A NOTE ON ADJOINT KAEHLERIAN MANIFOLD

By Jae Koo Ahn

Introduction.

In this note, we investigate the few properties of the sectional curvatures of
the adjoint Kaelerian manifold, which is defined in the previous paper [1].

Let us consider a (2n+1)-dimensional differentiable manifold X 0,41 Of class

C®, which is covered by the real coordinate neighborhood system (x'), where
i, j, kis taken by the indices I, 2, -, n; I, 2,, -, #: co. We put

(1) 7%= % +ix%, 2= x%—ix% = x>

where @, B8, v and @, B, 7 arc taken by the indices 1, 2, -+, # and 1, 2, ...
7 respectively. Then we know that (2%, 2%, £°) assigns to (2% % z®). and
conversely.

[f it is possible to choose a coordinate neighborhood system, in such that, in
the domain U n U’ of two neighborhoods U (zf) and U’(z!’), it holds

vy’ vy » ' 4
2) ¥ =2%(z%), =", =7,
[ ¥ /s
0z>" | | dz" 0z 0
| 927 0z 0z

We say that the manifold X, ., admits an adjoint complex structure and we
call X, ., an adjoint complex manifold.

Now, we assume that our adjoint complex manifold admits a Riemannian
metric

(3) dst=g’'dz’ds ,

where symmetric tensor gﬁ is adjoint self-conjugate and satisfies

(4) =10 gﬁd’ 0 \ .
gho 0 0 |
\0 0 gmm/

Then the metric form (3) is represented by the by the form
&) d82=2gﬁ&d£ﬁdz&+gm 25dz .
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We call this metric satisfying (4) an adjoint Hermitian metric and the adjoint
complex manifold with this metric an adjoint Hermitian manifold.

Next, for the Christoffel symbols on this adjoint Hermitian manifold, if they
satisfy that

(6) =0,  excepting "%, I'f; and I'S,,
or, as the equivalent condition of this,
(7) arg gz = 0p&ya (078 fo = Op&30)»
aoog Ba = 0,
atgmmz' 0, (a?gmmz 0),

We say that the adjoint Hermitian manifold admits an adjoint Kaehlerian con-
dition and we call this manifold X, ., an adjoint Kaehlerian manifold.

On the adjoint Kaehlerian manifold, the Christoffel symbols are represented
by

(8) gﬁ — gm_aygﬁf: Fg"B:g&Ta'?gﬂr’ FzDG:amlogﬂ/gmm’
and the others are zero.

And, for the curvature tensor, we can see that only the components of the

form
9 Ryyss  Royds  Rogs™  Rapps
and
(10) Rﬁ?ﬁ&’ Ré‘rﬂa” Rﬁ'rﬁ&’ Rﬂ"?ﬂa’
can be different from zero. And they are represented by
(1D Rirg =05 7 Ravg =0, yp:
Note.

We now introduce a sectional curvature K determined by linearly independent
vectors # and v'.

| k
Ryvuv'u

(12) K= TR
(gkjg;,'_gzjgkg) vuviu

If this sectional curvature K is invariant for all possible two dimensonal section,
then the curvature tensor must have the form

(13) Ky :i=K (8,81~ 8&1;8k:)
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In the present case, from (4), this reduces into the equations

(14) Ksrpa=8 8rp850r
(16) Oszrﬂnc:r:Kgrﬁgmm'

Since, from Ricci identity, we have

R5Tﬂa=R5aﬁr’
(14) reduces into
(17) Kgrﬂggaszgaﬂggy.

Transvecting g?ﬁﬂ"?“ to (17), we have

(18) n(n—1)K =0.
And, transvecting g'%g%® to (15) and g”? g% to (16), we have
(19) nn—1)K =0,

and
(20) nKkK =0.

Thus, trom (18), (19) and (20), we obtaina.
(21) K =0.

Hence, we have

THEOREM 1. Af every point of an adjoint Kaehlerian manifold, if the sectional
curvature 1S invariant for all possible two dimensional sections, then the manifold

is flat.
We consider the vectors #* and ¢ satisfying the conditions
(22) v*=74", o= —5", Voo =Y
Then we can see that these vectors are linearly independent.
FFor this section (u’l, '), we have

(24) (84i81i— 81,1V W VU =—4g. cg s l’u" P,
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and consequently,

Rsvnn 00 uPul®
(25) K=- Wﬁﬂ"a ¥ B a
2R ;5 080 uPu”

[f we assume that, at all point of the manifold, the sectional curvature for all
the section satisfying (22) is invariant, then 1t holds

1
(26) Ryy8a= 5K (875852 8758 57

On the other hand, from the Bianchi identify:

Vs T ViR, i1 ViR i 0,
wve have

(27) VeRsya+ViRyegatVyRes5:=0s
VERgTﬁﬁ’_}. AﬁR"?Eﬁﬁ'_l_ V,7 RE&,BE:O’

f'rom (10), these reduce into
(28) VeRs7:=V 5K ey pa

VeRjyy5:= VR85

VmRJ’?ﬁﬁzo'
Substituting (26) into (28), we have

(29) VeK (854855t 8758 57) =V 3K (€758ca+ &z58¢e7) s
VeK (€558 501 82p857) =V A (8rp85a+ &a 68 5e)s
Vool (87485z+ £z5857) =0
Transvecting gﬁ_":}‘gy‘ﬁi to (29), these reduce into

(30) (n—1) VK =0,
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Vsz OI
Hence, for n>1

(31) VK =0
Thus, we obtain

THEOREM 2. If, af ell points of an adjoini Kaehlerain manifold, the sectional
curvature for all the section satisfying (22) is itnvariant, then the curvature lensor
has the form (26) and it s an absolute constant.
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