ON THE REGULARITY OF THE LOCALLY UNIFORMLY
CONVEX BANACH SPACE

By Mi-Soo Bae.

1. Introduction.

A. R. Lovaglia is concerned about the locally uniformly convex Banach
space connected with differentiability of the norm, {1]. In his paper
Lovaglia did not concern himself with the regularity of the locally uniformiy
convex Banach space, It is wellknown, as shown by Kakutani [2], that
the uniformly convex Banach space is regular. The uniformly convex
Banach space is locally unifomly convex, but the converse theorem i1s not

true., So we are concerned about the ploblem of whether the locally

uniformly convex Banach space is regular or not. If the Jocally uniformly
convex Banach space satisfies the condition (4), it is regular. Obviously

this space is not uniformly convex in general.

2. Main theorem,

Hereafter in this paper let £ be a Banach space. The Banach space
E is uniformly convex if, and only if, given >0, there exists §(s) >0,

such that

NEEYN < 1—5(e) whenever ||yl 2e, and||z]] =[5l =1.

E is locally uniformly convex if, and only if, given €>0 and an
element ¥ with [| x]| =1, there exists 8§(g,x)>0 and such that

Hx;y I < 1-5Ce, %) whenever [[x—y|=e and || y] =1.

The condition (A) is that if the countable set {x,} of points of the
locally uniformly convex Banach space E satisfies || x,—%,, || =& for each
x., X» belonging to {x,}, and if for arbirary positive ¢ there exists a
positive §,(e)<g.l.b.8(s, x,), where &8(e, x,) is some positive real
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number satisfying

Il <1 sce,x), i 1 =1 (1% ] =1.

We need several known theorems as lemmas.

LEMMA 1. Let E be a normed Banach space. For each fo of E
which is the conjugate space of E, and for a given arbiirary posiive
real number e there exists an x, 0f E satisfying

flz )2 N fall =&y [ %] =1.

LEMMA 2. (Corollary of Helly's theorem) ILet E be a noyrmed
linear space. X,(f) is an arbitrary bounded linear functiona on F.
For arbitrary f., f2,,f., 0f E and an arbitray positive real number
c there exists an element x of K satisfying f,(x)=X,(f:;) (i=1,2, -, n),
Nxll <X +e.

THEOREM. The locally uniformly convex Banach space satisfying
the condiiion (A) is a regular Banach space.

PROOF. Let E be the locally uniformly convex Banach space satisfying
tha condition (A), and X, be an arbitrary bounded linear functional
defined on E.

If X,=0 over E,i.e. X, (f)=0 for the all f of E then there is the
corresponding element 0 of E such that X (f)=/(0)=0 for all f&
E. So let us suppose that X,% 0, then [|X,]] >0. We can suppose

that || X, || =1 without loss of generality., By lemma 1, for each ?]? >0,

——

where # 1S a natural number, there exists f, belonging to F such that

an ” =1,

X, (> (1 XL =S =1——

7

And we have obtained the sequence {f,},-1,2,.... of bounded linear
functionals on E. For the first # elements f,. fs. -+, f, of {f,}, and to

each m (M=1,2, - ) there are #,€ E such that f,(%.)=X.(f:),

1 1
/ - — - — T %) sesaea
Hxn |l < || X, ]|+ o =1t (m=1, 2, )
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Therefore Jim || %.]] =1, because

1—--—}%—- <Xa(fn.>=fn(xn.)g ” fﬂ ” ° ” Xn “

1

Now {x,}is a sequence of E, and we can show that {x,} is a strongly cori-
vergent sequence. If there exists ane >0 for the infinitely many. points of
E, Xni, Xz, =2ty Xms,  Xma, o (n, <, < n, <My oo Ky e o0e), - then
H %ne—%mi | | == (B=1,2-+,). Since E is the locally uniformly convex
there is a 8:=8(e, xm) >0 such that

” xﬂk;xmk ” ‘<1_8.&- for each xﬂk and X (?3k<mk>.
By the condition (A), there exists a §,<g.[.5, & but with §,>>0. Hence
me-;xmk“ <1__3£l (k=1, Dy cesene ),

and therefore
Im || et 2 || < 2(1—6,)< 2.

E—0

Since

o (xm)=fm(xm':)=xa(fm) for xmw, Xmx (midm,),
2<1_""7%‘.) <2-Xa<fﬁ'k):fﬂk (xmk.)"l‘fﬂk(xm)

Xnp 1+ X H = ” Xny T X “ y

= fns (M-fri-xm&)g || frxll °|

Lim || s+ 2 | ZLim 2(1—— - ) =2,

R=r o0 k

This is in contradiction with

L || X+ X || ZTim || Zoa +2ms || .

k= }

Then {x,} must be a strongly convergent sequence, and there exists an

element x, of &£ such that ﬁm”xn-—xﬂ[] =0, |lx,|] =1, and

K= o0

f(2.)=X,F.) (n=1, 2, -).
We can easily verify from the locally uniform convesxity that %, is
uniquely determinad by the above sequence {f,}. If there is another %', of
E distinct from %, which satisfies f,.(x'.)=X.(f,) (=1, 2, ), then
|| x,—%",]| #=0, so that thereis an ¢>0:||x,—%',|]| =s, and || x, +%', ||
<2 ((1—6(e, x,)] <2 because of the locally uniform convexity. Therefore
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2C1—-—-,-}) 2X(f)=Ffo(ta+ 2 DS fall o |2t 20 1] = || 24201 <2,

and

2=1lim 2(1—%-..)_@ | 2.+, ]] <2.

7~ 0

This is a contradiction.
It remains to be proved that f.,(x,)=X.(f.) for arbitrary f, € E.
Let f, be an arbitrary linear bounded functionalon E. f, gnd the
sequence {fpta=1,2,... With which we are concerned above make a
sequence {f,}/-0,1,5,... By the same process, we can obtain the sequence

{x',} of points, instead of {x,} in the above case. {x',} satisfies

1201 <1ty fCHD) =Xf) (5=0,1,2, 5 m=1,2, )

And {x',} converges strongly to x',, where || %', || =1, and f,(x'.)=X.(f:)
(¢=0,1, 2, ---) By the unigueness of %, for {f,}.=1,2,.... we conclude

i

that x,=%',. So that f, (x,)=X.(f,) for arbitrary f, € E.
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