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SYMMETRIC AFFINE CONNECTION
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1. Introduction

The properties of harmonic and Killing vector were studied im
Riemannian manifold by many authors, and they were expanded in the
metric manifold with torsion.

In this note we shall investigate the properties of harmonic and
Killing vactors in general metric manifolds with symmetric affine connec-
tion, which are generalized from the formers. As the result of this study
we shall get some different properties from them in the metric manifolds
with torsion, and it will be more general than in Riemannian manifolds.

Let us consider the z-dimensional compact manifold V” on which.
there is given a positive definite metric

ds"’=g,-adx’ dx*
and symmetric affine connection I['%, which satisfies the equations

ox'e D= x¥ ox’ ox’ |
1-|Fﬂ — _( _._._.‘+ — . — I"Z' )
P T 5x% \axlox°  ox't ax 7

for the coordinate transformation. Then we have the relations

(1 [5:= {51} + a%
between the connection and the Christoffel symbol, where agj; are the
components of a symmeatric tensor with respect to the subscripts. For this.
tensor aj, we denote as the followings:

(2) g”a_ﬁ',;':a?';, gkz gjm agk_____az-zm, g"" a§,=a’.
If we denote the covariant differentiations with respect to ' and {%}
by comma and semi-colon respzctively, we have the followings for the
vectors &4, &%;

(3) 6_-,'; ﬁ=53;r"5: aﬁh
E’r = #;k + gd a’fh
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and for the tensor T%,,
(4) Fa gk: z =T§k;'z 'r‘T';ﬁ Gﬁ:z""'Tik -6?‘!_-_7,% a%iz.
Accordingly, we aware that covariant differentiations of the fundamental

tensors g, and g% with respect to I';: are not zero, but they are
represented by

_ m
gj.'u I— '—gmk £ jz_gjm ani'l':

gzj!. 4 =gmj a‘ﬁ:l + gzm aﬁll'-

2. The appnlications of Theorem of Bochner-Hopf.
Now, in a compact metric maniiold with symmetric affine connection
I'%: whose metric ds*=g,dx’dx" is positive definite, we take a scalar

¢ and set

‘Then we have

AP=Gp &by g5 2 =87

and hence, applying theorem of Bochner-Hopf. we obtain

LEMMA. In a compact metric manifold with symmeiric affine
connection 15, if, for a scilar ¢(x), we have
Ag[”:-_:-gjx (f-): I K =0

n eveyywhere, ithen we get

For a vector field £,(x), if we put
Cog(x)=¢7£,=8% £, &,
then we have
(5) Ap=287g"(En Eny g+ Eméatiz)La
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= g8 EnE , pat2(a@a™+a* "), Em, .
+(a7 S a' r+amia i+ g™ 8% agmy )€ €

+gjk gm, émr 7 Eur t]
On the other hand, we have |

gjk Enu I & _"gjk(Em: J_e.'h nl)l k —gj* E.‘h ks m=§3'rtml
where 'n=g%%1%.,.. If the vector &, satisfies

(6) gjk(Emr J—Ejl m)'l_’_g;}i 6!: llm=_gz’ a;m 61: ke
then it is reduced to
(7) g:” EMIJJ k=63' r‘m—2g”aa‘ 6!1 K»

and consequently, using of Lemma, we have

THEOREM 1. In g compact metric manifold with symmetric af f ine
connection ['5,, tf there exists non-zero vector &, satisfying (6) and

(8) (I'’*+a’a' ' 2+a>ia*r+g™ g* al,,.)E; &

+2(ai-mn+am-ﬂf_an'm#)£-‘ Elﬂ H_I_gjm ghl 'E.fn Em" 20’
then the equality holds.

Similarly we obtain

THEOREM 2. In a compact metric manifold with symmelric af fine
connection, if there exists non-zero vector &, satisfying

(9) gji (Em: :}+5§: m):]"'g“” 6_-}, h;m=0
and
(10) (C#—a’na*p—a™ia i ~g™ & ajm, »)Es €5

_2(am-nz+a1}-mn) E?J Sm! H_g’m gh' 65: X Sm: » _£_O,
then the ecqualily holds.

3. General harmonic vector and Killing vector.

We shall call a vector £, general harmonic vector, if it satisfies

<1]) SZ‘J j=s:hz‘: g'ﬁ EJ: k=0-
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Such a vector satisfies evidently (6) and consequently (7), for
¢=g%&6,¢,; we have* |
A=Y +a '@ e a g g8 %0, .) €46k

+2az'(""") Ez' Sm: ,,'l"(g‘m g*"+gj"gkm> Ej;ksm: X
thus we have

THEOREM 3. 1In a compact metric manifold with symmelric af fine
(onnection, if the symmetric maiyrix

(12) [0 p gt mt ghdony gmelghden g gon gt ghd 2.q7 "
( 2aznmﬂ' | gjm gkn_l_gjn gﬁ,’m)
defines noz-negative auadratic form in the variables £, and &,,=&,,,
then every general harmonic vector &, must satisfy so that the auadyatic

form vanishes. 1f the maitrix defines a positive definite form, then
there i1s no general harmonic vector othey than zero.

Here, when we put-@*""=0, i. e., a%,=0, then we have ['%={%}
and consequently, '
Ems n=Emsn
and
the (1,1)-element in matrix (12)=2R?*,
Moreover, if we put R?*=0, then we have

AC/J"—_'ngm gk" Ej;k Em;,,:O

for the general harmonic vector §,, and consequently,

gm;:ﬂ:O'
or
0€m _ €,
ox" ox™

and thus the general harmonic vector is gradient. Hence we have

THEOREM 4. [If the (2,1)-element in the maitrix (12) vanishes,
then our manitfold 1s reduced itoithe compact Riemanntan manifold,

* "2k denotes by ['(dh)=]"sx 4 '4s,
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and furthermoye, if the (1,1)-elenent wvanishes, then the genercl
harmonic vector i1s gradient.

Next, We shall call a vector &, general Killing vector, if it satisfies

(13 §2 5+ 655, =0,
For the general Killing vector, we have
gjk Ej: R :0

an-l moreover, evidently,
gjk é‘j: ks Z=0
Thus it satisfies (9) and 1s reduced to

k _
gj _Em: Ja kT _Sz I—zn:
Eence we have

THEOREM 5. In a compact metric manifold with symmetric af fine
convection, tf the mailrix

m iy N

{14) (ijfk)__zczcj- I:llak)ﬂr:__anric‘f’ ak}lﬂ_g?ﬂﬂ gZC)-GE) __atgisz ’5
_aES-!]Z __(gjm gkn__gjﬂ gkm):

defines a non-positive quadratic form in the variables &; cnd §,..
= —& .. then every general Killing vestor £, must satisfy so th:.t the
quadratic form vanishes. If the matrix defives a positive defisite
form, then there is no general Killing vector other thun zero.

4. Tntegration on our metric manifold.

In this section, our metric manifold with symmetric affine connection
['%: is compact and oriented, and suppose that the tensor «3, satisiies
the condition

(15\’ a§3'=0.

Then, for any vector 7, we have

f)z- ::Uz"z: 1—_‘:_ avg
AR A Py

v?,
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By Theeorem of Green, we have
(:16) ‘.U‘,de:O,

)

the integral domain being the whale manifold, where dV is the volume
element,

First, applying (16) to the vector (g*"¢,), , 87 &, and using of Ricci
identity, we obtain

([(F??+2a™% a™3+8u* T 0™ +a* " a?" " +a™ a*"?

+87" 87" gy 1+ 85" 8V 0Py ) €
+(8% a?+a?"" 4207 +3a" %), €5, 4+ 8" 87" €4y 2 €y 4
+8°" 87" &y 2, 1 €4JAV =0,
Next, applying it to the vector (g% ¢,), , 87" £,, we obtain
L(2a™% a0 +0" @’ + 8™ &% ala, 1)E5 €,
+(a?+ a7 +28" a* + g% a?)E, €4,
+ 85 89 E oy gy 5 Eut 85" G £y 4 o, s1JdV =0,
and consequently, from these, we have
(17) [C(r*+2a™% a™ 4+ a* % a™I+a™ a*I+a* 7 a? s —a*a?
+8%" 87" Grms 1+ 8% 8™y o — O, m))Es &
+2(a* ' +a** - g% a®) £, &4,
+ 87 87 €y nbms 38" 87" Ems s €ny 1AV =0,

If the vector £, is general harmonic and the matrix (12) defines a non-
negative quadratic form, by virtue of Theorem 3, we have

(18) 25(1(”'")3‘ Em, ,fz dV
=[(g"" & a), s+ a" @V )+’ @' — g g L,
+2a™ G a'" ) €, E,dV =0,
If the vector £, is general Killing and the matrix (14) defines a non-
positive quadratic form, by wvirtue of Theorem 5, we have
(19) j'(gm(! ngn aim’ . __gzm g"”a"‘;’m, n+23m.(£ a"'"‘,,’:+2cz'“"£ ak).r:

+a” a9 +2q0 0 ghn— gt a2)5,; &y dV=0
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In Riemannian mainfold and metric manifold with torsion, the

theorems corresponding to theorems 3 and 5 can be proved by virtue of
the integral (16), but, in our manifold, they can be proved when, and

only when, (18) and (19) are held respectively.

5. The conditions that a vector be general harmonic and
Killing.
Under the same assumptions in 4, for any vector §,, it satisfies
(C&?(€m &m), 51,4 AV =0,
and calculating this, we have
((a~ a*2+a’r " +amia" i+ g™ g% &, )6, &)
+(2a™"+ 2" a"+2a*")E, €., -
+ 87 8" Epy 3,k Eat+ & 8™y 5 €4, 1AV =0,

Subtracting this from (17), we have
.ﬂ:gmn gj.l: £, ok g — (F‘”+2a""ﬁ ar?—af a’+g’*”" gjn ai” .
T g!m giﬂ df,,., H)E‘ 6.‘5 + (26"“”‘_— Qan-mz’_!_ gzma" t 2gmnaz'>£~z£m; "

L gjt gmﬂ<5m1 L 65: m)(E_n; k= &h: n) +gjm Em.p 4 gh'fn, hMV—_-O.

T

This equality holds always under the given assumptions. Hence, if the
vector §, satisfies

(20) 8" Emy g 1=I"n€s+ (20, 0" —an @7+ 8" @Y, 1 — &' Gy, m)E
~(2a?°}—-2a"?+ 8% a* + 287" a;)¢&,, 4
then we have
(21) €59 3= 35 md L7 & my 9=0,

and consequently, the vector £, is general harmonic, Furthermore, if £,
is general harmonic, then (7) is satisfied, and in order that (20) is
held, it is necessary to satisfy L

(22) CS{H a" _Qaj.l:) f.‘h A =(2afnu an'g—'am a3+2gj" afnn: 4

_gkl agl;: m)E.‘h
and thus we have
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THEOREM 6. In a compact and oriemted manifold with symmetric
af fine commection, if the vector £, satisfies (20), thewn it is gencral
harmonic, and convérsely, when the general harmonic vector satisfies
(22), 7t holds (20),

In Riemannian manifold ahd the metric manifold with torsion, the

equation corresponding to (20) is necessary and sufficient in order that a
vector be harmonic.

Similarly we find

[L&™ 87 €0y 1,0 0t (D 42077 aP*7 420577 a7+ 20 ) 0]
+2&"’ az.‘jm +gz'm gnj afnn: z +gzz gnﬂ(Qa-gn:’ n a"?:‘"’ z.))'gz Ej
-+ (4‘11'.‘”’ _[_Qaj-,&z'._l_?zak-ﬁj..}_gzj at — ngk az)_gz' Ej: k

1

+ 8" 87 (€ nt Ens e )€ gyt €y ) — 86y o 877 €,y 50V =0,

and if the vector £, satisfies

(23) g &pypox=—1% E,—(2a,., 0 7 1+2a,.; a’;+2a, a"'}
+20" 4,3+ 87" Gy, +87(2a8, , a3,y 0 ))E
—(4a,*+2a7 +a""—-67 a' )¢, =0
and

(24) gﬂm Em! z=
then we have
Ej: m+§m; j'_‘_-oy

and thus, the vector £, is general Killing, Furthermore, if ¢, is general
Killing, then (24) is evidently satisfied, and in order that (23) is held,
it 1S necessary to satisty

(25) 82 a* &, +(2(a,. a7 +at, a’+dl, a"i+a" a,.]
+gjn afnﬂ: A +gznk‘2g'§;: sy a?n: n:)]"szo-
Hence we have

THEOREM 7. In a compact and oriented manifold with sywimelric
affine connection, if the vecior &, satisfies (23) ard (24), thewn il &s
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ganeral Killing, and conversely, wehn the Killing vaclor satisfies (25)
¢ holds (23) and (24).
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