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1. Introduction

Recently, E. S. Wolk [1] has introduced the concept of order-
compatible topology for partially ordered sets (poset), and has proved

the following theorm:
If P is a poset of finite width, then P possesses a unique order-

compatible topology. Furthermore, with respect to this topology, Fisa

Hausdorif space.
In this paper, we shall introduce the new simple topology for poset

which we call C-fopology and compare with certain topolgies and with
order-compatible topology (=OCT) on the same poset P,
l.et us introduce, f{irst, the following definition.
DEFINITON. Let M be a subset of P, we shall say that ¢ is C-
limiting point of M if and only if there is such a chain C containing

no « that C is included in M and AC=«¢, or \VC=¢ in P

And let M=M\JUM' (M' is the set of all C-limiting point of M),
we call M the closure of M. Also define a subset M of poset P to be
closed in the C-topology if and only if M=M, let CT denote the C-

topology.

To this end, let us call a subset S of P up-direct (down-derect) if
and only if for all x€ S, and y€ S, there exists z€ S with z>=>x, z>9y
(z<x, 25y) [1).

Also we shall call a subset K of P Dedekind-closed if and only if
whenever S is an up direct subset of K and y=\/S, or S is a down
direct of K and y=AS, we have ye K.

We define that two clements x and y are incomparable if and only
if neither x<y nor x>y, and we dencte x#y.
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Let us say a subset D of P diverse if and only if x€ D, ye D and
x+y imply x#y, And define the widi% of P to be the 1. u. b. of the
set {&|% is the cardinal number of a diverse subset of P}.
' In §3, We shall then prove that in a poset of finite width the
interval topology and C-topology are equivalent. And we shall see, by
lemma 1, the interval topology, any compatible topology, Dedekind
topology, order topology and C-topology are all equivalent.
Finally, we shall give some corollaries.

2. Definitions and Notations.

Let {x.} be any direct set in a subset X of a poset P, We define
x, order-converges to ¢ to mean ¢= u\/i é\a Xp}= 4\ L ;{! %3} in the comple-
tion of P by cuts. As usual, we define a subset X of a poset to be
closed in the order-topology, denctes OT', if and only if {x,!CX and
%, order-converges to ¢ implies a€ X.
- In P, we write

Mix)={a| x<a}, L(x)=1{a | a<x} for each x¢ P.

The interval topology [2] is that topology generated by taking all of
the set {M(x), L(x) | x€ P} as a subbasis for the closed sets. Let us
denote IT. It is well-known that the topology [T i1s weaker than the

topology OT', and every poset P is Hausdorif space in topology OT.

If R, and R. are any topologies on P, we define R,<R,tomean that

every R,-closed set is R.-closed. It is then easy that OT'<<CT, in fact,
let subset of X of P be a closed set in OT'. If the point ¢ is a C-limit-

ing point of X, then there exists chain C={c«} in X such that Acy=a,
or \Vcx=a. Assume Acy=a, where c,=>cg in P if and only if ¢<8 in
a chain directed indices class I', then cz=4\ {Bga Cat= \c{{ ?’;B} in comple-
tion of P by cuts.

-~ We define a topology DT on P whose closed sets are precisely the
Dedekind closed sebsets of P. Then we see that DT<CT. In fact, let
subset X of P be a closed set in DT, Then X is Dedekint closed. If
the point @ is a C-limiting point of X such that AC=a (or \VC=qa) for
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a chain CCX, since chain C is an upper direct set, then g€ X. Simi-
larly, for \/C=a. By the lemma in [1]}, IT<OCT<DT.
Hence, we have the following lemma - |

LEMMA 1. IT<OCT<DT<CT and IT<OT<CT

- 3. The principal theorems

The author has proved the followiné theorem [ 3 ]
A necessary and sufficient condition for an element a of a poset
P io be tsolated to subset X in IT is that, for the element a there

exist the finite subsets A and B of P such that

(1) A=\x|x%#a, or x>a}, B={y| y#a, or y<a},
(22) (M(%))x=a, (L(¥))yep are a covering of X—a (i.e., Urion
of the collection itncludes X—a)

And we now prove the following

THEOREM 1. Let P be a poset of finite widih, then a necessary
and sufficiznt condilion for an clemzont a to bz isolated to subszi X
tn CT is thatl, fov thz elem:nt a there exist the finilz subsels A and

B of P satisfying (¢) and (i1).

PROOF In view of the above theorem and lemma, we need only
to prove the necessary.

Let S={x| xe X—a and x>a}, Let & be width of P. The number
of all the least elements /, € S of a maximal chain of S are 2 at most,
let E={l,, 1., - - 1l.}.

Let C be arbitrary maximal chain containing no the least elemnet
in S if exist. There exists at least one point xe€ P— S with a<x<cfor
all ce C. In fact, let us suppose that our requierment is false, then
AC=a, i.e., ais a C-limiting point of X which is contrary. |
Let C, be a maximal chain of S containing no the least element in

S, and let x, be the point of P—S such that a<x,<{c forallce C, (1=
1,2, ----). If x> %,> x;> ----and when there exists the point ¢;€ C;
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with ¢, 8 M(x,.,), then such x,s are at most 2. In fect, since ¢; & M(x,),
there exists at least one y,€ C, with c¢.#2, for all 2, <y, in. C,. Other-

wise, c¢,<c for all ce€ C,, but ¢, € C,, hence we have contradiction to the:
maximality of €,. Similarly, for cse M(x,), we have ¥.€ C,; with ¢s# 2z,

for all z,<y., in C;. And since ¢;E M(x,), we have also y,€ C; with
03#215 fOl‘ all Z]S_gylg in CI' If now ngyz in Cﬂ and y[ﬂ-gyl in CI!

then {9,., €. Cs} is diverse set. If ¥, <y,s in C,;, then {y,, ¢ cs} is

diverse set.
If ¢.> ¥, in C,, we can see easily that y.& M(x,) and we have ¥,.€ C,

with y.#2z, for all z,.<y,, in C,. And if ».<y,;in C,, we have {3y,
Y2y Cst is diverse set. If 9:< ¥y, In C,, {¥is» ¥2 Cs} is diverse set.

Hence for any case, we have a diverse set of three elements, i1f exist

the three maximal chains with the above porperties. Therefore, relative

comparable x,s are at most k, since if there exist more than % elements.

Xz, then continuing the above construction leads to a diverse set with
more than %2 elements.

Let F={m, - -m,} be the set of all the minimal elements of relative
comparable x,s, Clearly, F is a finite set, (p<k). Thus we have

\J xezgy rM(%) 2 S.

Let S'={y | ye X—a, and y<a}. Dually, we have the {inite subsets

G=1{g.,  *,&.} H=n, - -,n} of Psuchthat UseeysLl(y)2S" And
let N={a, # -*--,u;} bea maximal diverse set containing . It is clear
that if put A=E\VFU(N—a), B=G\JH\J(N -a), then

(VzeaM(2))U(UsesL y)) 2 X —a.
Hence the proof is complete.

I P be a poset of finite width, a point @ is isolated to a subset M

of Pin CT if and only if & is also isolated to M in IT, That is, a

point & is a limiting point of M in IT if and only 1if b is also a limiting
point of M in CT.

Thus, by lemma, we have
THEOREM 2. If P is a poset of finite width. them lopologies IT,
any OCT, DT, OT, aend CT are all equivalerl,

o
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In the special case when P is a lattice, we have conversely the
following.

LEMMA 2 Let P be a lattice. 1f topology IT - arnd topology CI
are equivalent, then P has »no tnfinite diverse sei.

In fact, let us suppose that the lemma is false, and let D be an
infinte diverse set, then D 1is clearly closed set in C7'. Hence, by Hypo-
these, D is also a closed set in IT. Since P is a lattice, we may find the
finite closed intervals I,,[1,, -- --I, such that D=I,J I,\J----\JUI, (4L
But there is no such finite closed interval in infinite diverse set D).

We now have the folloing theorem

THEOREM 3. Let P be a lattice with least ard grealest elements..

P has 7o wtnfintte diverse set if ard oxly if topology IT ard tofology
CT are equivalent.

COROLLARY 1. Let P be a poset of firite width, then P possesses
a unique ovderved-compaiible topology. Furthcymor , with respect 1o
this topology, P is a Hausdorff space. (This theorem has already been
solved by E. S. Wolk [1]).

In fact, topology OT is Hausdorff, and OT and OCT are equivalent.

COROLLARY 2. Let P be a poset of firite width ard let {%«}
be a direct set such that a=N\{\ xs;=\{/\ %5}, then there exists a

X B=dA x [p=d

chain CC{x.} such that N\C=a, or \/C=a.

COROLLARY 38, Let P te a complele laiiice wilth no infirile diverse

set, then P is compact Hausdorff space in topologies IT, OCT, DT,
or, CT.
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