ON THE CONTINUITY OF GROUP OPERATIONS OF AN
L-GROUP WITH CP-IDEAL TOPOLOGY

By Tae Ho Choe

1 Introduction  Recently, T.Naito [1] has introduced the concepts of P-
CP-, MP-ideal topology in a lattice, And he has proved the following theorem
(f1] Theorem 10 in Chapter III): In any commutative l-group, the group
operations are continuous with respect to its CP-ideal topology.

In this short paper, we shall find a sufficient condition that the group oper-
ations of a noncommutative l-group are continuous with respect to its CP-ideal
topology.

2, Definitions and preliminaries, Let L be a lattice, A subset I of a lattice L
1s called to be a prime ideal if and only if the following conditions hold:

(1) - x=y and yel imply xel,
(11) xel and yel imply xUyel,
(i1i) xnyel implies xel or yel,

And a prime ideal 7 is called to be a CP-idea/ if and only if the following
condition holds:

(iv) if {xa|oed}CI, and there exists sup xe, then supd xa €I, The
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family of all CP-ideals is said to be a CP-family,

Dually, we can define the concepts of a dual prime ideal, a dual CP-ideal,
and dual CP-family, And we shall denote by CP the union of the CP-family
and the dual CP-family, The CP-ideal topology of lattice L is that which
results from taking CP as a subbasis for the closed sets of the space L.

An l-group L i1s (1) a lattice (ii) a group, in which (iii) the inclusine relation
1s invariant under all group-translations x—a@+x+5

The following Lemmas are proved by T.Naito [1].

LEMMA 1, In any [-group, if I is an element of CP, then each of [+a
and —1 is an element of CD.,

LEMMA 2. In an l-group L with its CP-ideal topology,
(@) any neighborhood of an element @ of L can be written in the form U +a,
where U is a neighborhood of zero element Q of L,
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(b)) —U 7s a nez'gh‘borhaod of O.

We shall use the notations and terminologiés i [1].
3 Reéulfs.' Fi_rst, we shall prove, the foliowing Lemma

- LEMMA 3. Let L be an [-group, in which mf Xa and mf (xa+ @+ xe) exist
for some set {xalaxed) in L, Then mf (m+a+xa)—-mf Xa cz+mf xa 1 and only

if xa+a+xﬁ—*’(xa+cz+xa)m(xﬁ-|—a+xﬁ) for any Zxa, xﬁ e[xalaed}

PROOF., Assume mt (xa+a+xa)~1nf xa+a+mf xe, Then we have (Xa+@
+x)N(x+a+xp) = (xa+a+xa)m(xa+a+xﬁ)m(xﬁ+a+xa)m(xﬁ+a+xﬁ) for any
xe, xp€ {xa|aed). Heénce xa+a+ x8= (xa+a+xa)N(x8+a+xp). Conversely, we put
in xe=x. Since xa=x for all ared, we have xa+a+xe=x+a+x for all aed,
Whlle cz+111f xa=1nf(cz+xa) in any l-group, Wwe have x+a+x—1nf{1?f(xa+a

+x8)}, Whew x-—mf xa’zlglf x8. By the hypothesis, xe+ @+ x8= (Xa+a+xa) (X8

+a+x8) for any x;r, x8. From these facts, wc see x+a+x=inf(xe+a+%a).
. , Lt : oo . . : o ;

Finally, we prove the following theorem

THEOREM. Let L be an [-group, in which tf infxa exists for some {xea|OE
a

4}, there exists inf(xe+a+xa), moreover inf(xe+a+xe) =ivfxa+a+infxe, and
a a a 14
dual, Then the group operations of L are comtinuous with respect to tts CP-

ideal t0pology.

PROOF, The following method of proof is due to T, Naito, .
By-Lemma 2, it is sufficient to show that for U + (p g), a ne1ghborh00d of p—q,
there exist U,+p, U,+¢q such that |

U +p)— U+ CU+(p—q) : I+ @—)—UCU+ (p—9)

where . U,U, and /. are neighborhoods of 0, Since —U: is a neighborhood of
0, we shall show that for any neighborhood U+a of @ there exists a neigh-
borhood U/, of 0 such that U+aDUl+a+U1, Where e =p+q.
We shall devide into several cases | .
Case 1), Uc (=complement of U in L) is a deal CP- ideal, Then Uc+a is also,

a dual CP-ideal by Lemma 1, ‘Let 7 b= the set of all » such that x+a+xEUC+fz
={x|x+a+xelUc+a)., Then I is a dual CP-ideal, In fact, if x ¢ I and x=y,
then x+a+xelUc+agand x+a+x=y+a+y. Hence we have y+qg+yeUc+a :yel.

If xael and inf xo=x, then xe+a+xeclUc+a for all e 4, By the hypothcaiz
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111f (xar +a + xa) exists  and 111f (xe+a+xe)=x+a+x €Uc+a, Hence we have xel,

If XUy € I then Cny) ¥a+ (ny) e Uc+a, By the duality of hypothesis, we see
(xu+a+ (@ =(E+a+x)V(+a+y) e Uc+a, This means that x+a+x or y+
ag+yelUc+a,i,e, x oryel, Hence I is a dual CP-ideal of L, Now we put Ie=U\,
then U~is a ‘neighborhood of 0, because z ¢ Uc+a. Now:, we.shall prove U, +a+
UCU+a. lf xeU, yeU,, thenx+a+zx, y+ta+yeUc+a=U+a)s, 1.6, x+a+x,
y+a+yelU+a, By the hypothesis and Lemma 3, we see easily that x+ae+y=
(x+a+x)V(+a+y). And we bave x+a+y e U+ea, Infact, if x+e+yelUc+e,
then x+ae¢+x or y+ae+yelUc+a which is contrary, Hence U,+e¢+U,CU +a,

Case 2) Uc is a CP-ideal, This case is dual of case 1),

Case 3) U is any neighborhood of 0, Uc can be written in the forin

Na Na
U=AVIap: U= \//\Izﬁ
af=1 af=1
Na
Since U is a neighborhood of 0, there exists o such that Al, 30, By case

p=1
1) and case 2) for each 1, 4, there exists a neighborhood U1 of 0 such that

Uig +a+U1p leuﬁ-kcz. We put U[:ﬂKUlﬁ then U, is a neighborhood of 0 and

Hlag Nao

Ui+a+U, C/\ (Ianﬁ a)= (/\ffi 3)+aCU+a, This completes the proof,

COROLLARY 1, If L be a commutative I-group, then the group operations
of L are continuous with respect to its CP-ideal topology. (TLis theorem has

already proved by T, Naito in the same way)
In fact, in any commutative l-group, the hypothesis in above Theorem is

satisfying by Lemma 2,

COROLLARY 2. In an Il-group with continuous group operations with respect
to its CP-ideal topology, if xalx, then (xeta+xe)| (x+a+zx), if inf (xa
+a+xa) exists, ’

In fact, by Note in [1] (p.241), if x¢ | x, then x¢ — x (CP-ideal topology).
Hence, since group operations are continuous, we have xe+@+xe—x+a+x
(CP-1deal topology). On the other hand, we have (xe+a@+2x02) | inf(xa+x+xa»)
Therefore xa+a +xa—>1nf (xe+a+2x2) (CP-ideal topology). Since L is a T,-space,

we have 1nf(xa+cz+xa) x+a+x, 1.e, xeta+xel x+a+x.
/4
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