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We consider an N -dimensional analytic space A N with a symmetric 

Younki By 

Introduction. ~1. 

AN is called an AK~-space if its curvature tensor rjk . 
/ 

B;kl = rh, k - r% , l + r?lr샤 -T싫다l 

satisfies the relation 

coordi-to 

• 

respect with 

B}kl;m=B늄IKm' 

ordinary partial differentiation means comma a 

• 
’ 
l i 

/ , ‘ 
、

where 

I값 and Km with respect to a semi-colon denotes covariant differentiation nates, 

the author will discuss the projective motion of vector. In this paper, a non-zero 

defined by 

1心

p(x) means any function of x and 와 denotes a certain covariant vector. 

In what follows, we assume the existence of projective motion of the torse-forming 
form (1 .2) , that is, we assume the condition 

a defines 

끼j;k = B;klν1+ δ;ψk+ δ때j 

and sufficient condition that the vector v’ (x) 

or ;ßT싸=δ;ψk+δ때j , 

torse-forming fonn , in AK~-space， 

공’ =x’ +v’ (x)dt , 

necessary the 

3) 

2) 

IS 

(1. 

(1. 

which 

where 

Lie derivative with respect to where the symbol ;ß means the 

certam non-zero vector. IS a 

projective motion , 

u’ (x) and 1[f;Cx) 

quantity n좌 by We introduce a 

B，"=B~ jk-'-'jkh' n~b= -">:r! ,- (NBik+BbJ ,,- N2 -1 , .. ~ JII ' ~ kJ (1.4) 

the form: Wyle ’s pr이ective curvature tensor P샤I of obtain can we Then 

PJkl = B}kl + Q}kl ’ (1.5) 



glves 

lt is known [1] that the integrability condition of (1.3) is 

• 

Younki èhat 

Q;kl=δ;n싫-야껴/-δ;H&+δ;H& • 

ßB}kl=(ßT삼):l-(ß끼1) :k 

ßn값 =vmIlJk:m+v월IlJ，η +v얀H;lk = ψj:k 

If we introduce an other quantity PJkl by 

p;kl=H앓:/-며/:k ' 

the weII known equation 

(1. 

16 

where wc have put 

(1. 6) 

7) 

8) 

(1. 

ßPJkl=ßB늄/+δ;ψj:k一δ때j:l-δ;ψk:l+δ;ψl:k=O , 

ßPJkl= - ψhP값/ . 

Projective motion and two cases. 

(i) 

피
 

/ 
1 
l 
\ 

9) (1. 

~ 2. 

LEMMA. If aη AK;'-space 

should be of the form: 

the 

(N르3) admits an infinz"tesimal projective motion. 

we recaII In order to discuss the projective motion of torse-forming form, 

foIIowing lemma which has proved by K. Takano [2] : 

”느)ßKk • 

may be rewritten in 

￥rk = 

(1 .3) 

ßTjk=Ojψk+ O"￥TI ’ 

It foIIows from the above Lemma that the equation 

강'=:C +v'’(x)dt , 

the ηwtion 

1'}i) ( 씩 [VaKk:a+pKk+VaKa따 ] ”’;j;k=B;klZll+ 

the form: 

(2. 1) 

+δk[νaKj:a+pK j+vaK왜J) . 

we obtain 

서j:k = rP;:kV’ +rPj따ui + Pkδ; + p@1δ$ • 

covariantly. Differentiating (1 .2) 



r 

‘ 
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we have 

B;klUl = ￠j :빠 + rþjrþkV' + Pkδj+prþjδ& 

Substituting this equation into (2,1), 

(2, 2) 

IL「(쩍 [VaKk:a+pKk+va K a야] +야 [vaKj: 1I 

The identity B샤IVV = 0 gives the following equation by means of (2, 2): 

+pKj+νaK찌j]) , 

rþj:kViνk + ￠j#kUtu k 
+ PKUkδ'j + prþjV’ 3) (2, 

-

•

NE2 (δ; [Kk:aukua+PKk1lk+ZlaKa따/] 

+V’ [vaKj:a+PKj+vaKarþJ )=0 , 

Contraction of i = j gives 

￠j:kUluk + ￠j@u1uk + NPjνJ + prþjV
J 3) 1 (2, 

N+l I 
= jrL깅 (Kj:av'va +pKjvJ +va K，때JνJ) • 

we get the followillg and summing over j , (2, 3) Multiplying vJ to the equation 

equation for non-zero vector v'; 

#j ;kuiuk + ￠j와Ujuk + PlνJ +prþjν1 (2, 3) 2 

'0 , 

N-2
• (K j:avJ va + PKjvJ + VO K 0와νJ) , 

we have Comparing these two equations, 

(N -2) ppJ =Kj:aνJvO+PKjvJ + νOK얘jU1 • 

(2, 3) gives, for non-zero v' , into (2, 4) of 

(2, 4) 

Substitution 

‘’

1 ( ( ukKj:k+PKj+ukK써j)-rþj따Uk-p@j 
• rþj:kVk = 

-

we have and summing over j , 

￠j;kU1%=ρJUI-p￠jUj-#JU1￠kUk. 

(2 , 5) equation e ·m 
to 1 U 

(2, 5~ 

Multiplying 

(2, 5)' 
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• 

Differentiatmg (2.4) convariantly, we have 

(N-2)Pa ;jνa+ (N -2) (pPj + PaVaøj) = Ka;b;jVoVb 

+ PKj;bVb + K a;bVaVbØj + pK o;jVa + K a:bVGvb øj + K aVGp, 

+ pKo: jVa + p2Kj+ pKovaØj + pK껴ova + VO K ovb ØbØj 

+ KO;jVOØbVb +vo K얘b:jVb + pK oVOøj + VO 
Kov

b 
ØbØj • 

Multiplying vJ and making use of (2.5)' and (2.4) , we obtain 

(2. 6) (N -2)Po:bVovb_Ko:b:cVovbvC 

= 2Ka;bZl%얘cZ/c + 2pKa:bUaub +2PaZ)aKbub-

Now, we are going to classify the projective motion by using above results. 

Contraction of i = k in the equation (2.2) gives 

B값lUl = ￠j:hUh+ ￠패j+pj+N때J-꼼펠(νa Kj;o+PKj+vaK，쩌1;)' 

Comparing this equation with (2. 5) , we get 

(2. 7) B자lUl뀌+ 싸1)때-뭘5 (νoKj;a+pKj+voKoØj) 

Differentiatrng (2. 7) covariantly, we have 

(Km+Øm)B까l νI 十PB?km=%:m+ (N-1)P꽤j+(N-l)P와: 1n 

-「R:-(PKj;m+￠?nKj;aUa+UaKj;a;m+PmK1+PKj;m

+ PKmØj + vaK때m(/Jj +VO 
Ko;mØj +v

a 
KaØj;m). 

Multiplying‘ both hand sides of the above by vJ vm and summing over j and m, 
it follows from (2.5) ’ and (2. 6) that 

(2. 8) p j; 11'/ vm +. (K mvm + 2Ømvm + 2p) (p와νJ_pjvJ) =0 . 

On the other hand, by making use of (2.4) and (2.7) , we havG 

-Bj[v'ν1=(N-l)(p봐u1-Pjui) • 



Projective motions HJ 

By the general rule of Lie differentiation and (1.2) , we get 

ßBjk = Bjkva Ka + pBjk + vaBak(/1j + pBjk +va Bjarpk • 
• 

Comparing these two equations, we have 

- (ßBjk)vV= (N -1) (vGKa十 2rpavG + 2ρ)(p와vi -PjVi ). 

Substitution of this equation into (1.4) gives 

(2. 9) (ßIIOjk)vjvk = (vG Ka+2rpavG +2p) (p와vi -PjVi ). 

By using the Lemma of S 1, we have 

ψj;k=「π늪(ρKj:k+Kj:ava따+ vG K j:a:k +PkKj + pKj:k+ pK때j 

+vGKarpj와 +vaKG :따j+vaKarþj:k). 

Multiplying both hand sides of the above by vi샘， and summing over j and k , 

it follows from (2. 5) ’ and (2. 6) that 

(2.10) ￠ 1 k j k j :kV'v .. = Pj:kv'v. 

Hence, we have the following equation by combining the equations (1 .8) , 

(2.9) , (2.10) and (2.8): 

(2.11) CKmvm + 2rþmνm + 2p) (prþjV' _PjVJ
) = 0 • 

Therefore. we have proved 

THEOREM 1. If a general AK~-ψαce admits a þrojective motion of torse

forming form (1 .2) CN르3) ， then there exz"st tzvo cases: 

(i) prþjV1 -PjV' =0 , (ii)Kjν'+2rþjV' +2p=0 • 

Differentiating prþ jV' - P jν， =0 covariantly, we obtain 

(2.12) Pm￠jui + p￠l : η，vj +p2rþm=Pj;mν'+ ρp"， ’ 

in which we have used (J와u1--ρJν'=0 , 

M ultiplying both sides of (2, 12) by νm and making use of (2. 5) ’ and 

? 
l “ i 

‘ j 



’ 
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prþjV' _PjV' =0 give 

(2, 13) ρ얘jV' =0 

Hence, we have 

THEOREM 2. The lirst case 01 theorem 1 is degenerated into the lollowing 

two þarts again: 

(i) p=o , (ii) rþ / =0 , 

、
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