ON INFINITESIMAL HOLOMORPHICALLY FROJECTIVE TRANSFOCRMATIONS
IN RECURRENT KAEHLERIAN MANIFOLDS

By Sang-Seup Eum

§ 0. Introduction,

Recently S, Tachibana and S. Ishihara [1],{2] have studied infinitesimal
holomorphically projective transformations in Kaehlerian manifolds, They had
shown that if a Kaehlerian manifold admits an analytic non-affine infinitesimal
holomorphically projective transformation, the Lie derivative of the holomorphically
projective curvature tensor vanishes.

T. Sumitomo [3] had shown that the tensor R,.R J.k+-17
is positive definite in a non-Einstein Riemannian manifold,

(ka}i’k,)gij—%—l?f?ﬁ

In the present paper we shall investigate infinitesimal holomorphically projective

transtormations by using above two results in recurrent Kaehlerian manifolds.,
In §1, we shall give some preliminary facts concerning Kaehlerian manifolds and
infinitesimal holomorphically projective transformations for the later use, In §2,

we shall show that the Lie derivative of the tensor Pkﬁ not vanishes, and find

h
out a tensor T, ji which is pure for /, 7 in a recurrent Kaehlerian manifold

admitting an analytic non-affine infinitesimal holomorphically projective transfor-
mation, In §3, we shall prove that their is no harmonic vector K, such that

ViR,=K,R, in a compact (Ricci recurrent) Kaehlerian manifold admitting a

non-affine infinitesimal holomorphically projective. transformation,

31, Preliminaries,
Let us consider an #(=2m>2) real dimensional Kaehlerian manifold with local
coordinates x¢, and we shall restrict our attention in the present paper to manifolds

which are real representations of (complex) Kaehlerian manifolds, (Indices run
over 1,2,,..,n=2m,)
Then the positive definite Riemannian metric g; and the complex structure

@ih satisfy the following equations.

@jr@ri=—5ji , grt@jr@itzgﬁ ’

(1, D @ﬁzgﬁ@jr:—@,—j ; (Djl-:gjr@ri:—@ij ,
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vk(in:O » ng',,:() s
where V, denotes the operator of the covariant differentiation with respect to
I
[ ji]'
Let Rk_j'-" be the Riemannian curvature tensor and R the Ricci tensor, i.e.
Rji:thih and Ry=Rp;"8m» R =R;g" and
(1. 2) Sﬁ=§9erﬁ' ’
then the following identities are valid [4]. (As to the notations, we follow K,
Yano {4].)
h
(1. 3) Ryi'0."=Ry, "o;" Ryiiv®n  =Ryjne®i
(1. 4) SJI:—SU .
The holomorphically projective curvature tensor Pkﬁh 1S given by {2]

=

1. 5) Py =Ryi"+ 5o (R 'R0 "+ S0~ S0, "+ 25,0 %)
and we can obtain the following identities [1], [4].

(1, 6) Pun"=0, Puu"=0, P,;"=0, P, "=0,

(1, 7) Py r@thijr h@ir Y SO h@krzprkihﬁojr ,

(1, 8) P, ‘01" =0, ijrf@tr"—‘o .

A necessary and sufficient condition for P,."=0 is that the manifold is a space

kji
" . h
of constant holomorphic curvature, 1,e, a space whose curvature tensor R,

takes the form

h R h h h
(1, 9) R, "=~ n_l_z—(gki@j — 8504 +gokig0jh_§0ﬁ§0kh_{—2§0kﬁ0i ) :

The following identities are known for a vector fields v' and a tensor field

T;"' [4].

(1.10) ev T~V T =T () }-T,"e{/;})-T, "€/} ,
(l. ].].) Vk£'{1h'] —VJ-£{khl} =£Rkﬁh ’
where £ denotes the operator of Lie differentiation with respect to »* .

We shall call a vector field #* an infinitesimal holomorphically projective

transformation, if it satisfies

(1, 12) £’{}li]:p_15i h+pi§jh—ﬁjwih_ﬁi @Jh ’
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where p; is a certain gradient vector and 0; =@;!p,.

[f we substitute (1,12) into (1,11), then we have

(1.13) £Rkjih=5jhvkﬁi" 5khvjﬁi"@jhvk§i+§9khvj5i_ (Vkﬁj_vjﬁk)@ih ’
and summing for 2 and #, we find

(1.14) £Rﬁ=—n‘i7jpi—2§0j"qoi tV.,pt . [1] (pp.383)

A vector field ¢ is called analytic if 1t satisfies

£0,"=—0/V, "+, v;p"=0

S. Tachibana and S. Ishihara showed that if ' is an analytic infinitesimal
holomorphically projective transformation, the following equation holds [1] (pp. 84)

(1.15) £P,;"=0.

2. An analytic non-affine infinitesimal holomorphically projective transformadtion
in a recurrent Kaehlerian manifold,

In the present paper we consider an #n(=2m >2)-dimensional recurrent
Kaehlerian manifold defined by {5] (pp.172)

(2. 1> VIRkﬁh:Klejih ,
where K, is a vector field,
By the definitions, following relations hold in a recurrent Kaehlerian manifold.
2. 2) ViRi=K\R; , VPui"=KP;",
‘and from (1.10) and (1.12) we get
Vk£gjingkgji+P;gﬁ+pigjk"ﬁj@ki“ﬁ.‘@hj ’

2. 3) . s e s o+
Vk£g'":“(291;5""4'9151;'+P‘5k1_ﬂ1€0¢'“ﬂ (ok',) :

At first place, we can prove that the following

THEOREM 1, If a recurrvent Kaehlerian manifold admits an analytic
non-affine infinitestmal holomorphically projective transformation, the Lie

derivative of Pkﬁh not vantshes,
PROOF. If we assume that £P*', =0, then by (1.15) we have

0=£(Pkﬁ thﬁh) =£(gthgmignjgtkpkjihPtnm I)

| I pkiih lh | ok f T T
= (£gy,) Py P+ (£87) Py Iijhi+2<£‘glh)PiijPthi :
Differentiating above equation covariantly, and taking account of (2.2),
(2.3) and again making use of (2,4), we can obtain

(2, b
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0= (V,8gy) Pyji PP+ (V,£8") Pyjy 'Pi+2(V £8") Pyj Py
(2, 5) = (20,81 + 018+ On& 1—01Prn— 040 +1) PthIPkﬂh
— (20,8"+0'0,"+0"0,'-0'0,"~0"0,) Py PV
—2(20,8"™+0'9 1+ 0"0 '~ 0 ' — B, 1) Py, pRi
On the other hand, by (1.7), we get
010, Pujn P =004 P PM;
ﬁz@rhphkj iplkji:ﬁlgokhphrj iPlkji ’
therefore we can obtain from (2.5)
40,P ijiP *—20,P kjiIP I +20, PP ejri T 4018 P rhji
—40,9," Py P~ 20,9, Pyjp P i+ 20,90, Py P =0
by some calculations,

Contracting the left hand side of the above equation by @', we have
(2, 6) 40,0"P lkjiP lkji“"ﬂzﬁr (2P ki P kﬁr‘“ i pjri 4P Fip rkji)
—0,0" (4P™ P, f4oP*p, i 2PHip, Y =0,
On the other hand, we have the following relations by using (1,7).
a) 010 o PP kjih = Pt@th ch IR ki
=ﬂ¢€9ﬂPk11tﬂs@i thjh =ptpSijhkajhs ,
(2. 7) b) p,phP“Pth —Ot@rtP“ (— P@sthgh)
"“"Pt@ilPk tl (“‘ﬁs@ thjsh) =010 SPththjs ’
c) 0,0"P*.p hk; =00, P* 0% 0" P hk}
- ;Pt@lkpm 0@ kPhsj = 00 SPhtJiPhsj
Substituting (2.7) a) b) and ¢) into (2.6) we obtain
0,0 P kj 'P !kii._:o ’

from which follows P,kji=0 since ©0,x0

In this case, our manifold is a Kaehler-Einstein space by (1.9),and R;;=0 by
the first relation of (2.2), and by (1,5) we get R;;"= which contradicts

to our assumption, q.e.d.
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Next, Let »* be an analytic non-affine infinitesimal -holomorphicallv projective
{ransformation, If we substitute (1.12) and (1.15) into the identity
h h
£V1iji "'VI£iji
_ 'y h 1 h
'_ijiri’{lr} “Prji £{l;}_Pkri l£{13}_ijr £{l:.} ’
then by using

£V Py, i h=£(Kszﬁh) = (£K;) ijih ,

we get
(2, 8) (LK) ijihzalhpkjirnor'—2plpkjih_IOkPIjih_tojpklih_loipkﬂh
_@lhpkjirar“_@lr(Ekprjih'i"Ejpkrih+ﬁipk;'rh) .
Contracting on Z=/, we have
2. 9) (EK,) Pyji = (m—20,P;;"

by virtue of (1.6) and (1.8),
By using (1.7) we can see

(2.10) (”_2)‘5fpkiir: (n—2)¢; rﬂth_fr t=§9ir (£Kt) Pk.frt

=€9rt (£Kt) ijir ’
and by putting

K,=9, 'K, ,
we have
(2. 11) (£K,) Pkﬁr= (n—2)'.5,.ij,-r :
Multiplying the both sides of (2.8) by p, ,and substituting (2.9) and

(2.11) in it, we have
(£K,+20,) (£K,) Py
(2.12) = (£K}) [IOIijih_lohPIji h“'ﬁjpsz h‘Pkaﬂh
+¢tr(ﬁkprjih+ﬁjpkri h_l'ﬁipkjrh) 1- (£K}) Ezpkﬁh :
On the other hand, from (2.8), we get
(2.13) _2|0£ijih_Pkpxﬁh‘—ﬁjpkuh—PiPkﬂh"‘@zr (EkPrﬁthﬁijr; "
+5:‘ijrh) =.(£K;) Pﬁjih“‘51thjiTPr+@zh5rPkﬁr .

Substituting (2,13) into (2,12), we obtain
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(£K,) 0Py — (£K)) 0,Pyi"+ (R )) 0, Pyji”
—0,(£K4) ijihzo ’
and by (2.9), (2.11), above equation is rewriten into
(2.14) [(r—2)0,—£K]0,P,;; =[(n—2)0,—£K,10,Pyji " .

If o,P, ﬁ"=0, equation (2,8) coincide with equation (4.1) of [1], then it must
hold pIPkﬁ"=0, which .contradicts to our assumption, therefore 0, p,."%0
By (1.7) we see

Erpkjirz‘;oirptpkjrt =-

then from (2,14) we have the following final result,

(2. 15) T'yhii=9; tﬁaisTtkjs ,
where we have put
(2, 16) Tu;j;' — [(”“2)91_£K1]Prpkﬁ "

From (2,15) it follows that the tensor T”U-i is purein /,7,[4] hence we have

b

the following

THEOREM 2. If a recurrent Kaehlerian wmanifold admits an analytic non-
affine infinitesimal holomorphically projective transformation, the tensor T ;;

defined by (2,16) 1s pure in | and 1,

§3. An infinitesimal holemorphically projective transformation in a compact Ricei
recurrent Kaehlerian manifold.

In this section we consider a compact Ricci recurrent Kaehlerian manifold
defined by

(3. 1) ViR;=KiR;
where K; 1s a vector field,

Calculating directly we have
ViViR 3=V (KiRy) = (VK;) R+ K. KRy ,
V;ViRj,=V; (KiRjy) = (ViK) R+ K, KR, .

If we assume that K; is a harmonic vector field, then we have VYV X;,=V;K; ,

and by applying the Ricci’s identity to R , we obtain
3. 2 Ry; "Rpyp+ Ry, 'R, =0



Holomor phically projective transformations 29

Let us calculate the Lie derivative of the left side of (3.2) then we have
(3. 9) _(ff'thjr) Rrk“"RIijr';BRrk'*' (£R;") R+ R £R;.=0
[f our manifold admits a non-affine (non-analytic) holomorphically projective

transformation, by substituting (1,13) and (1,14) into (3,3) and usin_g (1.2).
and (1.4), we obtain

(3. 4) (Vo) Ry~ (Vi0;) Ryy— (V19 ) S+ (Vi8 ;) Sy
T (Vzpk) R;i— (Vi0p) Ry — (Vi0,) S;i+ (V:0,) S1;
—H (Vrpk) Rh]r —7 (vrloj) Rlikr
—2 (Vt‘o s) @rt@kstr_Q (Vtﬂs) @ rt@stlikrzo .
From (3,2), we get |
R ilrijr'—Rlirk"?J =0,
and contracting it by g7 we have
(3- 5) RlierJl'___R”R?'t
and using it, we have the following relations by (1.1), (1.2), (1.3) and (1.4).
(V0,) @rt@tsRuerﬁ: (Vi0,) S™S*,
3. 6) - (ths) @hk@ih}?kt}‘?k: (Vtﬂs) Rkt}?ks ’
(Vi0,) 0,0, Ry "R =~ (v,0,) $';S™
= (Vtﬁs) @fkqﬁli-’?ktfe: == (Vtﬂs)RkiEks »
and
- a) S,'=0,
B. 7 b (V,0)R;"Ri=—(V,0) )RR,
C) (Vi0:) Sijﬁ:@kt (Vioy) @kSstRﬁ = (Vi0:) Rthﬁ '
Contracting (3.4) by R’g!* and using (3.5), (3.6) and (3.7), we obtain
3. 8) (v,0,) [R'R" —RR"1—(v,;8,) S;'R"+ (V'0,) R;R"=0 .
On the other hand, the following relation hold after the direct calculations.
(3. 9) (V;EJ)Si IRﬁ: (Vz‘ot) Silsﬁz (V;pt)RJIRtJ .
Substituting (3.9) into (3.8) we have
(3.10) (V0;) RR?~ (V'0)) R;R" =0 .

[f we calculate the Lie derivative of the tensor Ry "R~ R,R™  which
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vanishes in a Ricci recurrent Kaehlerian manifold by (3.5) with respect to a
holomorphically projective transformation, we have the following equation,

(3.11) (£R; ) R"+ R,/ &R"— (£Ry) R"~RyER" =0 ,
We can calculate the following relations by making use of (3.5), (1.2), (1.3)
and (1.,4).
(Vi o) Qih@ijzierrlz (Vhpk)shrskrz (Vi ﬁk)thRtk r
(Viow) 0, "0 RR, = (v,0,) S",S* = (Viow) R'R*
Substituting (1,13) and (1.14) into (3,11), and multiplying er to it, and

using (8.5), (3.7) a), (3.9) and above relations, we can obtain the following

equation,
(3.12) (Vjpl-)RRj"——n(VI o) R"'R,'=0,
where we have used SﬁRﬁ:O :
If we combine (3,10) and (3.12) we can see
2(V10;) RR? = (V,0,) R"R,! = (V' 0,) R,,R"=0 ,

and this equation can be rewriten into

(3.18) (V10,) [R,'R"+ - g (R,R") — 2-RR"]=0 .
By the definition of Lie derivative and (1.12) we have
£{1!1i}z\_f'jvi”h+Rrjih=P;§ih+Pi5jh*‘ﬁjqfi’ih“ﬁ,-@jh ,
and summing for 7 and %, we get
(3. 14) Vi(Vd') =(n+2)p; ,
1, €,
(3. 15) \%. Vj(vi”i) =(n+2)V,0; .
Substituting (3.15) into (3.13) we obtain the following equation.
(3.16) ViV (V2) [RR +— g (R, R") —-2-RR'}=0

T. Sumitomo showed that the tensor

R,'RY"+ L g (R,R") ~ < RR"

is positive definite in a non-Einstein Riemannian manifold [3] (pp. 123), and

furtheremore a Riccl (non-symmetric) recurrent Kaehlerian manifold is not an
Einstein one,
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Therefore, by E. Hopf’s theorem [5] we can calculate that the solution
function V;2' of (3.16) must be constant in a compact Ricci recurrent

Kaehlerian manifold,
Again making use of (3,14) we can see that p; vanishes, Then we have the

following

THEOREM 3. In @ compact Ricci recurreni Kaehlerian maenifold C :
ViR;=K;R; (K, 7s a vector field.)
there exists no harmonic vector field K, when C_ admits a non-affine (non-
analylic) infinitesimal holomorphically projective trensformation.
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