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1. Introduction 

 
Parallel robots have received increasing attention 

due to their inherent advantages over conventional 

serial counterparts, such as high rigidity, high load 

capacity, high velocity, good dynamic characteristics, 

and high precision. In recent years, many 3-DOF 

parallel manipulators have been designed; extensive 

research work was focused on the well-known 

DELTA robot with three translational DOF (Tsai’s 

manipulator which was similar to DELTA robot but 

not a version of DELTA). Although the parallel 

manipulator with limited DOF have been investigated 

extensively on a kinematic scope, investigations on 

their dynamics are relatively few, and the limited 

DOF parallel platforms have been investigated to 

some extent, very little has been reported in the 

literature on the closed-form dynamics. We will use 

direct Lagrangian method, to derive the motion of 

equation. Based on the kinematic analysis, the 

dynamic model is derived by the Lagrangian 

approach. The derived inverse dynamics result has 

been simulated with different trajectories. The 

inverse dynamic equations will be used for the real-

time computed torque control. 

2. Kinematic and Jacobian analyses 

A loop-closure equation can be written for each 

limb: 
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Expressing Eq.1 in the  iziyix ,,  coordinate frame, 

and solving for i1 , i2 , i3 yield 
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Fig. 1: Description of the joint angles  

Differentiating Eq.1 with respects to time and 

expressing the resulting equation in the  iii zyx ,,  

coordinate frame provides 

iCiBiiBiAiPV  21   (2) 

where ni  is the angular velocity of the nth link of 

the ith leg in the  iziyix ,, coordinate frame.  

Expressing the vector of Eq.1 in the  iii zyx ,,  

coordinate frame, and substituting the results into Eq. 

2, we obtain the relation between the velocity of the 

moving platform and actuator joints 
qJvJ qpx  (3)
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  iiiiiiixj  sin3coscos3sin21cos   
  iiiiiiiyj  cos3cossin3sin21cos   

  iiiizj 3sin21sin    

3. Inverse dynamics analysis 

In this section, the inverse dynamics of Delta 

robot is presented. For the computed torque control 
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in high speed applications, the closed form solution 

of inverse dynamics is essential. Using the Lagrange 

equations of the first type, the closed-form dynamics 

equations can be derived. 

ntoj
jq
i

k

i
ijQ

jq

L

jq

L

dt

d
1for

1


























 


 

where n is the number of generalized coordinates, k is 

the number of constraint functions, kn  is the 

number of actuated joint variables, i denotes the ith 

constraint function, and i  is the Lagragian 

multiplier. 

The Lagrangian multipliers are derived as 
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Once the Lagrangian multipliers are found the 

actuator torque can be determined as 
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The mass properties and kinematic parameters of 

Delta-type parallel-kinematic are listed in table 1.  

Table 1. Design parameters 
No Values 

Upper robot arm am [g] 82.9 

Parallelogram bm [g] 48.2 

Moving platform pm [g] 83.6 

Radius of the fixed base a [mm] 60 
Radius of the moving platform b [mm] 22 

Upper arm length 1l [mm] 100 

Parallelogram length 2l [mm] 224 

Fig. 2 presents the actuator forces obtained by the 

analytical inverse dynamics for three different cubic 

trajectories with average velocity 1000mm/sec.  
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a) Trajectory from (-50, 0, 0) to (50, 0, 0) for 0.1sec 
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b) Trajectory from (0, -50, 0) to (0, 50, 0) for 0.1sec 
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c) Trajectory from (0, 0, 188) to (0, 0, 288) for 0.1sec 

Fig.2: Simulations results of the inverse dynamics 

4. Conclusion 

In this the inverse dynamics of the Delta-type 

Parallel-kinematic Robot has been derived. The 

derived inverse dynamic equations will be used for 

real-time computed torque control.  
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