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Introduction. Let L be a lattice. A c01lgrαellce γelatiotl (J in L is a binary 

relation a == b (8) between two elements a and b in L, defined by the lour pr야erties: 

( 1) Reflexivity. For any a, a 르 a (Ð) . 

(2) Symmetry. When α == b (Ð), then b 드 a (θ) . 

(3) Transitivity. When a 三 b (Ð) and b 드 C ((J), then a 三 C (Ð). 

(4) Substitution. When a 르 b (Ð) ilnd x == y (Ð), then a n x == b n y (θ〉

anda U x 특 b U Y (Ð) 

Let φ be the set of all congruence relations defined on L. G. Birkhoff [1] has 

proved the following theorem: Let C be any subset of φ One defines new reJations 

f and η by (i) a == b (잉 means a 三 b(Ð) for all (J ,G, (iil a == b(ηI means tbat for 

some finitc scquence : a =xo. X I, xm = b, Xi _ l 三 x, ((J, ) for some θ， ε C. Then 응， 

η are cOllgruence relations ; moreover ~ is the g. l. b. and η the 1. u. b. of the C. 

And N. Funayama and T. Nakayama bave proved that φ satisfies the infinite distri 

bU\ive Jaw: (J 디 (U,(J,) = u ,((J n θ，) lor aJJ (J , (J, E φ. 

[n this paper we shaJJ Iind a necessary and sufficient conditions that φ shouJd 

f0rm a BooJean aJgebra, when a l1 bounded chains in L are finite. 

Cn the other hand, we can see that on even a chain C which is dense-in-itself, the 

S!'t φ 01 all congruence relations is not complemented. ln fact, let (J be the congruence 

re)ation on C such that a == b (Ð) for all ç , b E [c , +∞] ， χ 三 y (θ) for aJJ x, 

yε [ ∞， c) and a 후 X (ÐI for any a ‘ [c , + ∞] and any x ε[-∞， c), where C = 

[ ∞， C)V [C， + ∞] . Now suppose that there exists a complement (J' of (J ’ θ U (J' = [and 

e n (J' = 0 , where a 三 b (l) holds for all a, b in C, [ wiI1 be called the μtlU conguence 

rélation, and a 드 b(O) holds only when a = b, 0 will bo call떠 the zero congruence 

r머ation. Thus we have c 드 X ((J u θ) for any x<c. therefore there exists a sequence 

(x,) such that c= xo, x " μ=X， Xi_I = Xi (6 or θ'). Since c 후 x (Ð) for x<c 

1\'e can find the first Xj ' (",) such that Xj . , 르 C >xl and xl- l 主 Xj (Ð), and hence 

Xj _l 드 Xj (0') and xj 르 c (，θ) because any congruence class is convex, Since C is 

dense-in-itself, there exist.s Y E C: Xj<Yζc. And Xj 드 y(θ). But -<j' Y E [ ∞， c) and 

Xj == Y leJ. Hence Xj == Y W n (J'), which follows e n éI 혹 O. lt means θ 속 complement 
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of (). 

According to the abovc reason, we considcr onJy the ""'"' thal 띠 1 bounded 

chains arc finite in a Jattice. The main ∞ntents of the paper are as foLlows. [0 the 

first scction we shall prove that ø of a mαlular laltice in which any boundc'<l 

chains 3re finite for ms a 1300lean algebra. J. von :-.Ieumann [2] has provα1 the above 

statement for a modular laUice of finite length. Jn the 않cond section for non-modular 
lattice wc shaU find a congruence relation which has its complemcnt congruence 

relation, and find a necessary and sufficient condi tion that ø lorms a B∞lean 

algebra. Jn lhe third scction we dcfinc 때 I-congruence relat.ions on an l-group. 

and we shall provc that if an I-group is salisfing the chain condition, rhen all 

I.congrucnce rclations forrns a sub-13oolean algebra of the 1300lean algebra φ 

2. Congruence rclations on a modular lattice. 

In thc fo llowing we shall usc the ordinary term inology of [1) . A c10sed inlerval 

(01' quotienl) Cr, y] is caLled prillle α and only if y ∞vcrs .t , I ntervals which can 

bc \vritlcn 엽 [x () y, x) and [y, x u y] arc called Iraasþoses, while two quotients 

[x, y) and [x' , y') are caIled projeclive if aÍld ooly if there exists a finite sequence 

[x, y], [x" y ,], [x' , y') in which any two sucessive quotients a!'e trans 

poscs, in symhols [x, y]~[x'， y' ]. And it is well Imown that the relaiion of pro 

jccLivity bet\vcen primc intervals is an equ ivalencc rclation. Hence we can considcl 

the set P of c1asses p" of projective primc quotients. And P. shaU he call어 þro 

jective c1ass. ln this section we shall provc that φ 01 a modular lattice in which 

all bound떠 chains are finite Iorms a ßoolean algebra. which is some e:xtensioD 

01 1. von Neumann’s resulL [2) . First 01 all, wc provc the following two lemmas 

Lf‘ ~ JMA 1. (i) Let L be a modular lattice ’1 rvhiclz all bolmded chai1ls are 

f inife. Pa a class 01 þrojeclive prime quotieηts (i. e. p" , P ) alld () a cOilgrllellce 

relatioil 011 L. T hel! for some [a, b]E p" if a 르 b (()), thell c 드 d (()) for all [c, d) 

r p" . 

(i i) S，φ'pose [an b, av b] is a 1/I0dlllar sllblatlice of L. Aud lel [a () b, bJ, [a, 

a u b] be trailsþoses quotielús. T hell for a ma:rimal cfla‘,,: a n b<x,< x.< ... x. _,< b 

C011’lecli’l.g a n b to b, lhere exists a maxi1llal cllai’t : a<x기 < x',< ... < x' ,, _, < a u b 

C(}1l1lectùlg a 10 a U b sllch thal [Xi. Xμ ， ] ~[xη . .'\"; .1] . 
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PROOF. (i) is obvious. 

For (i i), we are wcll known [ l] that the corrcspondence : x - 'a U x is i5Omorphism 

between [a n b, b] and ~a， a U b] . Sinccthechaina 이 b< x ,< " ' < Xn _',< b is maximal 

which means Xi. l ∞vers Xi. the chaina < xl Ua < '" <x"_IUa < b.u ai.s also maxim띠. 

And [x;. Xi+l]--[Xi U a. Xi ,1 Ua]. ln fact, 

Xi +-l n (Xi U a)=찌 U(x;‘,n a) = x; U{(X;. , nb) n a} = x; 니 ( b n a) = x;. 

LE1vαI[A 2. Utlder Ihe same hyþol"eses 0/ lemma 1, /or a chaijz r COlmecl‘tl!( 
a 10 b, lel 5 be Ilze sel 0/ þrojectiue c1asses /iaviH!( al leasl α'te þri7lle quoliellt Îu 

T. Then auy þrime quoLiellt ill any clzain cαl1lecl“z!( a 10 b belo;zgs 10 same Pa ;" 5. 

PROOF. lf chain r: a= x,<x,< "' <xno= b has length 11l, the!l by Jordan.Qedekind 

chain coodition every maximal chain cennecting a to ú l' a '3 IC!lgth ’11 . 50 lct r ' ‘ 

a= Yo< y,< "' < ym= b bc any other max.imal chaio conne~ling a ω b. Using induc. 

tion 00 m, we are gomg ω prove the lemma, lf m = 1, then the lemma is obvious. 
We assumc thc lemma holds for all 11l르，，- 1. 1‘ or the 뎌sc ’11 = :1, if X'=Yl thcn 

lemma al50 holds by the hypothcsc o[ inductio l1. Sup;:>ose x, 놓' 1 ， Sioce x. and y. 

covcr a, U= X,UYl covers x • . ancl YI by the coνmr ing coodîtion, Sin:;e each [ι x씨， 

[xn_ .. Xn ] ( ∞rne P. in 5, the hypothcse 1잉ds also [x " u] ( 50me Pa in 

S, and 50 is any prime quotient in [11, 이. l3ecause of [a, x ,)-[y" 11). [y ,’ “) , 

50me Pa in 5. Hcnce each [y" y,). [yι .. yH] ‘ some Pa in S , Since 

[a, y ,)-[X" u). it follows cach [a, y ,], [y" y.], ... .. . , [y. _ .. yn) ‘ some Pa in S. 

Now we provc the foUowing main lemma 

LEMMA 3. Lel L be a '"띠u.lar lattice i’‘ αIziclz all bO/l1lded c/iain are /illile , 

olld 6 ::ongruellce relatioll 01t L , Tllell there e:cisls a con‘þleme씨 CmtgrUe1lCe relation 

θ 0/0: il n θ = 0 01u1 O uθ=1 

PROOF. Let 5 , be the set of projective classes having at lcast one prime quotient 

which is in the quotient [a 이 b, a U b] for some a ~ b(Ø), and P the set of all 

projectivc classes on L. 50t 5, = P - 5 ,. We define a new congruence relation θ 

as following: x "" y (Ø’) if and oniy “ cither x = y or any prime quoutieot in the 
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quotient [x n y , x u 씨 , some P. in $ " 1'hen we can see that the relation (J' is 

a congruence relatîoD. moreover () n ()' = 0 and 8 u θ = T, For, from the definitioll 

we have directly that θ is reflexive and symmetric, Next for the transitivity, wc 

suppose x 르 y ((J') and y 프 z ((J') , i, e, for all pr ime quotients J in [x n y, x u y) 

or in [y n z, y U z) , J ‘ some Pa in S2. Since 

[x n y, x U y) 그 [ x n y, (x n y) U (y n z) )-[x n y n z, y n z) , 

by (ii) of lemma 1, we have that all prime quotients J ‘ [x n y n z, y n z) implies 

l ε ∞me P. in $ " DuaUy, any prime quotient J , [y U z, x U y U z) implies l ‘ 
some P. in $ " Since 

[x n y n z , y n z) V [y n z, y U z) V [y U z, x u y u z) 

C[x n y n z, x u y u z) , 

we see that there 앙ists a chain r connecting x n y n z to x U Y U z such lhat any 

prime quotien t 01 r ‘ some P. in $ " Hence by lemma 2 it follows that a!ly prime 

quotient J in [x n y n z, x U y U z] is conla ined in some Pa in $ " And 50 is any 

prime quotient in [x n z, x U z). which follows x 르 z ((J') , Hence the the relation 

(j' is transitive, Now we wiU 않c that the substitute property 01 θ holds, Jt is 

sufficient to show that 

X 르 y(() ’ ) implies x U z 드 y U z CI)') and x n z 드 y n z (θ) 

for any z ' L, Suppose x 드 y (f) ' ) i, e.. lor any prime quotient J in [x n y , 

x U y] , s이ne Pa in S2. Since 

[x n y n z, (x n z) U (y n z) ) C [x n y n z, (x U y) n z) 

-[x n y, (x n y) U ((x U y) n z)) ζ [x n y, x U y) , 

it follows that any prirne quotient in 

[x n y n z, (x n z) U (y n z) ) = [ (x n z) n (y n z) , (x n z) U (y n z) ) 

is contained in 50me Pa in $ " Henee x n z '" y n z (θ) ， And dually we 않e 

XU z 드 y U z (θ) ， 1'his concludes θ .s a ∞ngruence rclation on L , Finally we 

prove that (J n θ=0 뻐d f) uθ= T， In fact, if a 三 b ((J) (a 늘 b) ， i, e .. any pri rne 

quotient in [a n b, a U b) is contained in some Pa in $ " Since $ , = P - $ " we 

have a =1= b (f) ' ) , Hence it leads to f) n θ=0， Next for anya, b E L , [a n b, a U b) 

is a bounded cl1ain, T herefore there exists a maximal chain: a n b<x,<x,< .. ,< 
a U b of fini tε length, While Xi - 1'" xi ((J or θ) we have a n b '" a U b ((J Uθ) ， 

This leads to a '" b CO U ()’), which shows fJ U θ = I. 
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Hence we have the fo lJowing theorem 

TllliOREM 1, Lel L be a m뼈'ular laltice i l! which 0 /1 bo,mded chaills are fillile, 

Lel φ = (e 1 e is congruence relalion 011 L ) , T hen φ frmns 0 Boaleal! algebra , Mo 

reover φ르zP’ where P is the set of all þ1'ojeclive classes of þ1'ime qnli." ls ,m L , 

PROOF, We are well known φ is distributive, and complemented by the lemma 3, 

Thus φ is ß∞lean algebra , In the lemma 1 and the prove of lemma 3 it is established 

that fo l' some congrucnce relation () there exists one and only one subset S of P, 

and eonverse, lt is evident that e, 트 6ε if and only if S((} ,) 르 S ((j,) in P, where 

S((}i) is the subset of P corresponding to the congruenee relation θ. 

3, Congruence relations on non-modular lattice, 

ln this 앞~tion we consider the set φ of a11 congruence relations on non-modular 

lattice L, 

y , Mayeta [3] has defin엄 the following quotient ideal 

DEF lNITION , Let L be a lattice and N the set of qoutien앙 of L is caUed 

qtlotiel!1 ideal if and only if N satisfics the fo l1owin.,"S, 

(i) For any a , L [a, a] ‘ N , 
(i i) For any [a , b] ε N , [x, y] C [a, b] implies [x, y] ε N , 

(iii) For any [a , b] , N , [a , b]- [x, y] implics [x, y] , N , 

(iv) [a , b] , [b, c] E N implics [a, c] E N , 

And for a ∞ngruence relation e a quotient [a, b] is caIIed mûlized by e α a 프 b 

(9) , He 외so has proved that if N is a quotient ideal in L , 

then there exists a congruence relation e such that N is equal 

to the set 01 a l1 quotients which are nullized by the e, It is 

well known that if L is non -mod띠ar lattice, thcn L contains a 

sublattice isomorphice to the five-element lattice of Fig, 1, and a 

sublattice M = [z, u] inL iscall어 1uYrl-modular subset . A quotient 

[x, y] shall be said noil- 1/ωdular quotie씨 if there exists a finite 

'3e<J uencε {z시 ‘ x = zo<z,< .. , <z.=y such that either 

[Z; _ I ~ Zi] "" [ai. β] or [Zi _" Zi] C [ai, β] 

a 

r 
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[or fXi, ßi , some non-modular subset of L. A quotient [a, b] sh.~U be said to 

be chain COil’lected to r c, d] when there exists a finite series of quotients [Xi , .Yi] 

such tha t 

[a, b]-(or c) [지 ， y ,]---:(or c) [x" y,]- (or C) ".-(or c) [c, dJ. 

Now let N be the set of 며1 quotients [a, b] which is chain connected to " 

quotient [c, d] having a finite scr ies of quotients [c, ι]， [Il" u,], .. _, [Um . " d] 

such tl,at after finite chain connecting steps each [w. " 써 is final1 y chain ι01.ne

cted to some non-modular quotient. 

R 、:ve a l10w that [0, a] , N for any a , L , it then is easily seen that N forms 

a quotient ideal in L . 

By the resul t of Y. Mayeta, we can find the congruence relat ion ~ such that 

N is eq ual to the sct of 외1 quotients which are nullized by the ~. 

Evidcntly α 르 ß (~) for a , ß' any non -m여ular subsct. This congruence relation 

r is caUed 1IIodlllarlized. 

Let L/ ç be the quotient lattice of L by ~， i . e. , the sct of all congruence classcs 

by ~. Then L/ ç is ιl arely a mαIular lattice, if one dcfines x U y = x U y, x n y = 

x n y, where x is the congruence class containing x. 

Now we Cc:1.D prove the followine. 

LEMMA 4. Let L b3 1I0ll-1lI0dlllar lallice ù, ωhκh ally boιlded chaiï니s lillile, 
alld ç t Jze lIwdularlized COl‘:gruetιe relatioll o[ L . T lzgn IlIere exisls a comþlemenl 

cα19rue;lce relation ~’ 01 ~. 

PROOF'. Let 5 , le the sct of pl 이ective classes having at least one pr ime quotient 

in [a n b, a U b] for some a 프 b (~) and P the set 01 a l1 projectivc classes of primc 

quotient on L. 50t 5, = P - S,. And we define a ne-;v con!(:ruence relatiü:l ~' as 

foUowi!l3' : x 르 y (S') α and only if ei ther χ= y 01' any primc quotient in [x n Y. 

x U y] ε some P a in S" where P a is a projective class of pr ime quotients of L. If 

any prime quotient in [x n y, x U y]‘ some P a in Sι then πe can see: the quotient 

[X n y, X U y] is a modular sublattice of L. FQr, if there e、이sts a non-moduJar 

suoset M in [x n y , X U y ], then we can find a projective claS3 Pa in S,- having 

a pr ime quotient [a, ß] lor α， β ' M. But 。그 t'le other 따nd. since a 드 β (Ç), 

we havc Pa ( SI. which is unreas。그able. Hence the quotient [x n y, X U y] is a 

modular sublattice of L , Therefore we scc that in the modular sublattice [x n y, 
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.r U y ], lemma 1 and 2 are satisf i여. Thus by a similar way- as πas done in the 

p! ∞，f of lemma 3. we are easily secn lhat ~' is a congru밍ce r e1ation. mOJ ∞ver 

~ n t;' = 0 and ~ U s' = 1. 

lt is easily 앞en that if a ∞ngruence rclation () in L satisfies a == ß (()) for all 

α. ß ( any non-modular subset in L. then () 르 ξ 

And we can prove: 

LEM'vlA 5. Let 1fT be the 5et oJ all cOl1gruel1ce rlatirm5 () 5uclz tha/ a 드 ß (()) 
Jor all α， β [ αly :um ’ltodular 51ft찌 찌 L . aíld φ1ft IIze 5et oJ all cOIIgntelκe 

reialioilS deJiued (til the quoliellt la l/ice L/s by S. Tlte11 ψ ~.s iso11Zvrþhic to φ/s. 

PROOF. For any () , 1fT. clearly S 드 e~ i, e. . x 三 y (，윈 implies x 드 y (()) . lf 

a =' b (~) in L. thcn a = Õ i'l L/s. Naw wc defin，녕 a ncw rclation () on L/~ as 

f이 10 ‘、 I!영 a 드 o ((}) in L/s α and only if α 드 b ((}) for somc a E a and b ( õ. 
Thcn wc arc casily sccn that (:) is a congrllence rclation on L/~. Set fj =η(:)). 

ThC:l J is one- to-onc. For. for (), η e ￥ (()늑η) . there is a pair d. b in L such 

that cither 

(i) a 드b ((} ) and a 후 b (끼 i. e . . a n b 三 a U b (0) and a n b 후 a u b (η) 

。，- (i i) a 초 b (()) and a == b (P,) i. e . • a n b 추 a u b ((}) and a n b 三 a u b (η) 

Fo,- thc ,",so (i) . sincc a n b 후 a u b (η) there exists a prime quotient [x. y] in 

[a n b. a ι b] slIch that x 후 y (η). which mcans x 후 y (η). On the other hand. 

x == y (0). which means x 르 y ((}) . 

Hence e 늑 1j i. e .• J ((} ) 놓 J (η) . The ordcr preservings of J and J -I is almost 

tr~-tial ， 

Thus bv theorem 1 we k.no\V that φ/~ is to be a Boolean algebra because L/t; 

is a modula:- latticc. Henα 1fT is also a sub-Boolean a1gebra with zero clcment S 
and unit ele.nent 1 in φ 

Now we shalJ prove that any (:) , ψ has its complement COI핑ruence relation f}' in 
φ 

Let () be any congruence relatiol1 in ψ. There exists a complemcnt con밍 uence 
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relation (f of if on φ/Ç. so we can find η in 1fT such that f (1/l = ë', where ë = ηlJl. 
Setting θ = η n ~'， ‘~e can 뚱:e : ()' is a ∞mplement 01 (J 띠 φ. ln fact , we first 

prove (J n (J' = 0 in φ. It s따lices to show that x 후 y ( () n (J’) for 뻐y pr血e

quotient [x, y] . U x 르 y (ç) , then x 후 y (0 i. e.. x 후 y (θ) which follows 

x 후 y ((J n θ). If x 후 y (~)， then we have the following two cases 
(i) x 르 y ((J) and (ü) x 초 y ((J) 

For (i), we have x == ÿ (f((J)). Since X "'" ÿ in L!ξ we can 없; x 후 y (η) 

Thus x 후 y ((J n σ). For (ü) , we have imm떠iately x후 y (() n (J'). Next we 

prove (J u θ = 1. Sin∞ φ is distributive we have 

(J uθ = ((J u 끼 n ((J u ç' ). 

For any 0 and b E L , let 0 n b = 00 < a, < ..... ‘ < Om= 0 U b be a ma:,jmal chain 

∞nnecting 0 n b and 0 U b. 

If 0;_ , == oi ((J), then 0; _, == 0; (((J U 끼n((J u 히. lf ai_l 후 0; ((/) for SOme i, then 

11i _ 1 후 lJ; (f((J)) in L!ç which follows a;. ， 三 ai (η，) . w비Je a; _1 후 ai ((J), we have 

a;_1 후 ai (~) i.e. , 0'- , 드 ai (~"' ) because ai covers ai_I. Hence a;_1 === ai ((f) u η)n 

((J U ~')) lor any i. It follows a 三 b (((J U η) n (l.! Uç')), ￦hich ∞mpletes the proof. 

Hence we have the following theorem 

THEOREM 2. Lel L be llon."wdular latlice i1l which all bouuded choillS are 

fiuil e, Q1zd 1fT 11,. sel of all callgrzumce relalialls by whic/t all elemmts of eac!z 

nou-tnodular subset are 1κ/lized. Tlum far a1ly (J ‘ 1fT, there exists a comþlemellt af 

(j ill ø, alld moreover 1fT 르 '2fl, where Q is I"e sel af 011 þrojective c/osses af the 

quatie:lt latlice L/ ç. Callversely, let 1fT' be t /te set af each camþle’'lIellt af (J E1fT. 

Thell each η ε φ -(ψ V 1fT') hos 1Wt its camþleme1μ. 

Now we shall sho￦ tbe converse of the theorem. First of aJl, we give the 

foUowing obvious lemma: 

LEMMA 6. (i) Let 0 be a caηgrueμce relation on a lattlce L, and S a sublattice 

of L, thell the cOlltroction [0] af (J 011 S is also 0 cangruellce relati011 af S. 

(ii) If (J' is a COII‘:þle11le111 of 0 o}/ L , I!IJJ/ [θj is olso a CO /l.‘þlement of the [0] 

ωl S. 
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Let ~ be any congruence reJation of L in φ-(ψ V lfT') . Since L is non.modulru 

lattice. there exists at least one subJattice S isomorphic to the íive.element lattice 

of Fig. 1. Thus the contraction [꺼 of η on S is a congruence relat ion of S. 

Clearly the [깨 is not tri꺼al ∞ngruence 1'elations (0 or 1) on S. Thus [~] is 

either 

(a ) a 三 b 드 t ( [η]) ， x 르 " ( [끼 ) and a 주 x ( [η] ). 

or çβ) ，， = a 르 b ( [ηD . x 드 z ( [꺼 ) and x 후 " ( [~]) on Fig.l 

Suppose there exists a complement γ of η on L. Then [~.] is a ∞mplement of [끼 

on S. But [η'] is nei ther (α) no1' ( ß) . 

THEOREM 3. 1μ 1l()Jl-modular latlice i:η whiclz ali ba“’lded chaùls are f i1zite, 
φ is a Boolean algebra i! 01，ιd ollly i! φ = ψ V ψ’. 

3. L.ideals and I.congruence relations 

In this section we shall denote by L an I.group [11. 

LEMMA 7. Lel L be a1l l .grouþ which salis! ies Ilze cJzaill ι'olldilion [1]. The1' 

’11 L a1ly ba.‘’띠ed clza‘” ’s !illile 

PROOF. 1ιet r be a chain ∞nnecting a to b. By the theorem 21 (띠 [1]. p.236) 

L is ∞mml\tative and a and b are expressed uniquely as a sum of integeral m비t 

iples of finite Ilumber of distinct primes : 

a= mIPI + ’112þ2 + ’‘ + 11“P' . b=ηlþ l +1t2þ2+ .... .• +1lsps. 

Where r든s and 1li- mi르0， þi is a prime in L. 

Hence the length of r트 

(111- 111. ) + (n: -mt) 十 .. . ‘ + (nr- m, ) +tlr .. . + ..... . +…. 

COROLLARY. Lel L be all l .grouþ which solis!ies the chaill cOllditioη a1ld φ 

Ihe sel 01 all c，αzgruellce relaliolls delùwd 011 L. Thell φ forms a Booleau algebra. 

A congruence relation (j of L is call어 an l-congruellce relation if and only if 

G 프 b (ÐJ anù c = d CÐJ imply a+ c = b+ d ((j). And by an J.ideal α of L is meant 

a norrnal subgroup of l. in which a. b , α and a n b 르 X 르 a U b imply .tE Cι. 
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Clearly we ιan 앞e: 

ψ = (() I () is J-congruence relation) 는 ( ot I ot is l-ideaJ ) 

LEMMA 8, Let L be a111-group which sotis!is the chain conditi01.ι alld Q the sel o! 

þri11le qlωItiellt whose [ol'm is [ψ， (n+ l )Pl ! or a"y ρri1Jl~ Þ a1ld all integer 1t. T lzen 

P alld Q ore α"-10-01'"， where P is Ihe se! o! all projective classes o! þrime 

qllolienls O! L , 

PROOf, lt is well known that b oovers a α and only if for a = 1ψ + 1Ilq+ ， -- + lr， 

b = (1tT l )P + lIlq + .. 수 Ir or b = 1ψ -，(m -'- l )q + -.- +lr or "'or b = np + 1Ilq+ , .. +(i + l )r , 

where 11, … νI are integcrs anc1 p, q, ''' , I prims, And we a:-e casily seen that 

[1ψ， (n + l )p)~[α， bJ (projective) α anc1 onJy if 0= 1ψ + s and b= (n十 l)þ -I- s

(þ ‘ 5). Thercfore a projective class Pa of prime quotients containing [째， (11. + 1껴 

is lhe set of all prime quotients whose form are -[np+s, (n+ I )p수 s1. Thus by 

the ∞rresponding : Pa (> [때I (1μ 1 ) p))-→[째， (,0+ l)p], P aod Q are one

to-one. 

Denote [이 = { [1.φ ， (n+l)pl ln= O, :t l , :t2, , .. J for some prime þ, and R= ( [þ) , 
[q ], .. .. .. ) for all primes þ,q, "-, in L, 

Since 1-ideal α is a sul견roup 01 L, it is 않sy that Þ E α implies 째 f α fOJ 

11 = 0, :t l , :t2, .... " Taus 띠J prime quotients in 1ρ) are nullized by the I-congrence 

relation corrcsponding α， H밍ce clearly we have φ 르 2Q aod ψ ?! 2R 

Hence we have the foUowing th∞rem 

THEOREM 4, Let L be a1l l -grollþ which satis!ies the chain COIlditiO:l, a1ld 

φ ( a/l congruellce relotioils ) , ψ = {o /l l -c01lgrnellce relotioils J, Then 1ff is a sllb 

Boole01l algebro o! the Boo!ean o!gebra φ. alld moreover ψ 는 2R , where R = ( 0/1 

þrimes in L ) , 

COROLLARY, T he set O! a/l I-ideals iμ L is all atomic comþlete Boolean 

algebra, (This ∞rollary w깅s already proved in [1) p, 236) , 

)1a l.hcmatîcal Departcmcnt 

Li beral Arts and Science CQlIege 
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