Proceedings of KIIS Spring Conference 2008 Vol. 18, No. 1.

Existence of Solutions for the Semilinear Fuzzy Integrodifferential
| Equations
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Abstract

 This paper is to investigate the existence theorem for the semilinear fuzzy integrodifferential equation in Ey
by using the concept of fuzzy number whose values are normal, convex, upper semicontinuous and compactly
supported interval in E 5. Main tool is successive iteration method.
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1. Introduction

Many authors have studied several concepts of
fuzzy systems. Kaleva [3] studied the existence and
uniqueness of solution for the fuzzy differential equa-
tion on £™ where E™ is normal, convex, upper semi-
continuous and compactly supported fuzzy sets in R™.
Seikkala [7] proved the existence and uniqueness of
fuzzy solution for the following equation:

£(t) = f(t,2(2)) , (0) = o,
where f is a continuous mapping from R x R into R
and xg is a fuzzy number in E'. Diamond and Kloeden
[2] proved the fuzzy Optlmal control for the following
~ system:
£(t) = a(t)z(t) + u(t), z(0)= =0,
where z(-), u(-) are nonempty compact interval-valued
functions on E'. Kwun and Park [4] proved the exis-
tence of fuzzy optimal control for the nonlinear fuzzy
differential system with nonlocal initial condition in
E}, using by Kuhn-Tucker theorems. Balasubrama-
‘niam and Muralisankar [1] proved the existence and
uniqueness of fuzzy solutions for the semilinear fuzzy
integrodifferential equation with nonlocal initial condi-
tion. Recently, Park, Park and Kwun [6] find the suffi-
- cient condition of nonlocal controllability for the semi-

linear fuzzy integrodifferential equation with nonlocal
initial condition.

In this paper, we study the existence theorem for the
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following semilinear fuzzy integrodifferential equation:

T = Al0+ [ a0 satos|
+f(t,z(t)) t € I =0,T),
x(0) = ¢ € EN, @)

where A : I — En is a fuzzy coefficient, Fn is the set
of all upper semicontinuous convex normal fuzzy num-
bers with bounded a-level intervals, f : I X Eny — En
is nonlinear continuous functions, G(t) is n X n contin-

uous matrix such that dG(t) is continuous for r € Ey
and t € I with ||G(t)]] § k k > 0.

2. Preliminaries

A fuzzy subset of R" is defined in terms of mem-
bership function which assigns to each point x € R™ a
grade of membership in the fuzzy set.

Such a membership function m : R™ — [0,1] is
used synonymously to denote the corresponding fuzzy
set.

Assumption 1. m maps R™ onto [0, 1].
Assumption 2. [m]° is a bounded subset of R™.
Assumption 3. mn 1s upper semicontinuous.
Assumption 4. m is fuzzy convex.

We denote by E™ the space of all fuzzy subsets m
of K" which satisfy assumption [-4; that 1s, normal,



fuzzy convex and upper semicontinuous fuzzy sets with
bounded supports.

In particular, we denote by E? the space of all fuzzy
subsets m of R which satisfy assumption 1-4.

A fuzzy number a in real line R is a fuzzy set char-
acterized by a membership function m, as m, : R —
0, 1].

A fuzzy number a is expressed as a
Jzer Ma(z)/z, with the understanding that me(z) €
0, 1] represent the grade of membership of x in a and [
denotes the union of mg(z)/x’s [5].

Let Ex be the set of all upper semicontinuous con-
vex normal fuzzy number with bounded «-level inter-
vals.

‘This means that if a € E then the a-level set.

@] ={r e R:my(z) >a, 0<a<1}

is a closed bounded interval which we denote by

a}® = o}, a7]

and there exists a g € R such that a(ty) = 1.
(see[4])

The support I', of a fuzzy number a is defined, as a
special case of level set "

by the following

[, ={z € R: my(x) > 0}

Two fuzzy numbers a and b are called equal a = b,
if mq(x) = mp(ax) for all z € R. It follows that

a=b< [a]* = [b]* for all a € (0,1]

A fuzzy number a maybe decomposed into its level
sets through the resolution identity

- /Ola[a]a

where aa]*’s with a ranging from 0 to 1.
We denote the supremum metric do, on £™ and the
supremum metric H; on C(I : E™).

Definition 2.1 Leta, b € E™

. doo(a'r b) — S’U,p{dH([CL]a, [b}a) qegs (01'1]}

Where d;; 1s the Hausdorff distance.
Definition 2.2 Let z,y € C(I : E™)
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Hi(z,y) = sup{deo(x(t),y(t)) : te€ I}

Let I be areal interval. A mappingz : [ — E'is
called a fuzzy process.
We denote

2(6))* = (=) (1), €2) ()], tel, 0<a<l

The derivative z’(t) of a fuzzy process x is defined
by

2/ (6] = [(z2)(t), @) ()], 0<a<1

provided that is equation defines a fuzzy z'(t) €
En

The fuzzy integral

b
/ s(t)dt, abel

is defined by

[[: m(t)dt] . [/ab xy (.t)a;t, /: :B?(t)dt]

provided that the Lebesque integral on the right ex-

1st.

Definition 2.3 (Puri and Ralescu [4]) The integral
of a fuzzy mapping F' : [0,1] — E™ is defined level-
wise by

. [ /T F(t)dt) /T F, (t)dt
- {/Tf(t)dt:f;T—»R”

is a measurable selection for F, a}

for all a € [0, 1].

Definition 24 A mapping F : T — E™ is
bounded if there exists a constant A/ > 0 such that
doo(F(t),{0}) < M forallt € T.

It was proved by Puri and Ralescu [4] that a strongly
measurable and integrably bounded mapping F' : T' —
E™ is integrable.(i.e, [ F(t)dt € E™ )



Theorem 2.1 If ' : T' — E™ is continuous then it
1s integrable.

Theorem 2.2 Let F°, G : T' — E™ be integrable and
A € R. Then
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(1) [(F(t) + G(t))dt = fT F(t)dt + [ G(t)dt

Q) [ AF(t)dt = X [ F(

(3) doo (F, G) is integrable.

WD doo ([ F(t)dt, [ G(t)dt < [ doo(F(t), G(t))dt

Definition 2.5 [1] The fuzzy processz : I — En
is a solution of equations (1)-(2) without the inhomoge-
- neous term if and only if

- @D

= min { A7(8)[5(2)
+/O G(t — s)z3(s)ds], i,j:z,r},
() = max{A2(@)[z5(t)
+/0 G(t—s)m?(s)ds], i, ] =l,r},
(@7)0) =z, (27)(0) = x5,

Now we assume the following:

(H1) S(%) is a fuzzy number satisfying, for y € En
and S’'(t)y € C'(I : Ey) N C(I : En), the equation

%S(t)y:A{S(t)y+ /0 G(t —5)S(s)yds|

i
— S(t)Ay + / S(t — s)AG(s)yds, tel,
0

such that

IS = [S7(2), 57 ()],

and S2(t) (¢ = I, r) is continuous. That is, there exists

a constant ¢ > 0 such that | ST (¢)] < cforall ¢t € I and
- S(0) =1 -

(H2) The inhomogeheous téi'm f:IxEn — Eyn

1s continuous function and satisfies a global Lipschitz
condition.

de([f(s,2()]%, [f (v, 9(s))]%)
cadp ([x(s)]% [y(s)]%)

for all z(-),y(-) € En and a finite constant ¢y > O,
~ccy < 1and f(s;{0}) is bounded on C(I : Ey).

3)
<

3. Existence theorems

In this section, we prove the existence and unique-
ness of fuzzy solutions for the equation (1)-(2).

The (1)-(2) is related to the following fuzzy 1ntegral
equation :

I

t .
S(t)go + / S(t - 8)f (s, 2(s))ds (4)
oo € En (5)

where S(t) is satisfy (H1).

Theorem 3.1 Suppose that hypotheses (H1)-(H2)
are satisfied. Then there exists a unique solution x(t)
of the equation (1)-(2) on C(I : Ey) and the succes-
sive iteration

20(t) = 5(t)do ©
Znsa () = 20(t) + [ S(t = 9)f(5,20(5)d])

z(t)
z(0)

———,
—,

are uniformly convergent to z(t) on C(I : En).(n=
0,1,2,...)
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