ON THE SEMI-SIMPLE GROUP SPACE
‘WITH A KAEHLERIAN METRIC

By Sang-Seup Eum

Let V be an orientable manifold of C“-class, of 2 dimensions.
We tonsider a set of transformations «of V, which are in one to .6ne
correspondence- with the points of a'space M, and we confine ourselves
to the case in which M is a manifold of 27 dimensions.(»>#). Furthér-
more we assume .that the set of transformations form an 2-parameter
compact semi-simple group, and that the following conditions -are
satisfied. Let(#%,, ----,u#.,) be a local coordinate system on /N valid in
some ‘neighbourhood, ‘and let A be .any .poitit of this neiglibdurhocd.
The "transformations T, transform ‘the :points of .a neighbourkccd N of -V

into -points of ‘a neighbourhood N' of V. If (%, ----,#%,,) is-a ‘ccordinate
system validin N, and(x',, - +-,% ,,) is a coordinate system valid in N,
the transformation T, where A has coordinates (#,, - -, ., )s trans-
formes the point P, whose coordinates ‘are (x,, -- -, %.,) into thé point
P' whose coordinates (x'y, -- -+, %',,) be given by

(1. 1) xr:::g;’s(xu Tt s Xgns Uy ":'u=r>
the functions are'real -analytic functions of (%,, ----,%,,) and of(#,, -- -,

#.r), and the determinant[o®’/o¥;| different from zero at any point ‘of
N for all positions of A. [ 1]
Now, if we put ga=#n+c, ;=747 and
2o =%V —T%z, Zo=x,-W —Tx; (€=1, - 3)
Sr=urtV —lug,  S=u,—V Ty, (z=1, - -, 7)
then we get following relations instead of (1. 1)
(1. 2) 32'x=-9)x(zm-'fcr';3::'§£) (X=1, .- ,m,1,----,7
If we-eliminate ‘(zy, +- +,Zny Zy -* *+,Z,) from equdtions (1. 2) and the

equations

!
o0& 0 — _ . _
;33;{ o 3-.91' 1gpxcz’ 'z';s"g') (J=].I IREMRPY P PR 'f) *
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we obtain

(1. 3) —-a-:s — % (2, DAA(s, §) (A, T=1, -+, 2,1, - =, T)
; _

If we apply the conditions of integrability of (1. 3), we obtain the
equations

Y 35x y 88%4 o ogx
(1. 4) £ a > — &7 p 22y =CB&%c
where
(1. 5) CAB=BAIBBIC a“:'c 6;4 L ), where AC;B 65
J

and z was used instead of z' *> for convenience.
If we assume that |
gs=CiCh=0 (@ b,----=1,----,7) (conj.)
and put'®’
g, =CnC5
then, for a semi-simple group the rank of the matrix (g,5) is 2%» and,
since the space is compact, the quadratic form g,;u«°#Z° is positive
definite. Thus, denoting by(g°¢) the inverse of the matrix (g;), we
can use g% and g,, for raising up and lowing down the indicies.
If we put
:ra —£¢ ﬂgﬁbgai
and
£e’=8"%%a5t%;
where (g.3) is the inverse matrix of (g£%4), then we have
(1. 6) Lez=8c€" 85y §%.£8°=83
If »=#n, we have £%.£,°=§8%,

but if ?’>ﬂ: E“.:Ewb=l=6f,
We assume that the functions £*, are complex analytic in this section,

i. e. £€% and £%; are functions of 2% only, £%, and §%¥; are functions of

¢ only, then we have

13_agwﬂ 48 agﬂ.‘a' — &7 8 c@ ~0F g | 35“ Y e 35"
£ 82, —é 92, E&gg(e 82+ e 82,

but on the other hand from (1. 4) we get

(%) In this paper we assume the self-adjointness on the all indicies
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Sﬂa 85“‘5 ‘_"Sﬂb 85“’“ zc:bémc‘l‘cgbéﬂa

925 825
g8, St g8, 28 e —Cpyem 4 CHE%
therefore we obtain |
g’ "’g: —g"? aﬁifg-——ezééﬁ.@,—gc@gﬂg(Cés*n+C:g.5'-"-'J

and the following :[3]

THEOREM 1. 1 When »=n, a necessary and sujfictent condition that
(1. 6) is a Kaehlerian metric tensor ts C5H=0 and Cf, =0, and when
ronif Ch=0and Cl=0 then the meiric tensor (1. 6) is a Kaehlerian.

Under the Kaehlerian condition, the Christoffel symbols are given by

o&Eg’ HE®
Fé”'—r—:S“’a”——-E-B =—&p’- ﬁ~5 . when r=n
02+ €&~
@ e 5 7€8’  ab
. FB_1=S & E_E:v’z _ EE g iz o when 7 >n
d |

We consider only the case of »=# in this section, we can easily see
that |

pE® ]
‘Ede: Ef&' ﬂ“+EBaI g"l=
b

and
§%piniz— &% gin=E" R%,3=0
where ; indicates the covariant derivative w.r.t. I'g, and R%.,s 1S the
curvature tensor constructed by I'f,
Let 2% =2%(s) 1s a curve in V, and put

dz® e
ds ° S
where ¢° are constants, then we can obtain [2]
_ d?z® dz? dz"
1. 7 — . =
(1.7 ass Loy g =90

and we shall call (1. 7) is the equation of geodesic. Hence we have the
following

THEOREM 1. 2 Under the assumption that £* , dre complex analyiic
functions of z, and that r=n, 1f melric temnsor (1. 6) salisfies the
Kaehlerian condition then the following properties are satisfied.
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(1) ¢%, be parallel, |
(ii) V ts a flat Kaehlerian manifold, (R%.z=0)

(1i1) Curve 2*=2z*(s) whose tangential vector is e’£%, is
where e* are constants.

If we define g;; on M by the relations
(1. 8) gﬁ:E'AE;AE};
and further assume that A€, also are complex analytic, i. e. A°; and

A’; are functions of s; only, A°; and A% are functions of §; only, then
we obtain

geodesic,

,__._Pgif . 3gh___#Ac 814.:;

)
OSk cS; Sk g9;
08:; _  08:p = A 0 A; ____31_4;‘_:&_)
25, £S; S iS5 ¢S5

and we have from (1. 5)

C-b-Ba‘.Baf(_Zf.?i __._%1:: )+B.B, (- 3/1” _fagfi )

J

ﬂb—-B Bb l\‘—raég aaA J )+B rB ( aAE alﬂ-af )

therefore i1f C;,=C% =0 then the Kaehlerian condition is satlsfmd , and

in this case we can easily see that there exist the functions 9°(s), ¢°(s)
satisfying

L oP°(s) 9P E§)
g, =3-2718) P05

Further-more by putting

g”A:f:Acf! g*FAc'=Ar:k
we have the following relations

“—ZA ‘A
and
. 22 . 9A°
[h=g1-28H =4, 22,
28, 08,
and
2A° ]
ch k— ! ""A, ;,I,='-O
. S
ch g i——A:;:E:,= _AGIR'::'»';::—-O
where .

indicates the covariatant derivative w. r. t. [, and Rf;,; is the
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curvature tensor constructed by [/,
Let s'=s'(¢) is a curve in M, and put

dst a4
7 e’A,
then we can obtain
3 1 ] k
(-1. 9) d S +I--.f ds dS_______O

diz " didt
and we shall call it is geodesic.

Therefore we may now conclude as follows:

THEOREM 1. 3 Under the assumplion that A€, ave complex analylic
functions of s,if meitric tenso¥ (1. 8) satisiies the Kaehlerian condition
then the jollowing properties are satisjied.

(1) A°; is a parallel gradient vector

11 M 1s a flat Kaehlerian manifold. (R';;=0)

iii) Curve s'=s'(1) whose tangential veclor is e*A, is geodesic.

(iv) Metric tensor of V which ts defined by (1. 6) also salisfies the

Kaehlervian condilion for all 7 such that r>n, therefore V holds all
properties of Theorem 1. 2.

2.

Take a compact semi-simple group space with Maurer-Cartan equa-
tions **

(2. 1) h® ~9ha‘t——hﬂ on%y s h®
b aZB ¢ azﬂ ¢ 4
where
(2. 2) Co=Af AL 2%y pere  A%AS=5]
o0S; CS;
and
Caﬂc:‘_c.ab

C:bcﬁ'ft +Cbeccgg+c:ﬂcpfg=0
Now, if we put
1

1 — —_—
?(xw+\/*13g):zw, —2—{5(5,1—‘\/"‘]3&)'———’2?“

—

(%% [n this section we assume that the all indicies take the values 1, 2,¢-++ n unless
otherwise stated.
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then
(2. 3) Xo=2a+FZg, S””':«/}—'—_i(z"’_f“’)
and 4%, and A%; are functions of z% and z%, and
oh®, _ ah%, pA°; _ ,—— 8A°
- ax, 02y o8, 17,
Here we shall write o, B, v, ----instead of 7. 7. &, ----and put
h*u\2,7)=h%:(2,%2), A%(2,2)=A%(27), (a,a=1, - --,7)
then
h*a=(h%,,0, 0, h%), x=(A%, 0, 0, A%;)
thus, we may obtain pure contravariant vector 2*,(A=1, ----,5,1, ----, %)
and pure covariant vector A4,(A=1,----,w,1,----,n), and we also
get the following relations
oh®. _ oh”, oh®s __ ah”;
- 8Zy 02y T 27,
(2. 4) 2d% _ 8A% A __ 8A%
ez, oz, | 0z, 07

From (2. 1) and (2. 2), we get
th(Z,E) ahw':(z’*?‘)___hﬂc(z: E) ahwb(g, :7:) _C;Lh’wa(z: E) (con]")

Cr.= "/:TAbB (2, E)Acq(z, f)( 0 A B 2,Z) — 2 A% Z;f) )(CO%j.)
oyA 0Zg

(i) By putting
gy.=—C|[,C5
(2. 10) bswzhabhﬁcgbc
where

he’=g°°gp.l".
we obtain
h®.hs*=0% and h%.h =6
Further-more by putting

(2. 11) (g% = écf,,.hﬂbh.,‘hﬂ
2. 1 « —pe, 008"
( 2) 8 52,

we may obtain the following relations by the same way iﬁ 3] (pp.
90 —-92)
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ek

(b){B*r} - Ews-r“i“EEqB)

Lo

Q3= 5 -(E%y— E%p)

(b R%g.5 = nsPQPB
(b) RBf:r—”“" Da~

where (»){%,} are the Christoffel symbols which are calculate usually
from bz, and (3)R%g.; is the curvature tensor calculated from ){g&}-
(i1) If we put |
(2. 20) Q= A s A 5.

instead of (2. 10) then by putting
« 0Ag
L%a,=A. 224
(2. 21)

¢,qu ="';_‘(LEB'I“' Lﬂ:’iﬂ) |

we may obtain the following relations by the same way in [3] (pp.
90 —92)

1
@ {8t =g (L%sa+ L)

(2. 22) (@) R%g45 =Pn5° Pss"”

(@) Rypns = “¢‘asa§bw56
where (a){s+} are the Christoffel symbols which are calculated ususlly

from ag,, and (x)R%z.; is the curvature tensor calculated from (a){g},
and
baps =daslss
Further-more from (2. 2), (2. 21) and the last of (2. 22) we may
also obtain

(111) If we put
(2..30) Sas=ho"N 3 gas .
then we may obtain the follows by a straightforward calculatmn
&'B ___hﬂf hﬂ{)gdb

08w P 7 '
fz 8 _gPaEPwﬂ'{'gaﬁE B (E E"‘I:EPB’I)
"
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and the Kaehlerian condition

f_gtrﬁ_ — 6gﬁ§__

321 E’)Zg

1S equivalent to |
LoaDVayv =LstnE’ 15| a3
where the right hand members indicate
5 L% so —Lial’ 5,
If the above condition is satisfied then

. . 075 ¢ -

X _ B _ ') 4 o 3

&, =g¢%¢ az“~ E®. g +g%g:E%,
g |

and contracting by e¢=v we get

———— e—— o —

rﬂwrt':EwtrB +Ewnr5
then from (2. 4)and (2. 12)

E®us +—2-E*©
. a8 52- trﬂ)

o['a" Z
RB?Z_ ea

o T3

and we may now conclude as follows:
THEOREM 2 When we introduce the metric tensor (2. 30) in our
semi-simple group space endowed wilh complex coordincies (zy, 7g)

by (2. 3), tf lhe Kaehlerian condition is salisfied then the Ricct
lensoy 1S real.

Oct. 1958

Mathematical Department,
Liberal Arts and Science College
Kyungpook University
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