THE CORRESPONDENCES OF THE FUNDAMENTAL FRAMES
ON THE PARAMETER GROUP MANIFOLDS

By Jae Koo Ahn

0. Introduction.

We consider the first parameter group manifold &) and the second parameter
group manifold ¢!, given (+ )-connection Lg,}, and (—)-connection L gy by N.

Horiz respectively[2]. The purpose of this paper is to study on some properties of
the correspondence of the fundamental frames in the sense of the operation, so
called it the extended exterior differentiation by H. Flanders [1].

Let us take the followings as the equations of the combinations in the continuous
transformation group of dimension 7:
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0a” oa
3 — A%g Ab a.), - 3 _
P p(@3) Ag(az) 52

as the fundamental equations of the parameter groups ¢/ *Yand ¢#¢-) respectively,

£

zi(fza)zg(al)

where determinant | A;| is not zero and | IAEI | is the inverise matrx of ||A}|],

and A ’s are similar to 4 ’s.

Let the fundamental frames A, A, (a=1, - , ¥) 18 ) and () are defined

by the pairs (4, ... Ay and (A4, ... A}) in the same local coordinate

neighborhood U respectively, then we may consider the dua! bazses D* and L

(a=1, - ,#) and define the extended exterior differentiation as H. Flanders

Using the matrix notations, we shall set
Az(‘?l)* D= (D', - D").
4,

Denoting the fundamental displacement, the connection form, the torsion

Jorm and the curvature form by dP, (), T and © on ™) respectively, then
we may refer to be defined by the following equations [3]:

(0, 2) dA=0A, Q=] fwgl F (wg are 1-forms),
(0. 3) d*P=d(dP)=TA, T=dD-DQ, (T are 2-forms),
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(0. 1) dT=DO-TQ, O=d-° (® are 2-forms).
And on &), they are defined by the same manner.

Now, we can awake that the both curvature forms on Z¢*) and (! vanish,

since the curvature tensor fields L3, ; and Lg,; vanish, and hence, on % and
Z), © and @ are zero matrices, and thus, (0. 4) are reduced to (0. 5)

(0- 5) dT': ""'TQ: dﬂ:ﬂz_

1. The lincar correspondences of the fudamental frames between &) and

g(-)

Let A and A be two fundamantal frames of & and (- definad in the same

local coordinate neizhborhood U, and we suppose that there exists a linear
correspondence

(1. 1) A=sA
between the parameter group manifolds ") and ¢, where s is a nonsingular

matrix everywhere on U, whose elements are s3 (a2, =1,-----,#). Then the

bases D) and L of ths given frames are related by

e

(1. 2) D=Ds™,
being a conszquence of dP=DA= DA. And from d?P=TA=1A, the torsion
forms T and T are also related by
(1. 3) T=Ts".
If we differentiate (1. 1), we have
dA=0A=dsA+sQA,

and henc-e,

(1. 4) Qs=ds+sQ or Q=dss™"+ss\.

Writting this by the element form, it is

(1. 5) E§=d3§'35+5‘§w§ 'ss
where Is’s are defined by

|s§=(cofactar of sfi tn )/ 1S
and consequently,

(1. 6) s7 sy =0p,

On account of wi=L% D" and Lg,=Lys on Z* and #[2), using of (1. 2)
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d ing s° with
and contracting S, with respect to 5, we get

0sg
oa’ |
Differentiating (1. 6) by @Y and using of (1. 7), we have
d'sg

da”

(1. 7)

_ra |O- T T
Lyi'sy Sp—Lpys:

(l. 8) — Lg-ﬁ 3,}, Sr"l'Lr"f Sﬁ
If we differentiate (1. 7) and (1, 8) by a% interchange ¥ and J, and subtract

each other, since the curvature tensor of ¢#(*) vanishes, we obtain the followings
as the conditions of the complete integrability of (1. 7) and (1. 8) respectively:
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Thus, we may assert that, for the linear correspondence from # to ¢¥¢) and

its inverse to exist, it is necessary and sufficient that (1. 9) and (1.10) hold
respectively.

On the other hand, it is well known that the existence of the linear corres-

pondence (1. 1) from ™ to ¢ is equivalent to the one of the solutions of

the (1. 4), and consequently, it must hold d%?s=0. If we differentiatq (1. 4),
we have '

(1.11) d*s=d0s—Ods—dsQ—sd (.
In consequence of Ig,),a =0, it is shown by matrix form that
(1. 12) dﬁ:ﬁz,

and hence, (1. 11) is reduced to

d2s=02%s— 0 (Qs—s0) — (Qs—s0)N—sN2=0.,
Thus, it obtains that there exist the solutions of (1. 4) always, and con-
sequently, (1. 9) holds identically.

Next, since |s| =0, We_have A=s"'A from (1.1), and differentiating it, we have

(*) K[aﬁ] denotes Kcrﬁ"'Kﬂa_



34 | Jae Koo Ahn

OA=ds 'sA+s10sA
or
(1.13) ds '=1s"'—s~1().
And differentinting (1. 13) too, we krave from (1.12) and (1. 3) d%s~'=0,
and hence, there exist the solutions of (1. 13), and consequently, we obtain
that (1. 10) holds identically. From the above result, we obtain the following:

THEOREM 1 There exists always the linezr correspondence between the

frames A and A [from G to F) and its tnverse, (1.9) and (1.10) are
satisfied identically.

If we differentiate (1. 3), using of (1. 3), then we have

(1.14) dT=—T(
and
(1.15) d*T=0
And from (1.12), we have
(1.16) dQ%*=0, dQ*"=02%2 (k=0).

From (1.12), (1.14), (1.15), (1.16) and the results of the previous
paper [3], we have the following:

THEOREM 2. For the linzazr correspondence belween the frames A and

A from G fo ), the identities (1.12), (1.14), (1.15) end (1.16) are
preserved. |

2. The linear correspoadeace of the fundamental frames on GZ©,

We are well known that the parameter group manifold #©® is defined by the

connection [Z]
(2. 1) wi = gy D’
where
ng:‘%‘ (Lgy+ Lgy), Lgy= L3
Then, on @™, it may assert that
(2. 2) Igy= T3,
and the frames on @ arc A or A, In this section, we shall investigate the

linear correspondence between two frames.
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Let us suppose that their frames A and A are the related by (1. 1), and
then, their dual bases D and D are (1. 2). From (1. 1), we have (1. 4). Since

Tug — Fg,}, 'sg D' from (2. 1) and (2. 2), writting (1. 4) by element form, we

have
dsg = wysg — Sgwg
and thus,
0s%
(2. 3) = Ig.sg'sy— 3.5

Differentiating (1. 6) by @’ we obtain

é"sg
oa”’

If we differentiate (2. 3) and (2. 4) by cz‘? interchange ¥ and J, and subtract

(2. 4) = — Igsy'sg + I'p)\sp

each other, we obtain the followings as the conditions of the complete integrability
of (2. 3) and (2. 4) respectively:

@Fgr T O A a
(2. 5) ( PO I’ rr[')’)!‘salsﬁ"' Fie Iasg 'sy 's5
17
Fg"f FJ“['YSG]Sﬁ "'—2 Fﬁ[,},r ]1"\ O‘ + Fﬁr},ast}- =0.
oro. ’
(2. 6) ( aaﬁ 51T Fﬁﬂ" Fiﬁls[vso] T F BLA Fﬂ]fs'}’ . )Sa

=2 T2y Ta1n "5 — [ays 's§ =0,
Thus we may assert that, for the linear correspondence from &) and ()
and its inverse to exist, it is necessary and sufficient that (2. 5) and (2. 6)
hold respectively.
On the other hand, if we differentiate (1. 4), we have by using of (0. 4)
and (1, 4), (1,13), since they are satisfied on Z,
dO=02+50s"' +dss™!.
In consequence of ®=s8s™! [1], this is reduced to
dQ=0+0+d?s™\.
Then, we obtain that d%s=0 is equivalent to
(2, 7) d0=0+0,
Differentiating ss-'= E repeatively twice, E being identity matrix, then we have
d*ss '+ sd*s™ 1 =0,
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and consequently, that 4?s=0 is equivalent to d%s~'=0. Hence we have the
followings

THOEREM 3. There exists the linear correspondence belween the [rames

A and A on O agund its inverse, if, and only if, the curvature form (2.7)
is preserved. Therefore (2. 5) and (2. 6) are equivalent to (2.7).

Next, since 77=0 in &,  we have
(2, 8) dD=DQ,
From this, we obtain the followings:
d*"D=(—1)" De™,
(2, 6) (m=1)
d"+tl p=(—1)mDem*(.
In fact, for m=1, it is satisfied by differentiation of (2, 8) to use of (0, 4),
for the general case it can be shown by induction o using of the Bianchi identities
[3]. And we may compute

dO=d(s0s")=NsBs™! —s8s'()
=0e -04q,
and generally,
(2.10) A" =06"-8" Q. m=1).

Differentiating (1. 2), we have

dD=dDs'—D(Qs'—s'Q)=DQ,
and using of (2. 10), then we have that (2. 9) is preserved by (1. 1). Hence
we obtain the following:

THEOREM 4, For the linear corrvespondence between the frames A and A
o FO the Bianchi identities (2.10), (2. 7), (2. 8) and (2. 9) are
preserved. | |
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