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1, Introduction,
We consider a Kaehlerian manifold Km whose complex analytic structure

(2, tzﬂ) (ue =ux*=conj, of ue: @, B, e=1,2 - @®, B, Y% ee=1¥ 2% . m*
«*=m+a) Was given by the relations [1]

(L 1) ur =ya yiyer, ut =ya —iya*
where (y2)=(ya, y2*) (A.B.C,.-=12 - m,1%,2% . m+) 1S a system of coordi-

nate neighborhoods of a real 2m-dimensional Riemannian manifold Xom,

By considering a Xsn, of coordinate neighborhoods x*={«x%, %) (k,j,1,--=1,2, -, n;
El}’ ."=TI§-I "II'E; K:I:L: "'=1:21 "':n: i-.lﬁ; "'rE; E'—'ﬂ"*‘k), immersed i]l abOVB sz_'l We Can

consider that the K» whose complex analytic structure (2%, z¢) (Zk=zkF=conj, of z¥)

was given by the relations [1]

(1.17) Zh—= xRk J-1xk, Sk—xk—7xk

is also immersed in above Km,

For the real Riemannian manifold X:m, we denote the metric tensor and
Christoffel symbols by the notations a@as, (a){f), respectively and for the above
Kaehlerian manifold Km, by has, @15, moreover for the X.n, by bx, {/.},
for the Ka, by gix, [I'x. respectively, then we have by (1.2) of [1]

(1. 2) hu(u)=~—§-§— S;";E aco(y),  gix(2)= %’S gz: baw(x)
and we have the following relations
(1, 3) Aafp=Qaa*f*, Qaaf*=—aa*p, bjk=>0jE, bjk=—bjx,
| (1. 4) haﬁ*=-—%—-(aaﬁ +1aa8*), hab* =2(aap—zaab*), (conj,)
gii=-7 (bis+ibE),  gF=2(b* -ipi), (conj.)

s 4 Q . a '
(L. 5) Wpy= @lgyt—i @D{gye}, TR={4} = {E)} (conj)
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The  main purpose of this paper is representation of the normals to K and the -
Gaussian formulae for the submanifold Kn of Km by means of the relations [2]

a:a__]__aq az(ahai,
(L 6) Oye—ur T a0y N OMT gy
§ _ 0 ; 0 . ; _
T oxk T é‘qu_i—- 03k ’ 0xF z( 02F zk )

If we assume that the Kn is a complex analytic submanifold of Km 1,e,
ud:u&'(zl’ 22:"': zn), uﬂ:uﬂ(fl’ 22: "% fﬂ'):

then by the relation (1.1) and (1.6), we have easily

0y _ 0y** _ ‘___ﬁ( ou?

0x1 0xJ 0zi
(l. 7) x X < @ZJ
Oyx _ _ Oy** _ 1 ( oux _ f%ﬁr)
oxi = 0xi 2\ 0z 933 /°

Conversely if the relations (1,7) are satisfied, the K»nis a complex analytic
submanifold of Km,

Therefore we have the following:

A necessary and suf fictent condrtion that a Kaehlerian mantfold Kn wkzch
was divcetly complexified from a real Riemannian manifold Xon , of coordi-
nates xX, itmmersed in a X.m of coordinates y*, be a complex analytic sub-

manifold of Km which was divectly complexified from Xom, 1S the relattons
(1,7).

By means of the relations (1,2), (1.6) and (1.7) we can easilly see

oux 6uﬂ
0z 0zk°

Throughout this paper we assume that above K= is a2 cmplex analytic submani-
fold of Km,

(1, 8) ng hap+—

2. Pseudo unitary normals,

Let us denote the 2(m-n) mutually orthogonal unit normals to X , by

NHIA:(NHI"II Nﬂld')! (MlPl "'.:]-:”'rm_n:m_n_'_l: "':2(’”_”))
then |
aasNu)*Np > =0ne.

By putting
(2. 1) $x1@=N @ +INy 2",
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Eui@= Ny @ —iNya* (w2 =6u, ")
we have easily by the relations (1.3) and (1. 4)
(2. 2) Pap (ui@Ep B +Epi2Ew B) =Ou
ie. 2 (hapew @rB) =~5-Bur,
where #2(2) is the real part of Z, and if M=P then,
(2. 2) hage @b b=

therefore we define that &u* are pseudo unitary normals to Kn .
Moreover, by the relations

CrsY?, meB:O, ( = @x‘.{)
we have
(2. 3) ha’ﬁ*(u‘f.ké:nﬁ-l- ;5.E$u|“)=0 (W. k—*%ﬁ (conj_))
e, 52((hap*u2, v 8) =0,

By calculating directly from (1.6) and (2.1), we have

0 1 oNya  ON N2z | ONu®*
Emi® _Q___C M) (s ) -H( ub - ) 5

ayY ayr*

__Qé:na __1‘ (LaN;M[&;_ (?N,uﬁrii) —3 aNM[ 6NHI£) ,
0yY 0yY oyY* ( oyv* ayY ’

therefore wé have the following:

1f the pseudo unitary normals &u\* are complex analyiic, 1.e,

‘SMI& ZEMI'!r (ul:uzs'”! um): E:ﬂﬂ' :é;lﬂ' (nl*,uZ*’ "% um*):
then
(2. 4) ON y,2 _ Ny 2* F@Nma' ___C?Nma'_
‘ ayY ayy* ayv* oyYy

and vice versa,

For the complex analytic &y, by the assumption of §1, we have also

(2. 4) aNma' _ ONya* ON y @ h@Nma""
' OxF oxk ’ ox*  oxk

By denoting the tensor derivative with respect to »Y and x%¢ by Y and’k
respectively and with respect to #Y and 2* by :vY and % respectively, then in
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virtue of (2, 4), (2. 5) and (1. 5) for the complex analytic pseudo unitary
normal vectos &x(?, we have

Nm“:'}’:Nm‘r*:'}’*: %*(Sm‘z:’)"l‘s; ‘r")"):
(2. 5) . .
Nm“ ; '1'*='—'Nm“*:7=—5—(EM|“=7—5M:“’='}'*),

Nm“:k=NM|“':E="%—"(5M|“=k+$;l“=5),
2. 6) | __
N2 E=—Ny 0" k=5~ (Eu @h—Eu @:F),

Moreover, for the following vectors
(2. 7) ?9MP|J=JABNH|AJ’C,JNHB:C
by substituting (2.5), we have

Purii=hab*(Ex\2 U, j E:wﬁﬂ’* +‘E:flﬁ uY, j&p1®:y)

=29%2(haf» Eu1@ 7;'*’. 7 s;lﬁﬂ‘),
(2. 8)

Dupij=thap(— S @ uY, 7 Ep Biye +Em B uY, j &0 2:y)

= —2tF (hags &y @ ;ﬂ. J E;lﬁ=7'):

where F(Z) is the imaginary part of Z,
Therefore, by putting

2. 9) pri=haps Eu @y, 5 Biys, (cons)

we have the following relations

DPuprj=Hup1j+Hur 7, (Kupij=conj, of Uupis)
(2.10) ’ ) P -
¥ mp17=t(—Hupij+Hup7),
and
(2. 11) lagp = % (Brupii+iBueii).

3. Gaussian formulae,

The tensor derivatives of y*,z are the following forms by the relations

(1, 5) and (2, 4)

Vya; jp= — V. jh= %(ﬂﬂ’:ﬂz—f—uﬂ':}ﬁ),
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ya; ik = yﬂ:jkz—% (uﬂ:jk—uﬂ':j'ﬁ),
8. D

Y&*ijk=—Y%; ik, YA*;E=Y2";5e=1ya; s, J"“:}'E=_}"‘r:ﬁ,
where

2, I
uﬂ’:jk=“azjazk - Efy ub jur r—True1,

and from the equations

Qas Y21 ¥5, L =0
we have easily

(3. 2) hage (u2: jt uB.1 +u2: 35 ub.1) =0,

therefore we can regard that ua.jz, of a vector in Km,is pseudo normal to Kn
The second fundamental tensor of X,» immersed in X.m is given by

>

(3. 3) QHlﬂf:J’AUIE /7Y NMIB

and by the relations (3,1), for the complex analytic vectors & * we have
O je=u2: j& Rap* $;|5-|- Z:a':}'ﬁ ha*ﬁfmﬁ,
8. 4)
Oy jE=1(ua:jr hap* f;iﬁ"';‘“ﬁﬁ ha*8 &u18),
and
(3. 4’) QM[}‘FZ:ﬂmjﬁ, Qulfﬁ-—_——ﬂmjk.

The mean curvare of X, in Xom is given by

M= ;MHNFI
where

MPlzﬂPlIKbIK

and N» are the 2(m—n) mutually orthogonal unit normal vectors to X:n, then
by the relation (1.4) and (3.,4’) we can easily see

My =0
therefore, we have the following:
When a Riemannian manifold X , tmmersed in X.m, 1S related fo a com-

plex analytic sub-Kaehlerian mantfold Kn , tmmersed in Kom, by (2.1), (2.2)
and (1.5), the mean curvature of Xi.n vanishes,

The Gaussian formulae for the submanifold X:n of Xom are gevin by
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(3. 5) yAiJK:%QMUKNMIA

and by substituting (3.1) and (3.4) into (3.5), we have

§a. jk-:g@m;k(smwélﬁf),

(3, 6) |
ﬂ‘“ﬁ:%@mﬁ@m“'l'ful“)-

where we have put

O 7o =42 ik hap* EniB,

3. 7) *
OujE=ux: 5% hﬂ"ﬁ EuIﬁ,

1,e, -. ®M1j5=“1§‘(ﬂurﬁ+fﬂmﬁ). @m}'h=_%"'(ﬂm.fk"—fﬂmfﬁ).

The set of equations (3,6) and (3,7) are the Gaussian formulae and the second
fundamental tensor respectively for the sub-Kaehlerian mantfold Kn of Km,
The tensor derivatives of Ny* are given by

(3. 9) NQIA:J':—"“QMUK bx* J’A,L+§ﬁpaf;;Np;A

by substituting (2.6), (2.10) and (3.8) into (3.9), we have

(3, 10) SMlﬂ':k': — Oy B ohj ua i+ %#PMIE(GPIQ-,-EP'Q‘),

Euya:B=—0Oy 1 Ghi uﬂ.f+§#pmk(&|“+$m“),

and the set of equations (3,10) are the tensor derivatives of &u’,
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