AN ISOLATED POINT IN A PARTLY ORDERED SET
WITH INTERVAL TOPOLOGY

By Tae Ho Choe

1. Introduction.

The problem of finding necessary and sufficient condition for an
clement of a complete lattice to be isolated in the interval topology
posed by Birkhotf [ 1]". It has already been solved in the case that for
an element x to be isolated to the lattice L itself in it's interval topology
by Northam [ 2], that is, the necessary and sufficient conditions are the
followings:

(a) x covers a finite number of elements and every element under x
1s under an element covered by x.

(b) x 1s covered by a finite number of elements and every element over
x is over an element which covers x.

(¢) x belongs to a {finite separeating set®*” of L in which no other
member is comparable with x.

In this short paper, we shall find a necessary and sufficient conditions
" for an element of a partly ordered set P to be isolated to a subset M of
P. And we shall give some Remarks which shows our conditions are
equivalent to Notham's conditions (@), (&), (¢) if the subset M te P.

We here recollect some standard texms. P is paritly ordered if it is
subject to a binary relation =< which is reflexive, antisymmetric, and

transitive. In P, if neither <y nor y<x, then x and y are said to be
incomparable and this i1s denoted by x#y. The wnierval topology for P

1s defined by taking as a sub-basis {or the closed sets the class S of all
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17 Number in brackets represent references listed at the end of the ﬁaﬁer.

2) Northam cdefines a separating set {for closed intervals in the following way. Let x
anC y be 1wo elements in a partially orcered set, with x<y. A set of elements (a;d
is called a ceparating set for the closec interval [x, y] if x<a; <y all §, and every
e] ment in {x, y] is ccmrarable with at least one a;. This requires that intervals

containig less thkan tlree elements are csaid to be separated Ly the empty set,
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sets (half intervals) of the form {x:x<a}l and {x:a=<x}. It is
convenient to introduce the notation L(a) and M(a) to denote, respect-
ively, the proceeding half intervals. By a coverimg of an arbitrary set

A, we mean a collection of subsets of P whose union includes A. we let
A' denote the complement of set A.

2. The isolated point in the interval topology

The following Lemma 1s obvious. |
{LEMMA] In a topological space P, 1f F=1{B, : Bo,<P} is a base
of open sets then F'={B', . Bac F} 15 a base of closed seis.

[ THEOREM | A mnecessary and sufficient condilion for an element a
of a partly ordered set P to be isolated to subset M in the interval topol-

ogy 1S that for the element a therve exist the finite subsels A and B
such that |

(1) A=i{x:x¥%¥a or x>a}, B=1y: y#a or y<{a}

(1) (M(x))eens (L(¥) ey are covering of M—a

[ PROOF ] At first we hall show that the conditions (i), (ii) are

necessary. If ¢ is isolated to M, then ¢ &M —a.
And we can find a neighbourhood V(a) of a that V(a)N[(M-—al=0.
Since V(@) is an open set, there exist -basic open sets Uy such that
V(a)=gUs, where, UsN(M—a])=0 for all 8.
Therefore, there exist at least one basic open set Uz containing a.

Since U} is a basic closed set by Lemma, U, must be the union of a
finite number of sub-basic of closed set.

Hence there are two finite subsets 4, B of P such that
8 =L Usze aM(x)JUC UvesL(y)]
which includes M=-a because Uz (){ M=a ]=0.
If x<a and x= A, then a = M(x) which is contrary.
Hence any element x of A 1s either x# a or x> ¢. Similarly, we have
any element ¥ of B is either y#a or y<a.

‘'we now consider the suffciency. In 'an interval topology, M —a is the
intersection of

= {F.,,. . Fo 1s closed subset such that M —ac F,c P}.
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On the other hand, the subset [ U ..M{x)] U L[ UvwpsL(y)] is a closed
subset of P and includes M -—a. Threfore,

CUseaM(x)IJUCUwesl(y)]sl
while ¢ €[ UweaM(2) JUL UvesL(y)], infact, if aes M(x for some x= A
then a>x, which is contrary, and similarly if a= L(y) for some y= B
then a<y, which is also contrary.

Hence a &= M —a.

[REMARKS ] In particular case of M=P, our conditions are
equivalent to Northam's conditions (a), (&), (¢). For, there exist a finite
number of maximal elements of ix: a>x} in B, and a f{inite number of
minimal elements in 4, since (M({(x)) ,ear (L(¥))yep are a covering of
P—a.

Therefore, the conditions (@) and () hold, and the condition (¢) easily
hold, too. And it is easy to see the converse 1f M P.

Finally, we here give as example that the conditions (a), (b) are
unnecessary for element @ of M to be isolated point of M (=P). Let
P be the topological space to all real numbers and M be the subset

10, x.:1<%x, or —1>x } of P.

Then zero is an isloated point of M since M({1) JL(—1) includes M -0,
However, there is any element in M neither covering zero nor being
covered by zero.
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