A NOTE ON CONVERGENCE CLASSES
By Chi Young Kim

In the comment [I] I have given the necessary and sufficient conditions for

the uniform structure by the convergence class, In this note I tried to prove
the independency of the above conditions, Above conditions are as follows:

Let .« ={cx} -be a family of orderedpairs (c,x), where C is a sequenc in a
set X and x a point in X and Cx means (¢, x).

(i) If c={xn} is a sequence such that xn=x for each #, then cre.c,

(ii) Relation = directs the set D and the range of a function N on .« XD
= {(cx,d)} is the set of natural numbers, and if d’=d, then N(cs, d')
=N (¢, d).

(iii) For each 4 in D and each x in X, there is a member &' in D such
that if xecy(N(cy,d)) for cy In <, then yecx(N (¢x,d)) for some cx in .

(iv) For each d in D and each x in X there is a member ' in D such
that if xecy(d’) and yecz(d’) for some cy, cx In < then xec’z(d) for
some ¢’z in .., (where cx(d)=cx(N(cx, d)) etc,)

In Lemma 1, we shall prove the independency of Kelley’s five conditions:
(a) Each members of Ul contains the diagonal 4, (b) If Uell, then U-tell, (c) If
UeVl, then V.-Vl for some V in Ul, (d) If U and V are members of U, then
UnVell, and (e) If UelUl and UCVCX XX then VelUl. And in theorem 1 the

independency of the above four conditions i)—iv) for the convergence classes will
be proved bassd on Lemma 1.

LEMMA 1, The following conditions are mutually independent,
(2) UecUl—sU A
(b) Uell-—U"tell
(c) Uell—3VelUl:  V-VCU
(d) U, Vell—UnVell
(e) Uell and UCVCX X X—>Vell,

PROOF.

(1) Independency of (a)

Let X={a} then XXX=I{(q a)}.
Now let Ul= {UO.I UI} ’ |
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where U,={(e,@)}, Us={0}. |
Then (b), (¢), (d) and (e) are all satisfied, but (a) is not satisfied,

(2) 'Independency of (b).

Let X=/{a, b}, then XXX={(a, @), (b)), (ab), b a}.

Now let  U,=({(a,@), (58, (a0}, U= {(a,a), b)), (ab), a)
and UVi={U,,U,}, then '
(c) is satisfied  [since for all Uell, U, U, €U} | .
(d) is satisfied [clear] | ~ | )
(e) is satisfied [clear]

(b) is not satlsfled

"(3) Independency of (c).

. Let X={a,b,c} then | o
 XXX={(a,), (5,8, (¢,0), @ B), (6,0), (@,6), (€ @), (B,C), (€ )}

New let Ug-—- {(eg,2), (b)), (c,¢), (@, b),(bc)}
U= {U,, (c,@), (c, b)}

= {U,, (@, ¢)}

U = {U,, (¢, @)} U= {Us, (b,a)]
3= {Uy, (b, @)} Ulz— {(Us, (c, b))
A— {VU (C: 5)} [UB: (C, b)}

s= (U, (@,0), (¢c,a)} Uu— {Us, (¢, )}
o= {Uo, (@,¢), (b, a)} Uis= {X XX}
= (U, (@, ), (c, b))} Uigei=Ui! (1=0,1,2,---,8)
Ua-— U, (b;@), (c; @)} Ussi=Uwrs  (7=0,1,2)
Us= {Uo(b, @), (c, b))} U, ={UeUy, -+, Uis}, Ul= (U, Uyy +oo, Uyt
Then (a), (b), (d) and (e) are all satisfied but (c) is mot satisfied since
for U,, there is no Ui €Ul such that UilUiCU,,

Y
[

(4) Independency of (d),

S !

Let X={a,b). Us={(a,a), (b,b), (a, b))
U={(e,a, D), a}
U= {(a,a), (b,0), (a,b), (ba))
and let Ul={U,, U,,U,}. .
Then (a) and (b) are clearly satisfied,
For (c), 1) UpUCU,, i) U, UCU,, iii) U,l/,Cl,,
(d) is not satisfied since UonU,=44Ul, (e) is clearly satisfied,
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(5) Independency of (e).

Let X= {e, b}, and

let Uy=4, U=XXxXX.
| And let Vi={UsU,}). Then (2),(b),(c) and (d) are clearly satisfied,
-+ But (e) is not satisfied,

_THEOREM 1. The four conditions 1)—iv) for the convergence classes are
mutually independent.

. PROOF, (1) Independency of i).

Let X={a} and let Vi={U, U,}] where U,={(a,a))}, U,={0}.

Let . be the null family of convergence sequences, then 1) is not satisfied
since {a,a,a, - V¢ ., In ii) let dy=d, where d,=U,, d,=U,, iil), iv) are
clearly satisfied since the function V is not defined,

(2) Independency of ii).

“Let X={e, b}, and let Uy={(e,@), (6,0)}, U,={(a,@), (4,0, (a,b)}, U= {U,,
(b,2)), Us,={UU.) And let Uilx], where /=0,1,2,3 and x¢X, be the neigh-
borhoods of x, Let .« be the class of all convergent sequences relative to the
above neighborhood system, Let D=/{dyd, d: d;] Dbe the directed set with
du?_d }da, dof—’-a’zl—“"‘-dg Then by‘ Lemmal (c) of [1], the functlonN is defined such -
that N ((,'x, d:) N (C:r:, U:) Wlth the exception of N(ce,dy)=1 and N{(cw, dy) =1
where ¢%={a, b,a,a, ), co=1{b,@,b0,0, ---} then N{(ce,dy) =1<N{(ca,d:)=2. There-
fore ii) is not satisfied and conditions 1), iii) and ix) are clearly satisfied,

(3) Independency of iii).

Let X={e, b} and VI={U,,U,}, where U,={(a,a), (b,b), (a, b)), and let {a, b}
be the neighborhood of ¢ and {4} and {e, 4} be the neighborhoods of 5. And let
« be the class of all convergence sequences relative to the above neighborhoods
system, And also let d,>d, and N(cx,d,))=N(cx,U,), N(cx,d>)= N(cx,Us),
then 1), 11) are clearly satisfied. iii) is not satisfied since for d,cD and beX,
there is no di which satisfies the condition iii), 1iv) is clearly satisfied.

(4) Independency of iv).

Let x={ae,b,c]. In (¢) of Lemma 1, Ul,={U,U,, -, U} is directed by C,.
And let neighborhoods of the point ¢ be {e, ) and {g, b, c}.
L.et neighborhoods of the point & be {b,¢c) and {a, b, c}.
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Let neighborhoods of the point ¢ be {c}, {b,¢}, {c,a} and {a,b,c}.
Let di=d; if UiCUj, then D= {di} is directed by =,

Let .« be the class of all sequences cx each of which converges to some point
¥ in X relative to the above neighborhoods system, and let N(c.,di)=N{(c.,Ui)
with the exception of N(c,, di)=1, i=0,1,24,5,710,12, and N(ccdj) =1,
7=0,1,3,6 where ¢,={a¢,@,b,0, -} and ce=1{b,b, ¢, ¢,---}. Then iv) is not satis-
fied since for dyeD and the point ¢eX, there is no di which satisfies the
condition iv), 1) and i1i) are clearly satisfied, 11i1) 1is also satisfied since for

each point of X and each di(z=0,1, ---,15), there is d, which satisfies the
condition iii),

Note: 1 wish to express here my hearty thanks to Prof, E. Kallin for his

valuable remarks on my comment [1] who made them in Math, Review
Vol 22, No, 1A (1961),
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