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Introduction.

The present auther wishes to study a special conformal transfor-
mation which we shall call conharmonic in a Hermitian space Hj, and
a Kaehlerian space Kyp The conharmonic transformations in the

Riemannian spaces were already studied by Ishii[1]"
The purpose of the present paper is to find a tensor whose invari-

ability under a special conformal transformation is a necessary and
sufficient condition that H», and K» are conharmonic. (Theoiem 4)

1. Conharmonic transformations.

For the Hermitian space H»x, we denote the metric tensor,
Christoffel symbols, curvature tensor by the notations G;;, Ej%, H? x>
tespectively, and for the Kaehlerian space Kg, referred to complex

analytic coordinates 2?=(z%, z%) (z®*=2%), we denote by notations g,,,
Ga..g:O and gz'j, sz

|

ijﬂl Rzﬂcg IESDECtiVEIy, then gd3=ga,g=0, Gﬂ-B
are the symmetric and self-adjoint tensors.
We shall consicer a special conformal transformation

(1- 1) Ga‘é:‘f’zgaﬁ
where ¢(z, Z) is a real valued function in connection with
%
gcfﬂ= azaaza =a§ aﬂ¢

Let A be a harmonic function which we shall define by

1) Numbers in brackets refer to the references at the end of the paper.
Z2) In the following the Latin indices ¢,7,%&, * «» are suppcsed to run over the range 1,

2yt ,n,7,9, . 7 and the Greek indicies a,8,%, *» » take the values 1,2, s s ,p

and consequently &,8,7, *r == run over the range of the symbols Tr2, 0,1,
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(1. 2) g% A, az= |
and let seek the condition upon ¢ in order that the function defined by
(1. 3) B=¢*" A
may become a harmonic function with respect to the tensor Ggz, i. €.
G*2 B, 45=0 '
where “,” and “” denote covariant differentiation with réspect to the

tensor g4z and G, respectively, and m is a suitable constant,
By the relations

EBHT — ; G“E(a,, G35 "I"aB G‘TE) (Conj' )
EB%=_%‘GHE(3?GBE“35 Goy) (conj. )
and Kaehlerian condition, we find the following relations
(1- 4) Eﬂd'r:rad*r +5§ (logqb), ‘4 +55}' (203‘35), A (Conj. )
(1. 5) Efs=08% (logd),w —&%° 847 (l0gd), 5 (conj. )
therefore
(1- 6) - G*EB B; B =GaE[3E Oc B— (698) Ecrpé — (333) Ecra:y‘-

=[2m(2m—3+2n)d* "™ gPT ¢, g+ 2mn ¢ ™ ]A
+(2m+n—1)P*" 3 %8 (P A, g+ 92 A, a)
+¢)2(m-1) gﬂ'g A, I:IE=0

where
Pa =P, a =0a P (conj. )
If we determine #2 by
__*1-—7&4
(1. 7) m=—p

we have from (1. 2)

¢~ [(n—2) £°%p bz +np] A=0
Hence the required condition upon ¢ is

(1. 8) (n—2) 8°% ¢p p5+np=0
We shall call the conformal transformation(1. 1) satisfying (1. 8)
conharmonic transformation [17].

Now, let us consider a vector A, of K» and suppose that by a con-
formal transformation (1. 1) A, be transformed into B, defined by
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(1- 9) B::'—_';Aﬂ"(loggb): o

then
G*?By; p=¢""[8%F Aaya — 1™ +(n—1)¢7'2%%(Pal g + AaPz)
+(3—2n) ¢7" 8% Patpy |
G*E ByBy=(n—1)¢p7* g% [AcAs — ¢ (PaAz+ AaPz)
+¢7* g% pudg ]
therefore '

G*? (Byi g+ (n—1) Ba B5 1 =¢7 g%% [ Aw, 5+ (n—1)AcA4]
— ¢ [(n—2) &%F gy 5+ 7]
thus we have the following theorem which is similar to Lemma in pp.
77 of [11.

THEOREM 1. A necessary and sufficient condition that the con-
formal transformation (1. 1) be conharmonic s that a vector field Aqg
of Ky is transformed into a vector field By of Hndefined by (1. 9)
and salisfies the condition

G%3 [ By 5 +(#—1)By By 1=¢"% 2%% [Au, z + (1—1)Ay Az ]

2. Conharmonic invariant tensors.

By the transformation (1. 1) the non-zero components of curvature
tensor of Hx are represented by the following forms

(2. 1) Hy5=¢7'07 (Pp, s — 207" b d5)
— 7 65 (Pps » — 207 PPy ) (conj. )
(2. 2) H% %3 =R%75;— 207" 85 (8p7 — ™' ¢p d5) |
+2077 8oy (89 b5 P5— 05 8°7 o P5) (conj. )
(2. 3) H45=2¢07"67 [ 8sa— 7" b5 b5 +07" &55 8°°dpdz ]
—2¢7 65 [ Bra— D Py Pyt DT 05 879 Pp P35 ]
+2¢7% 897 [ &ra Ps— L53 Pr 1P (conj, )
(2. 4) - H*55=07"187 (Pg,5 207" d5 ¢5)

~ ¢ 215 [(058%%) ¢+ 8°F (05 P5)
— 2¢7" @5 D) (conj. )
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(2. 5) H p2:=¢7" &p; [o5(8%9) ¢+ £%° (05 dz)
—2¢7'8%F ¢ Pz 14+ b7 Lpp 05 (8%9)P5

+8%% (05 $5) — 207" 8% ¢5 Pz ] (conj. )
Since
Hepza=Rpz—20(P " '8ps— 7" ¢p P5)
+2(1—n)$™* o7 £°° bp P35
HEp35=2¢0""(1—n) gpz+2(n—2) ¢77 ¢35
—2(n—2)¢""8py £°% ¢ P37
we have

(2. 6) Hys=H%zq+H%52
=Rps +2(1—20)¢* gpz +4(n—1)P7 ¢, b7
+2(3—2n)¢p~% Zpx £°9 Pp O3

and if transformation (1. 1) be conharmonic, then by (1. 8)

(2. T) H37=Ra?+4(1“”)¢-2[2_?3%3'{!7"355 bz ]

and on multiplying this by G?7 =¢~% g7 and contracting, we get

(2. 8) H=¢ R where R=2g%Rquz; H=2G*%H

Conversely if (2. 8) hold, then from (2. 6) we can see that (1. 8)
is satisfied, thus we have the following[1]

THEOREM 2, A necessary and sufficient condition that a conformal
transformation (1. 1) be conharmonic is thait it saiisfies the condilion

(2. 8).

If the Ricci tensor is invariant under the conharmonic transformation
(1. 1), i.e. Hyz=R,» then from (2. 7) we have
b Lzt (n—2) pp Pz =0
but by the relation
$(0p o7)=(1—n) [(2p Pp) b5 +bs og1— &n7 Po

and Kaehlerian condition, we have ¢,=0 (conj.): thus we have the
following
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THEOREM 8. There exists no such conharnionic tmnsformai‘ion
(1. 1) that the Ricci tensor is tnvariant.

If transformation (1. 1) be conharmonic, then from (1. 8)

4 | icn
(2. 9) Hﬁﬁ'&-S:RdBrY-a +‘n_ (,i) '53‘2”3?

+2¢7% (8% bp ¢z + 857 8% ¢5 Pz7)
and from (2. 7)
1
2n—1)

—247286% L an Epe—Pp Pz

LS Y.

2(n—1) 05K n7

GB,,. GCIG‘H 2( ]_1> gﬂfr gagRﬁﬂ'

2(%——1)

—207% 7 8% 5 f% 855 —Ps Pz ]

Hence we have

8 1 X xg
(2_ 10) H B?S—*E(n——l) [8 H'.g +GBT G Ha —J
X 1 & d.'g'
=R%pz5 — Sn—1) (6% Rpz+ 857 8%° Rs3 ]
therefore
o o 1 X Xg
(2- 11) C B’?3=R BTS O(% 1) 5 Rﬁ‘?’ T 87 8 RSJ]

is invariant under the conharmonic transformation (1. 1).

Conversely if C%,-s; be invariant under the transformation (1. 1),
we have from (2. 6)

H s — R 355 =2¢77 [ 8% bp b7 +2855 €595

2§ 5§ g7 [(1—20)+(3—2m)$'8°% ¢ ot

comparing this relation with the relation (2. 2) we have

— 247185 gy [+ (n—2) $71 £°7 §p b5 =0

this relation is equivalent to (1. 8), thus we have the following
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THEOREM 4. A necessary and sufficient qowdition that the €on-
formal transformation (1. 1) be conhayrmonic is that the tensor C%pzs
is invariant under the transformaiion (1. 1). |

If C%z25=0, from (2.11) we get by contraction

and on multiplying this by £87 and contracting, we get R=0, and by
Theorem 2 we have the following '

THEOREM 5. If the transformation (1. 1) be conharmonic and
C°,25 be a zero temsor in Ky, then R=0 and also H=0 1n Hj.

3. Conharmonic sectional curvatures

If the sectional curvature L of H» [2] be same for all possible 2-
dimensional section, then the curvature tensor must have the following
form

Hz.m A L(G.ﬂcG zz"—‘szGz'h:)

but in the present case this reduce to

(3. 1)  Hzy5=L(Gr5 Gsa—Gr5Gs5) (conj. )
Hiz05=LGos Gyg (conj, )
and on substituting this into H,s, we find
(3. 2) Hy3=HPp70+HP p55=2(n—1) LGy

If K, be a space of constant holcmorphic curvature, we have (pp.
162 of [2])

1
(3. 3) Rages— Q(n_i_1>‘<gcx§Rﬂ'E+ga3R‘rE+g‘r§Raﬁ +E7ERa§)=0

K K
4 -— - — - -
(3' ) RB‘T 2% gﬂ‘? 2?2 ¢) zGB*‘F

and by (2.11) we have
(3. 5) gug Rys+ 95 Ruzg=2(n—1)(Raps5—Cazrs)

and on substituting this into (3. 3) and using the relations
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Rapes=Razeas Cuazrs=Cuasra
we have
(3. 6) (72—38) Rugrs=2(n—1)Cuzars
Next, C%;,:1s invariant under the conharmonic transformation (1. 1)

therefore from (2.10)

(3. 7) Coanrz=¢ " [Hagrs - 2(nl__—iy(cas Hayzg+Gog Hys)

and on substituting (3. 4) into (2_10)

. 1
(3. 8) Ragss=¢ L Hagrs— 2(n—1)

KT
2n(n—1)

By substituting (3. 7) and (3. 8) into (3. 6), and using(3. 1),
(3. 2) and (2. 8) we find

(Gax H?E"I'GTE Has)

T GasGys ]

1
3.9 L=yt

therefore we obtain the following conclusion.

THEOREM 6. If Hy whose sectional curvature L is same for all
possible 2-dimensional sections s transformed, by the conharmonic
transformation (1. 1), from Kyn which s a space of constant holomor-
phic curvature, then we have the velation (3. 9).

If we assume that at all points of the space Hyx, the holomorphic
sectional curvature is all the same, then we must have

(3.11) Hop75=L(Gsz Gaz—Gps Guz) (conj. )
(3.12) Hopys=—LGos Gyp (conj. )
(3. 13) HE—B?SE:HaE'Ta‘:O (conj, )

If (1. 1) be conharmonic transformation, then by (2. 1), (2. 2),
(2. 3), (2. b) and (1. 8) we obtain
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(3.14) Hopry= 2_4_” [$Laz &ps —Las &p7]+2(8as Ps P57
—&Laz Pp b5+ Lp5 Pa Ps— L5 P P5) (conj. )
(3.15) Hua5=PRasay+2(843 Pa b5+ a5 P2Pa)
4 .
— o D Zus Ern (COI]],)

(3- 16) H&B"!S =¢E§¢&(¢B: ) — 2471 g 9‘53)

—&85a(Pos 72— 20" Pp ty) ] (conj. )
(3-17) Hcra'ra:‘#:gSE(gba: 7‘“295—195::: ¢'r)
— 805 (Pos 5 — 207 P 5) ] (conj, )

From (3.13) and (3.16) (or (3.17)) we get by contraction

D, 7 —2¢71 Py ¢‘7 =0 (COﬂj. )

and, on substituting (3.12) into (3.15), and (3.11) into (3.14), and
on multiplying by G*°G?? and G*°G#7 respectively and contracting, we
get by (1. 8)

R

oWn®

L= —¢* and n(n—1) L=0

hence we conclude the following

THEOREM 7. There exists no Hermitian space Hy which is trans-
formed by the conharmonic transformation (1. 1) from Kaehlerian
space Kn, and whose holomorphic sectional curvature is all the same
and not zervo at all poinis.

April, 1959

Mathematical Department,
Libera] Arts and Science College
Kyungpook University
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