ON THE PROJECTIVE AND CONFORMAL TRANSFORMATIONS
IN THE METRIC MANIFOLD WITH TORSION

By Jae Koo Ahn

§ 1. Introduction

We consider an #n-dimensional manifold on which there is given a positive
metric

and take the quantities E;k, so that

_3 £k
o0z’

1. D £k — 8,5 =0.

Then for the coordinate transformation

of which the Jacobian is different from zero, we can calculate

0x° .. 0%x° dx"  0x°

— _ | : d
dox’ ox*

. 2 —bB = T
1.2 dx” T 9x7 gx"

Epes

and consequently, Ef;-k are the components of metric connection, where we assume
that E, needs not to be symmetric, i.e., E,XE}..
If we put

then we know evidently that ka‘ are the components of tensor being anti-symme-
tric in 7 and &2, and we call it a torsion tensor and the metric manifold with
such a connection Ej-k_ the metric manifold with torsion.

From (1.1), we can calculate

(1. 4) Ej;z =[]zk]+SJk’—S’Jk-—-S'k},

where
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(1- 5) S‘.jk=gisgk‘rssjtr
and from (1.4), we have
1. 6) = Bt By ={"p) =5 =5,
since S]-k" 1s anti-symmetric in 7 and 2. From (1.4), putting

7 . 3' ;
(1. 7) {, E; ={jk}+l‘fk ’
ijz:Sj.éf'_lek: Tfjk_—'sfijFkaj.

\
then (1.6) is reduced to
. z' -
(1. 8) o= {a} =T e
and we find
(1. 9) j‘kf — Rj'k! + ijf, 1—Lj; ’: ¢ T ijsLs:f"’ L j!sLskfr

where the comma denotes covariant differentiation with respect to {;k}

0

- 4
(1. 10) }kl"' é‘x" ;’k N

ox

EY+E5E —E Ey,,

and R}, is the Riemannian curvature tensor. *

§ 2. The coordinate transformations

From (1.4), contracting for 7 and 7, we have

E:k = {gk} + Sﬂkﬂ o Saka'

since S%,,=0 from (i.5). Because of which

n

a\ _ 0 — 0 ——
{L'Ik} i AW l0g/ & aa= P a____gog‘s/gaar

M:

then we obtain

0 7 —
gk = P Ell 0g+/ Lo+ Saka_saka’

—

(*) Here, we have refered from (1) for the preparation.
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and consequently, E?, arc the components of the covariant vector. On the

other hand, from (1.2), it can be reduced to

' 0x° 0%x% dx’  0x°
E y sy 72 7 r 23 7 »
Tk Er‘x“(ﬁx"axk i dx’ Ox* Eg‘)

and contracting for 7 and j, we obtain

E"'m a 5:5’ | axc Ea

mkz ;'F'Iog ax “‘+ ax.rk ac’

O0x

and finally, since Ej, are the components of a vector, we have

0 ax’ |
o log P =(,

and it implies the Jacobian be constant. Hence, we have the following theorem:

THEOREM  In the metric manifold with torsion, the [Jacobian is constant for the
general coordinate transformation.

§3. The projective transformations

In this section, we investigate the relations between the metric manifold with
torsion and the Riemannian manifold with the same metric for the projective
transformations.

In the metric manifold with torsion, wc consider the paths defined dy
dx’  dx*

, { —
- L ds ds =0.

d?x’

3. 1 s

Interchanging 7 and 2 in (3.1), summing them and dividing it by 2, we obtain

i dx  di*

d’x

ds?

0,

and conversely. In fact, from this, i.e.,

dix' i\ de)  dit
: et £ ds ds O

we have (3.1). Hence we can aware that the paths (8.1) are equivalent to
(3.2), moreaver [’ j-k is also a connection, and thus we can take (3.2) as the
equation of paths instead of (3.1).
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Now, we have known already that the necessary and sufficient condition
that, on the metric mamfolds V? and V* with torsion of which their metric

tensors are g;, and gjk respectively, they are projectively transformable one
another is that (3.3)

,k_r=k+a‘f¢k+5 ¢

For the projective transformation the Weyl tensor W (I)* ik 18 invariant [2],
where

2 ] 1 ]
(3. 4) W(F);k! Jkl i n+1 §j(rk1_rfk)+_}z_2—:1 [a\k(n‘r'ﬂ_‘_r!j)
! g ]'-z' 0 1": s ]- $
(3. 5) jkf— ax[ jk_ axk ['l‘ k ]_'l]-'
(3. 6) Iov=T

Substituting (1.6) into (3.5), and putting
3. D T' =S 4 +S 45

then we can have

(3. 8) = Riu— T
where
(3. 9 =T =T =TT ,+T5 T,

Contracting for 7 and /, we obtain I';,=R;,—T,, where T]-k::T" Thus, since

the Weyl tensor W (I")’ i 18 Invariant for the projective transformatmns, it Is.
reducible to

(3. 10) WYy =Wy =W (T)

where W', is the Weyl tensor on the Riemannian manifold, i.e.,

1 . .

since Rj, is symmetric (3], and
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; : 1 - 1 )
(3_ 12) W(T)jksz}m - n+1 5}(TH—TM) -+ nz__l [5k(nTﬂ+T”)

As the result of (3.10), when the Riemannian manifolds with the same metric
as on the metric manifolds are projectively transformable, W(T);:H is invariant,
provided that the metric manifolds are also projectively transformable.

Now, analogically on the Riemannian manifold [3], it can be safely said the
metric manifold with torsion be projectively flat, when

W) M-O and hence we have the following theoremd:

THEOREM The necessary and sufficient condition that the metric manifold with
torsion be projectively flat is that

Jkl =W (T)jﬁl.

In the Riemannian manifold, the equation of paths, i.e., the geodesics are
expressed by

d*’ {z} dx’ _dx* _ 0,

- ds® k) ds ds

and in the metric manifold with torsion, it is (3.2). The equation of the projec-
tive transformation on the Riemann manifold is represented by

{;-k} { B 0 18+,

From (1.6), this equation is reduced to
F’k—}-st k-l-Szk]—]_'zk-l-S: k+Szkj+5z¢k+5 ¢

Contracting for 7 and j, making use of S?,=0 and adjusting for ¢, , and substi-
tuting it into above form, then we obtain the form

., 1 I 1 1o a
. 13) T+ 4 8L @IT 81017 — — L (37157, 13,55

' i i 1 i 1 ' o .
=L+ 8 3+ 5 =17 042, +0%T5) — T 055"k 015750

In fact, this is equivalent to

—

R G R E S AT S CHEA T AN
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but, we take thc above form. Then if we put

: : 1 . ' a
(3.14) #=T =1 O ant 0kl )

. . . 1 - -
=S et S =537 075 ka1 00 o),
(3, 13) is reduced to
F;k'l‘zzk:”;k‘l‘Ajk:

Here, %, so called T.Y. Thomas projective connection [4], is invariant for
the projective transformations of the paths on the metric manifold with torsion:
we have the theorem:

THEOREM On the metric manifolds with torsion, if the tensor Aj-k be invariant
for the projective transformation on the Riemannian manifold with the same metric,
then the melric manifolds are projectively transformable, and conversely. .

Next, we assume that the metric manifold with torsion are projectively trans-

formable, i.e.,

The equation of coordinate transformation is

i 0x® 0%x° 0x°  0a°
H”': (h 7 . 7 ‘:h 7y o 7 ]I‘G)
% 9%\ 957 35 ox7 ox* %
n+1 \"7 5yt “ oxl )
where 4= j’; . From theorem in §2, we can aware that // j—k Is a connection in

the metric manifold with torsion too, 1.e.,

a o a ” ¢
% 0%x oz Odx

o | > 7
dx’  Ox"

(3.16) P T T e F

Substituting the form obtained from (3. 14)

. . r 1 . -
ie=1%,A 1 (05 g+ 04 57

into (3.2), then the equation (3.2) of the paths is reduced to
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A% | i odY? dé | 2 g dif dY
ds® I ds ds = n+l "r"k_&? gs V-

If we take the parameter p such that

(3, 17) d®s 2 a
k N 5 — = r kdxk
2 e dx h dp i e. pzfe 72+1f g d

n+1 "~ ek ds :( ds \?’ 5

ap
then the equation of paths is reduced to

d’x' e dx  dx®

_0,

where p is invariant for the projective transformation, but not for the coordinate
transformatlon [4l. In fact, in the coordinate system, we put the equation of
the paths

‘4 dxd dx‘,k )
Jk dp! dpr

d2x
dp’?

/4 =0.

Substituting (3. 16) into this and comparing with (3.18), then we obtain the
relation
(3.19) P’ =cp+m.

where ¢ and m are arbitrary constants.

§4. The conformal Transformations

For two metric manifolds with torsion of which metrics are g;and g;; we
call that they are conformal, if there is the relation

(4_ 1) g—U _—_e2ﬂ'g

i7°

In this section, we will investigate about the relations of conformality between
the Riemannian manifold and the metric manifold with torsion.

From (1.9), if we put

(4. 2) L.?kl tI:L}-kf. Z_L}{ El P ‘I‘ij SLSZI‘_ }I SLS/?I:

then (1.9) is reduced to
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We well know that when the metric manifolds are conformally transformable,.
the conformal curvature tensor Cj,-k, 1s invariant [3], where

2 1
(4. 4 Ciin=Rija+ — =5 [0)Ry— 4R, + &R — g;;R})

R
| (n—1) (n—2) <gz';5;;§—g5k5?),

From (1.7) and (1.8), substituting (4.3) into (4.4), we obtain the form

(4. 5) Clit=C B —C D
where
4. 6) C(BYy=Elyyt — L5 OIE,,— 04+ 8,4 B} — g, B

; E .
" (n—1) (n—2) (g:'jgg_g;‘kaj):

CD =L+~ (ML~ UL, + gLt — g ;L)

L
E (n— 1) '(12—2) (g:'fag_' g;'ka?),

. s b . s
Efj - E?jk, E = g”E L” - Lz'jk L pr gULz'j’

ij3?

and consequently, for the metric manifolds with torsion the conformal invariant

" =0, the metric manifold be con-

tensor is represened by (4.5). Since, when (.

formally flat [3], then we get the theorem.:

THEOREM The necessary and sufficient condition that the metric manifold with
torsion be conformally flat s that

4. 7) C(E),=CL)!

i1k
Next, differentiating (4.1) with respect to % we get

7 g ij
32 ( axk | 20.’ kglj)’

and because of (1.1), this is reduced to
g_'sjr’z'ks T g_fszjks — 625 (gsjEjk + gz'gE?k + 20'1 kg;‘j) .

Since from (4.1), we get
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gil = ¢=20 il
Multiplying above form by this and summing for j, we obtain
4. 8) B\t 8", En=Ely+ g8, B+ 2010, 4
and contracting for z and 7, we get
(4. 9) a,k=%(Egk—Ejk).

If we substitute this into (4.8), then we have the invariant quantities for the
conformal transformation, i.e., they are

(4. 10) *C;k =E;k + gingij::k — %g;Eﬂ

ak’

and if we put Cj—k the symmetric part of *Cjk in 7 and %, i.e,

: : 1 1 . :
(4. 11) ;'k= }kl 9 gm(g,'mE::k'l‘gkmEz') Y (5}Eﬂk+5’ gj)l

then they are invariant too, but not the connection for the coordinate transfor-
mation and for the coordinate transformation they are taken by the equation

| 0x% A, 0%x°® 0x°  0x° o
(4- 12) - N Glda— : S . —_C
ax” T GxToxt oz’ gxt

’

1 o 0x°  ox" 0% ox ox” 0%’
-} : . + = ° 7 7y ]
2 & (gbs ox”’  ox  ox"ox’" £es ox* 91  0x"0x” )

If we substitute (4.11) in the equation (3.2) of paths, then the equation is
reduced to

d% i dy dx” 2 o dxt N\ di _
ds? +Ci ds ds +(7Eﬂk ds ¢) ds =0,
where we have taken ¢ to that
dx! I } " d.ft-'; d!ﬂ".
(4. 15 ¢ —ds =8 Einfu g5 gy
everywhere on the paths. Taking the parameter p such that
(4. 14) d®s
2 o dx°
2 o di . TdpF | p— (-———E"k qb)ds
7 Eags —9 2 p“fe f n e as ds,

(&
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then the equation of the paths is changed to

dzxf | ] dx" dxk .
(4. 15) 757 Ci g5~ =0

Hence we have the following theorem:

THEOREM. For the conformal transformation, the quaniities Ciik given by (4.11)
are invariant in the metric manifold with torsion, and if we take the parame-

ter p given by (4.14), the equation of the palhs is changed 10 (4.15) and the para-

meter and the equation of the paths (4.15) are invariant for the conformal transfor-
Mations.

This parameter p is invariant for the conformal transformations. We will
seek the relation of p for the coordinate transformations.
In (4.12), if we put

1 02«
(4.16) fsk=78’m€sx‘ PR PR
then (4.12) is reduced to
' ’§ 0x* 02x” 3  04° 0x° A ox® ~f
! 2 I
(4. 10) LR ( gz 0x | dx’  dx " Cb‘")-l- L 6;j :

In the coordinate system (x”), we put the equation of the paths

2.1 . L2
._jprz +Cf;k », dx.r _0-

Substituting (4.17) into this and making use of (4.15), we obtain the result

2( dp )Ee’a 0x”  _dx’  dx _ dx® 2%
dp” ] % gx° dp dp ap ap”’

where we put similarly to (4.16)

’ 1 , 2, F
(4-18) GEZTgﬂfgSkax

And putting

‘a 5’fo d:cb a’xc
(419 . U o "dp " db
B dx” ’

ap



The projective and eonformal transformations 39

then we get the differential equation

7y (2

dp dp
and solving it
(4. 20) P = f g1 TadD dp.
Next, we seek the condition of the integrability of (4. 17).
Putting
7 3xa
4.21 U, =———,
(4.21 oo0x’

then (4.17) is that
du’:

J

0x ”

R Fo ) st
ujC uuk bc—uuﬁsk———uuﬁsj.

Differentiating with repect to %, interchanging 2 and /, subtracting these equa~
0°u; 0>u
T @xq 6‘x

tions and making usc of the condition of the integrability

then we obtaln

I o
ua* ’§ ”bucud* Iy u( 66 ) Oask

— ; _
71kl k ocd ax 0% !

-"'I' m .-"j m\

0. .. . sf 99s; om g
_ﬂfﬂg( ] C mﬂsj 10 )‘|‘ u: ‘,( ax;i IC kﬁ jkﬁm).

ox*

—U u uk(cr 6I[+5 ) +u 'ugu[(amaiﬁ;—af] sm)

im

+ugupu; (CT6:,+6. 00,

Sl

where

0 J
*CW—_ 0%’ C dx

]
Multiplying this by zréz gxa and contracting, it is reduced to
x

WAl m
kcjl_l_ 7k mi C

Flig 36
*C;l ki_ubu; * gca—}-uj( ax’s; (?.1: .IC 6’” C 621}:)
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At S

miY's

—uSul(CL0,+0m0.,) +uiu (070, —0m6L) +us (CL6, +6.,0m,
- and putting
(4. 22) *Cliig = *C' ikl —‘*Czkﬂ'

" then we have the condition of the integrability, i.e.

,. a0 |
(4.23) *C i = uz&k C[bc]-l-u[ ax’[k (CL6,, 9" ’")utJ
56"
~uf| — 5+ (C0,+ 05,004 |
0, 00, .,
w4 €0 0m]

"Hence we have the theorem.

THEOREM. In the metric man:fold with torsion, a necessary and sufficient condi-
- tion that two systems of functions C,.(x) and ok ;_,(:c) in the coordinate systems
{(x) and (x) respectively give the same systems 0f paths, is that they satisfy the
- condition (4.23).

August 25. 1957
Graduate School
Kyungpook University
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