, there exists a homeomorphism F, of E onto itsclf such
that p,e CI(R N F.(Int(A4))) where R is the ray {(x: x=0or x=(7, 05, 0), &,

w2 o

=0y==0,=% ] Let {p,},.; < F,(Int(4)) N R such that {p;},_, converges to

oo

p, and the distances {d(p,, by}, are strictly decreasing. By LEMMA 38, for each

p;, there is a V of the form V]-={{(T. Og =+ 002 7/ <7 <7 s —g— <@ﬂ.’ <6i

<9ﬁ”< 387r o 1=2, 8, -, n} such that p].EVf cint(4) and 71”>r1’>?’2"’>7‘2’

>, j=1, 2, ---. By LEMMA 4, there exists a sequence of homeomorphisms {f} . ~

1t5=1

of E  onto itself such that f;(x)=x when [xl|=S; orllx]l <S,_, where " <S,

l

<riorz=(, 0, -, 0), 0.< f6 or 0.= Zg—- for some j and fl.(V’.)—_-{(y,

Op ) 01 17 <r <1, 5 <0,<SF-, j=2,+, n}. Define F, on E” as follow
F,(x)==x when [[x][> S
Fy(x)=/,(x) when S, <liz|<S,
Then F, is a homeomorphism of E” onto itself such that F,(F (Int(4)))
D{(r, G, ¢, Gn): 1% <y <}fj"" for some 7 and -—78'?- <9:.<—38£}, and Fo(p,) = by
Pick t’.", t:'” for each 7 such that 7/’ <t’ <t‘.” v t=1, 2, eeeee . Then by

LEMMA 5, there exists a sequence of homeomorphisms {3}};1 of E”
onto itself such that g is fixed when ||zl =7,” or || 1] <t,.,” and g; maps the set
{x: 7-<lxl <y,”} onto ({x: b <llxll <r;”}. Let Fgand F, be defined as
follows:

Fo(x)=fo; 1 (x) when xe {x: 7y, ,<lall <7y, "}, =0, 1, 2, =,

F.(x)=x otherwise,

F(x)=f,(x) when x¢€ {x: 7, <lall <7y}, i=1, 2,--,

F,(x) =x otherwise.

Then Fg, F, are both homeomorphisms of E” onto E” and Fa(py) =F (P
= p,- Let G =FgF,F, and Gy=F F,I,. Then we have {x=(7, 0y -, 0): 07

H

2
<7,", _gﬂ<6£<-—3-78r—-, (=2, -, H] C:'gl G;(Int(4)) and &G (py) =py, 7=1, 2, - and

G, is the identity in E"-U. By LEMMA 6, if pye Cl(Int(4)) C U, and x¢ B,
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then there exists an open cone C_ of height £ <1 and a finite family of homeo-

morphisms fx,""-* f, of E” onto E” each of which is fixed outside U and Dy

such that C, C:'-—Gl f xi(lnt (A)). Since we can choose another coordinate system,
we can do the same thing for xe B. Thus associate each x in U with norm
k/2, with a cone C . Thus {C.: ||x| =k/2} forms a cover for the (#-1)-sphere
with center p, and radius %2/2 and hence there exists a finite set of numbers,

{xl, Xy *** xl} such that C:r.’ voe, C-“: form a cover for {x: ||x]|=%/2). Since each

cone has the property that x¢ C mmplies (p,, x) ©C, then C_, -, C, form a
i :

cover of {x: 0<Hxll£k/2}. Hence there exists a finite family, {f} ?=1 such that

n
(x: 0<||xll<k/2] C_Ulfi.(lnt(A)). Thus we have the following lemma.
{ =

LEMMA 7. Let U be an open unit ball in E" with center p, and lel A be a
subset of U such that p,e Cl(Int(A))—A. Then there exists a finite family of

m

m
homeomor phisms | f‘.},-__l of E" onto itself such that {x: 0|zl <1} c U f;(Int
§=

(A)) where v<1 and f; ts fixed at p, and outstde U for all i.

From LEMMA 7, we 1mmediately have the desired thcorem that every
n-manifold is finitely complementary.

Tihe following questions might be interesting.
. Is every Hilbert space or Banach space finitely complementary?

2. Do S.L.H. and F.C. imply locally Euclidean ?
3. Are zero-dimensional completely regular spaces and the universal curves

finitcly complementary ?
4, Is every homogeneous F.C. space S.L.H?

Kansas State University and
University of Florida
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