ON THE PRODUCT GROUP MANIFQOLD
By Jae Koo Ahn

Introduction,

The differential geometric properties on the parameter group manifolds,  as well

as the semi-simple group manifolds were studied by many authors, N, Horie gave
the metric g,5=2 A", A% on the parameter group manifolds and he studied some
a

differential geomtric properties of them [1]}, and further, the present author

had some works on the parameter group manifolds [3], [4], [5], [6].
The present paper will show a definition of a group manifold, named, the

product group manifold, which contains the first and second parameter group
manifolds and moreover has the characteristics of them, and investigate some
properties on this manifold,

In section 1, we shall constitute a product group manifold and compare with
the usual parameter group manifolds, In section 2, we shall find the structure
tensor of this manifold and contrast the aimost product manifold introduced

by K. Yano [2]. In section 3, we shall investigate the integrabilities of the
parameter group manifolds in this manifold. In section 4, we shall define a
suitable connection in this manifold and and investigate some properties of this
manifold with connection,

1. The product group manifold,
Let us consider the continuous transformation group of dimension 7. which
is defined by the equations

’xi:.fi(xl:'":x“; GI:"'! a?—') (zizls "',ﬂ),'
where @’s are 7 parameters and x’s independent variables, and take the
followings as equations of combinations in the group of dimensien 7;

(1. 1) a;" =% (a,, @) (=1, -,7).

Then, the group defined by (1. 1), when ¢,*and @,* are fixed and @,” and @,“

are considered as the parameters, are called respectively the first and second
parameter groups #*} and &¢', That is, " and 2 are defined by the

equations

(1. 2) a*=0%*(c,, @) (c,’s=constants),

a"=0%(a,, c:) (c2’s=constants),
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We define a manifold ¢ of dimension 2 which admits the equations

1% . rgl:@ﬂ.(al,___,g?;at, ___’af) (/’{:_1,...,7;1...’?)_
satisfying the followings
(1- 4) @ﬂf(c[’ " C?; a!: " ar) __"goar(r: (Z),

% (al, -, a"s ¢, -, cN=¢"@,0),
@ﬂ(czl,...,a”; c', . ¢ =0,
@E(CI’...’CP; al,-,a") =0,
(Ko Aoty o =1, e, 71,75 0, B, 7, =1, 15 &, B, 7, =1, 7)

Then, we may aware that " and &) are defined by @% and &% in the
manifold &,

In &, the fundamental equations of &™) and @) are represented
respectively by

) a@a — ﬁ T | 4 b a@ﬂ —

(a: b! C, =]-.! AL & a: 5: El '"=Ir *** ?):
where the matrices |1 4,%|[, 114"l and |]A4%]], IIAE&H are inverse each

other respectively, 1.e.,

. 7 ASA%=45 ASA,=0,,
Aa& At‘! — .A.'&, Aaﬁ' AB&.= 5‘3’
Aﬁ being unit tensor and ¢ Kronecker symbol.

It is well known that »-vectors A4 *(e=1,,7) in ) and r-vectors Aﬂc‘i

(a=1,---,7) in ) are linearly independent respectively, Thus, we may construct

27 linearly indendent vectors A, (/, m,n=1, -, 7:;1,-,7) in &, In fact, especially.

2r vectors (A4,%, 0), (0, A;%) are linearly independent in ¢/, And we take

the inverse matrix |]A4™ all of llAmAl |, and then we have the relations -

(1. 8) A LA™ =44, A0AM =0

From (1, 7), we have the followings;
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(1. 9) A4 =0, AA%,=0, ASA%=0, A,"A%=0,
(1.10) ATA =—ATA ., ASA%,=—ASA,
Aﬂa’AﬂB: ___Aa.{rAﬂ ’ Aa&Aﬂﬁ= _AgEAgﬁ.
And we have from (1, 8 and (1. 9)
(1,11) A7 A A =0, A AL A =0,
¥ e b X __
At AP A% =0, A" AFA =0,
Let us assume that the quantities A%, and A are functions depended only

upon &’s and A% and Aﬂ,’l only upon @’s,

A 2r-dimensional manifold & admiting the equations (1, 3) and the linearly

:ndependent vector fields A" is called by a product group manifold.

In &) and ¢&#¢-), they satisfy Maurer-Cartan equations:

(1.12) (0,4%—0,A°) A° A% = CJ,
a a = ab
0, A% —0pA%) A4 = Cg
where Cy and C5 are constants of structure in ™ and @ respectively,

and ¢, denotes the partial differentiation with respect to @A,

We now define the quantities Qf,m by
(1.13) Q. = @,4,-0,4)A, A,
Then we have
5 = (@,4%—0,A°)YAYAS + (—9;A°)ATAS + @,4°DA AP
Multiplying by ACEAba and summing for & and c, since (5'EA“7) AL;T: — (3EA“,Y) AL-,"'

are satisfied by (1,10) and our assumption, it i3 reducible by means of (1, 9)
and (1.10) into

QcabAcaAba = (0.A4%—0;A4%),
and thus,
5 = (0,A%—0,4° ) A A’
or
(1.14) cabz (31'
Similarly, we have
1, 15) Q% =Cg.
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And, from (1,13), we have
QL = (0,4%—0;A°)ATAS + 0,4 AAF — @0,4°)ATAL
Using of (1.10) and multiplying AI"5 and summing for &, we have by means
of (1. 9)
QA% = (ayﬂﬂa)/‘l@ﬁ ;

and thus

(1. 16) 5 = 0,ADAAS = —Qp.
Similarly, we have

(1.17) Q% = GADATAY = —-Qf

From (1,13), we have
Q% = @,A%—0,AVATAS + (0,4 A" A — @A) AT AR,

Then 1t is reducible means of (1,10) into

(1 . 18) gﬂg =0,
Similarly, we have
(1.19) Q% =0,

[

Thus weé know that the quantities Q. = are charaterized by formulas from

(1,14) 7o (1,19),

2. The structure of the product group mahifold_

EF'rom the construction of the product group manifold &4, we may notice that
the parmeter group manifolds ¢} and ¢#(9) are immersed in the manifold ¢7.
Let us consider (") and Z(} as immersed manifolds of the both dimension #
in ¢/, then ) and &Z() are constituted by the linearly indepandent vectors

Ara=1,-,7) and A,*@=1,--,7) in &,

If we put
@ 1) ArAY=EY, A A% =F,
then, from (1, 9) and (1.10), they are charaterized by
@. 2 ES=A% Ei-0, Ei=0, Ei=4%,
and
2. 3) Ef + E§=0, E] + Ej=0,

And from @, 2) and (2, 3), we have
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2. 4 - E) + E), = A
Sipnce EE:AHWA“B, "ﬁ:Aﬂ&A"ﬁ, Eg"—-A(anB, and EE:A;A%, we can aware?l
that EE and Eg are depend only upon &’s and Eg Eg only upon &’s, and con-

sequently, from (2. 3), we can see that the tensors Eﬁ and Eﬁ are constant,

From (2, 1), we have

(2. 5) EY E,=E}, E} E,=0, Ef E}=0, Ef E\=F",
We now define the tensor F by
(2. 6) 1= E, — Ej,

then (2. 4) and (2. 6) give
B = (45 + F, Ef = 545 — F,

and, since £} and E} are constant tensors, we know that the tensor F; is
constant,

Using of (2, 5), we can easily see that
(2. 7) F{ F, = A,

Hence, we have the following:

THEOREM 1, The product group manifold is an almost product manifold

with the constanst structure temnsor Fy [2].

3. Integrabhilities,
Let us take the paffian derivative 0, with respect to At", 1. e,

0

gax’

where @ are local coordinates, We call the set of A;’l the fundamental frame
of . Then (1,10) are reducible into

(3. 2) Qim = (d, A ”“—-c?mAﬂ"‘)AI;{.

nm

3. D d=Ar3,=A"

If we effect the transformation of the fundamental frame;
(3. 3) | Alrl—_-AllAIA,

then we can easily see that £ undergoes the transformation

3. 4 &, = @4, -0,,.ANA + A ANANQ.

nm?

Where the matrix | IA{H 1S inverse of | IAE*I e
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Since we may consider a fundamental frame whose first 7-vectors are in the
manifold ¢/¢*) and whose second 7-vectors are in the manifold ¢, the
transformation (3, 3) of the fundamental frame must split into

(3. 5) Al=4%A410 A, =4%47,
that 1is,
3. 6) A= |0
L0 AL
Hence, we have from (1,18) and (1,19)
3. 7 Q4.=0, Q%,=0,

An arbitrary contravariant vector d¢’ in the manifold Z at @ ¢ & can be

represented by the form, since Aﬂ'l, Aal are linearly independent in %,

(3. 8) da"‘=Aa’1(da)“+Aal(da)".
Contracting Ab,l and ABA with respect to A, then we have from (1., 8)
3. 9) da)®=A"dd, (da)®=4bdd.

Thus, if we consider ¢¥ as the vector space, the manifold ) and &) are
defined respectively by

(3.10) (da)? = A% da" =0,

(da)*= A% da* =0,

Then the conditions of the complete integrability of Z#(*) and &*(-) are that
@,4%—0,A%)da" Nda* =0,
(B#A“A—aAA“H)da“Adcz*:O

are held for any de* satisfying (3. 9), and these are equivalent to
AFANG,A% -3, 4%) =0,
AFA5@,A4°—3,A° ) =0,

Qc%: ’ QEEE:O'
These are satisfied identically in the manifold ¢, and we have form (3. 7) the
fo]lowings:

THEOREM 2. In the product group manifold #, the parameter group
manifolds G  aend F are always conpletely intgrable, and thety
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integrabilities of ) and F) are preserved by the transformation of
the fundamental frame.

4, Connections and path,
if we put

A _ A m _ Ay AM
4. 1) L}, = A,}@,4") = —@,4,H4",

then we can easily see that Luﬁ[ is a connection in &,

Let us take the quantities L

-, named, a comnection with respect to the

Jundamental frame, such that

4. 2 I—E:m — (anAmA)AIA T AnyAmﬂAlALvAﬂ'
Then we see that

(4. 3) L =0

And if we take another connection /I v?;z In &;

4. 4) Fh=-5 @b + L),
then .the connection [ Lm with respect to Am)‘, 1, €e,,

4. 5) L= @,4.,04% + A A, 440,
are, from (4, 1) and (3. 2), reducible into

1
4. 6) Lo = 5 Zm.

Next, if we take QU’L as the other connection such that

4. 7 Q) =o2L) — L,

it is reducible by means of (4, 1) 1nto
QF = @,4)A" + @, 4,—-0,4)A4,7A,7A" A" Al

and thus, we have from (1.13)

(4. 8 QF = @,4DAM + @,A4",4m Al
Using of (4. 1), it reduces into
(4. 9) Qun = @ A,NA% + Q)4 A, A,

and hence, the quantites Q! defined by (1.13) are the components of a

connection of ij with respect to AIA.

Now, let us find the completely intgrable condition of (4, 8). Acting (4, 8) by
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the operation 0, and substituting (4. 8) in it, then we have
0,0,4, = 0,2, + Q5 07)4, — 3,2 + @} QmA' A AT,
A S AV m Av
o 'Q,uu 'Qser pA A Qp;,tu 'Qi:mA uA A str(apAsv) Ary-
From the completely integrable condition 6p3vAlﬂ=5yapAI#, it must satisfy the
form

4. 10) Dot = Q' — QO QA A A" A,
where
A _ A
(4. 11) Q" =0,00 -8} + 0} 27 — 0} a7,
(4'12) ‘Qtsrl = at'er I asszr T 'Qim ‘Q::‘ - 'Q-im QE”:"

We are well known that it is called for the manifold & to be flat, if it

satisfies vaz}:o’ and hence we have the following:

THEOREM 8,  For the product group manifold & to be flat, it is necessary
and sufficient that ‘

(4.13) Qiey = Q0 O

Y

If we take /=a, 7r=5, s=c¢ and /=d in (4,12), In consequece of (1,19),
(4,12), (4,13) and Jacobi identities

(4. 14) Co. Ci, + Cog Cp, + Cgp Cpe =0,
we have

(4.15) C.C;, =0,
And similarly, using of (1,18), we have

(4.16) CLCE =0,

Hence we have the following:

COROLLARY. If the product group manifold & is flat, then [he parameler
group manifolds F and F) are characterized by the forms (4.15) and

(4.16) respectively,

The curve & () in the manifold ¢&# is called by an omne parameter product
sub-group, if it is the solutions of the differential equation

d A
(4.17) df - = A Ma),

where ¢’s are constants and one of them at least is not zero.

We shall find the conditions that the tangents to the one parameter product
sub-groups are always contained in the manifolds ) and %¢ for any initial




On The Product Group Manifold 47

point, Then we may assert our condition for () that the equation

is satisfizd along the equation (4,17) for any initial point, Thus, substitﬁting
(4.17) 1n it, we have

QI Aﬂk All — 0;

or

(4,18} e? =0, t
And similarly we have

(4.19) ¢’ =0,

as the condition for the tangent to (4,17) to be contained in &(), Hence, we
have the followings:

THEOREM 4, In the product group manifold &, for the tangent to the

one parameter product sub-group to be elways contained in the parameier
group manifolds F) and F, it is necessary and sufficient that it holds
(4. 18) and (4.19) respectively, and consequently that the one parameler product
sub-group is one parameter sub-groups in F ) and F) respectively,

For the connection Q,, the equation of path in & is represented by
(4, 20) o+ 0k 2 “f;ff = 2,
where ¢ is any parameter and ¢ 1s a function of ¢,
We shall find the condition that the path (4,.20) and the one parameter
product sub-group are coincide each other,
Differentiating (4,17) by parameter #, we have

d*a* _ n MAUA AT K
- =—ee ATA, Ly,

and consequently, (4,20) is reducible by means of this and (4, 17) into
- e"e™4 AN + QF e ™A AN = oA
From (4, 7), (4. 1) and (3, 2), we obtain
e'e™ Q' AF = pe'AS.
Since Q). is skew symmetric with respect to m and #, we have
pe’ =0,

Since one of ¢’s at least is not zero, we may assert that
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(4,21) 0=0,
Hence we have the following:

THEOREM 5, [n the procuct group menifold &, for the path with respect
to connection $,, and the one parameter product sub-group to be coincide

each other, it is necessary and sufficient that the given parameler is an

affine parameter [7],

November 1961
Mahtematical Department
Kyungpook University
Taegu, Korea

REFERENCES

[1] N, Horie : On the group space of continuous trans formalion group with Riemannian
metric, Memo, Coll, of Scie, Univ, of Kyoto, Vol, XXX, Np,1, (1956)

(2] K. Yano: Affine connexions in an almost product space. Kodai Math, Semi, Reports,
Vol 11, No,1, (1959)

(3] J.K,Abn : On the confarmal correspondence between the first and second parameter
group spaces, Kyungpook Math, Jour, Vol, 1, No,2, (1958) . .

[4] : On the parameter group manifolds, Kyungpook Math, Jour, Vol 2,

No, 2, (1959)

[5] i The correspondences af the fundamental frames on the parameler
group manifolds, Kyungpook Math, Jour, Vol , 3, No,1, (1960)

[6] ;-The.inﬁnftesimal lransformations in the parameler group manifolds,

Kyungpook Math, Jour, Vol ,4, No, 61, (1961)
[7] L. P, Eisenhart; Non-Riemannian geomelry, Coll, of Amor, MMath, Soci, (1926)
[8]1 K, Yano; The theory of Lie derivatives and its applicalions. Amsterdam, (1957)



