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Let Va be a neighbourhood of identity e in a topological group G, then 

(1) Va(P) = {qp: q E Va} 

be a neighborhood of P E G as for uniform topology of G. 
In ~ 1, we shaII introduce an uniform topology into an abstract group G directly by 

(1) regarding Va as a subset of G and prove the uniform topology is discrete. 

This argument is performed in the similar way taking the foIIowing (2) instead 

of (1). 

(2) Va (P)={q: q=a- 1Pa, a f Va}. 

And we shaII study the necessary and sufficient condition of the uniform 

topology by (1) to be non-discrete a na the sufficient condition of the uniform 

topology (2) to be non-discrete in ~ 2, and finaIIy the sufficient conditions that 

the group operations are continuous under the uniform topologies by (1) and 
(2) respectively in ~ 3. 

~ 1. DÏscrete uniform topology on a group G 

For a, x,y E G, we define (x, y) f GxG such as 

(3) 3: a E G: ax=y. 

Let {Va } be the system of aII subsets which contain e. And we put 

(4) φ={U: U도GxG， EU a: U aCU} 

where Ua={(x, y): ax=y, a f Va}={(x,y): Va}, 

then φ be a filter of GxG. Hence we have 

THEOREM 1. φ determines an unilorm topology 01 groupG. 
\ 

PROOF. a) Let L1={(x, x):{e}} , then Vα contains e for arbitrary Va f {Va}. 

itmeans U f φ implies U극，1. b) If (x, y) fUa={(X, y): Va}, then 

(y, x) f Ua-l={(y, x): Vα-1 ， } 

whereUa-l={ (y, X): (x, y) fUa}, 
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from a-1y=x. Hence, for arbitrary U E φ there exists U a E φ， such that U a E U by 
(4). From U a - E φ we obtain U a- ζU-E φ• c) For any Uζφ there exists 

(5) Ua Ç.U such that Ua={(x, y): V a} E φ. 

There exists 

Vp'VβζVa : V p ε {Va}' 
where Vp'Vβ= {ab, a ε Vβ， b E V p}, 

from ee= e E V a• We put W={(x, y): V p}, then 

WWζU， 

where WW = {(x, y): az E G: (x, Z) E W , (z, y) E W}. 

And the filter φ introduces an uniform topology into group G. 

By {e} E {Va} we obtain the following: 

COROLLARY 1. φ dertermines a discrete uniform topology iη G. 

On a topological group G a neighborhood Va of e is a subgroup of G contain

ing e. Then 

COROLLARY 2. If a topological group G is dz-screte, then the unzform topology 

of G by (1) be equivαlent to the uniform topology in theorem 1. 

Now we considcr the pair (x, y) E GxG when and only when 

(6) a a E G: a-1xa=y. 
‘ 

Similarly as for (4) , φ determines a discrete uniform topology on a group G. 

in the same way above. We shall call 

(7) Va(x)={y: a-1xa=y, a E Va} 

a conjugate neighbourhood of x E G. 

REMARK. When we define (x, y) as xy=a, a E Va, then U a does not include L1 

if Va does not contain {x2 : x ε G}. And we put (x, y-1) such as xy=a, a E Va. Then, 

by V a -1 = V p containing e, this uniform topology be equivalent to the uniform 

topology in theorem 1. 

~ 2. Non-discrete uniform topology on a group G 

We shall introduce non-discrete uniform topology into a group. For this 

r 
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purpose we suppose that G is T 1-space and group. A neighbourhood of point x in 
a topological space is a subset which includes an open set containing point x. 

Thc totality of neighbourhoods of point x is called the fundamental system of 

neighbourhoods of point x, written by æ:z;. 

From corollary 2 of theorem 1, we get easily following: 

THEOREM 2. The ηecessary and szeffz"cieηt conditioη of the μηiform topology G 

by (1) to be non-discrete is the topological grozep G to be non-discrete. (Where G 

is T 1-space.) 

Now we consider the uniform topology by conjugate neighbourhoods. 

LEMMA 1. 1 f there is an zμziform topology in a T 1-space aηd at the same time 

grozφ G by conjugate neighbourhoods (7) , then for arbitrary Va E æe there exists 

some V ß E t}i?e such that 

(8) Vβ-1. V ßζVa， where Vβ-1={X- 1 : x E V ß}. 

PROOF. Let 

{Va(P) : α E T}, 

where Va(p) = {q: q=a-1Pa, a E V a}' 

va ε age’ 

be a base of the fundamental system of conjugate neighbourhoods of p E G in the 
uniform topology. By the dcfinition of the uniform topology, for arbitrary α Er 
there exists some ß ε r such that 

q E Va(p) if p E Vß(r) and a E V ß(r) for any r f G. 

From p f Vβ(r) and q E Vβ(r) ， therc exist a, b EVβ such that p=a-1ra, q= 
b-1rb and q=(a-1b)-lp(a-1b) f Va(p). Hence, V ß-1.Vß f Vα· 

From now on in this paper, we assume that G is a T 1-space as well as a topo 
logical group. Then G also satisfies the result of lemma 1. 

THEOREM 3. 

(A) For each Xi> X2 E G (X1 ￥X2) there is at least one system {V:z; :x f M} of neigh
bourhoods of e E G sμch that 

(9) Cl:Z; fMV :z; =open set aηd V :z; ø x, 

where M=M(x i> X2) ={a: x2=a-1x1a, a E G}. 

If G satz.sfz"es the condition (A) , then G be an uniform sþace by conjugate neigh-
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buarhoods. 

PROOF. a) Since V a for any a é F' contains e. Va(x} contains point x for arbi

trary x E G. b) From (A) there exists at least one {V과 satisfying (9). We put 

Î1xEMV x=V. 

Since V is open set with e. V is a neighbourhood of e. Hence there is an α Er 
which Va=V. And V a(Xt) ~ X2. For if y=a-txta and a E Va since a does not belong 

to M (x J, X2) , then y is different from X2 for any a E Va• c) For arbitrary a , β ε F 

thcre exists some r E r such that V rkV aÎlVβ:Vα， Vβ• Vr E æ e. And we have Va(x). 

Î1Vβ(X)깅V /x) for arbitrary X E G. d) For arbitrary Va E æ e there exists Vβ in %e’ 
satisfying (8) , because G is a topological group. And. if we put p ε Vβ (í) and 

q E V ß(r) for arbitrary r E G, then we get q E Vβ(p) by similar way on lemma 1. 

Here a- 1ea=e for any a E G. and have V a(e) = {e} for arbitrary V a E æ e then 

COROLLARY 1. The ide.ηtity e of G z's an isolate point the μηiform topology in 

theorem 3. 

COROLLARY 2. (A') There exz'sts Va ε æeSZκh as VaÎlM(Xh X2) z's fz"nz"te set 

for each XJ, X2 E G (Xl놓X2). 

If G satisfies the (A'), G is an uniform space by conjμgate neighbourhoods. 

PROOF. Let’ s put 

Va ÎlM (Xh X2) = {ah a2. . .....• an}. 

Then there are V j E æe such that V j ~ a j (i = 1, 2, ....... n) , for G is a T 1-space and 
aj~e (i = 1, 2, "', n). There exists Vβεæe which VβCVaÎl(마~lVj) because the Va 
and V; ’s are the finite number of neighbourhoods of e. And we obtain Vβ(Xl) 
f Xz. 

LEMMA 2. If topological group G satisfies 

(B) There exists VxEæe that VxÎlN(x) ={e} for each X E G, 
anù. 

(C) {e} i æ e’ i.e. G is non-discrete, then N(x)={a: ax=xa. a E G} i æe. 

PROOF. If it is not so, thcn there exists some Vβ E tRe such that VβCVa 
Î1N(x) for any V a E lRe. From the condition (B) , we obtain {e} E æe which is con

trary to (C). 
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LEMMA 3. G satisfies either (A) , (B) and (C) , or (A') , (B) αnd (C) , then 

there is no ηez'ghboμrhood Vα (x) of x such thαt Vα (x) = {x} for each x f G (x늦e) . 

PROOF. Wc suppose that there exists Va(x) such that V.α (x) ={x}. 8incc {e} 

does not helong to 껑e from (C) thcre exists point a, not identity, which is 

contained to Vα. 8ince a- 1xa=x for arbitrary a f Vα， then a belongs to N(x). 80 

Vα bc included in N (x). 8ince Vα ε íJ2e, N(x) bclongs to íJiJe• This is contrary to 

lemma 2. 
ι 

Hence wc ohtain following thcorem: 

THEOREM 4. G satisfz'es either (A) , (B) and (C) , or (A'), (B) and (C) , then 

there exists a non-discrete uniform topology in G, and the identity e is only one 

isolate point in G. 

~ 3. Uniform topological groups 

In gencral mappings f(x , y) =xy and Ø(x) =x- 1 are not. continuousin uniforrn 

topology of G which is introduccd from G. And particularly we shall call G an 

uniform topological group when and only y,rhen 

(a) G is a group, 

(b) G is an uniform space, 

(c) f(x , y) =xy and Ø(x) =x-1 are continuous mappings for the uniform topology 

of G. 

THEOREM 5. The sαfficient condition that G is an uniform topological group 

t·η the sense of (D) is the followiη강 (D) : 

(D) For each x E G there exists αt least one V x such that 

(1 0) VxζN(x) ， V x ε íJiJ •• 

PROOF. Therc arc Vβ and V r , in íJiJe which Vβ·Vrl도Va for and Va E íJiJe• While 

therc is V x satisfying (10) for cach x E G from (D). And there is V x f íJiJe such 

that VrζVr，nVx ' If xy=z, X' f Vβ (x) and y' f V/y) , then xψ'= (ax) (by) =a(bx)y 

cVα (z) ， that is Vβ(x).VyCy) 두Vα (z). Hencc f(x , y) =xy is a continuous mapping 

from GxG to G. As Vxdcpends on x, so this mapping is not uniformly continuous. 

Now we shall prove Ø(x) =x- 1 is also continuous mapping. Lct V(x- 1
) be an 

arbitrary ncighbourhood of x- 1• And there is some α f r such that V a (x- 1
) ={y: 

ax- 1=y, a ε Vα}ζV(x- 1 ). Furthcrmore there cxists Vβl e age such that Vβ-1ζVa for 
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any Vα ε 1Ji3. From (D) , we put VβζVβ，nVr， Vβ f 1Ji3e, then x'-t = CαX)-I=(xa)-I 

=a- 1x- 1 f Va(x- I) , X' f Vβ(x). Hence we obtain V.a(x)-lμVa(x- I) ， whcre Vβ(X)-I 

={y-t; Y E Vβ (x)}. 

LEMMA 4. If G is the uniform sþace by conjugate neighboμrhoods， then rjJ (x) 

=x-I is conti.ημous on G. 

PROOF. We have easily Va(x)-I=Va(x- l ) for each x E G. 

THEOREM 6. 

(E) For each x E G, there exist U, V f 1Ji3e satisfying 

(11) U.V드N(x). 

1 f G satisfies (A) and (E) , theη G isaη μηiform toþological grouþ, by conjugate 

neighbourhoods. 

PROOF. There cxist Vβ" V r, f 1Ji3e such that Vβl·VrIζVa for arbitrary Va f 1Ji3e. 

From (E), we obtain Vβ， Vr such that VβζVβ，nU， and VrCVr ,nV. Then Vβ(x) 

.Vr(y)~Va(Z). By theorem 3 and lemma 4, G is an uniform topological group. 

Finally, 1 express my hearty thanks to professor Chung-Ki Pahk in Kyungpook 

University for his kind guidancc. 
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