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Abstract

A Bubble size distribution model has been
developed for the numerical simulation of cryogenic
high-speed cavitating flow of the turbo-pumps in the
liquid fuel rocket engine. The new model is based on
the previous one proposed by the authors, in which
the bubble number density was solved as a function of
bubble size at each grid point of the calculation
domain by means of Eulerian framework with respect
to the bubble size coordinate. In the previous model,
the growth/decay of bubbles due to pressure
difference between bubble and liquid was solved
exactly based on Rayleigh-Plesset equation. However,
the unsteady heat transfer between liquid and bubble,
which controls the evaporation/condensation rate, was
approximated by a theoretical solution of unsteady
heat conduction under a constant temperature
difference. In the present study, the unsteady
temperature field in the liquid around a bubble is also
solved exactly in order to establish an accurate and
efficient numerical simulation code for cavitating
flows. The growth/decay of a single bubble and
growth of bubbles with nucleation were successfully
simulated by the proposed model.

1. Introduction

1.1 Cavitation in a cryogenic turbopump

Flagship rockets of each country employ cryogenic
LOX/LH2 engines which are superior in
controllability, thrust and specific impulse. Its
turbopumps are required both to operate at a high
rotating speed for small size and high pressure output
and to be low NPSH for a light fuel tank. Then, it is
almost inevitable that cavitation occurs at the
turbopumps. As a countermeasure against cavitation,
an inducer impeller is set upstream of radial/axial
main impellers of the turbopumps. At heavy load
operation, however, unsteady cavitation occurs on the
inducer impeller and suction performance becomes
unstable[1]. Furthermore, cryogenic cavitation has
larger thermodynamic effect than water one[2].
Therefore, cavitation of the turbopumps is very
complex. Because it is difficult to predict and control
cavitation theoretically[3]/ numerically[4], the
turbopump is empirically designed based on visible[1]
and/or trial[5] tests. There is a possibility that the
turbopump can be optimized and improved on by the
progress of prediction methods.

Hence high accuracy numerical code is desired for
easy optimizing, easy improving on, and reducing the

number of trial manufacturing and experiments.
Analyses on cavitation as a basis for developing the
code have been proposed by a lot of researchers!®’.
Numerical simulation on an inducer by using LES has
also been reported by Fujii et al. ™™ In this report, a
simplified homogeneous flow model®, which
assumes that void fraction changes in proportion to
the degree of super saturation, was employed as a
cavitation model in contrast to the LES model for the
accurate simulation of turbulent flow. Results on
qualitative tendency such as tip cavitation was
obtained, but qualitative results such as discharge
pressure didn’t agree satisfactorily with experimental
results. It seems that the imbalance between the
simplified cavitation model and exact LES calculation
causes insufficient quantitative accuracy. Therefore it
is very important to develop a detailed model of
cryogenic cavitation in a high speed turbopump.

1.2 Numerical cavitation model for design of a
cryogenic turbopump

To build up a numerical model, it is important to
manage both strict modeling of cavitation and
reasonable computational time applicable for design.
With attention to these points, modeling policies are
indicated below.

Gas phase disperses inside liquid phase in a
turbopump because of a high speed flow, so the size
of each dispersed gas phase is the order of um to mm,
and each shape approaches to spherical. Therefore, a
cavitation flow in a turbopump is regarded as a
bubbly flow, in other words, gas phase is assumed to
be a cloud of spherical bubbles and liquid phase is
assumed as a continuum containing bubbles.

In process of bubble growth/decay, Matsumoto et
al. reported that incondensable gas plays an important
role on bubble phenomena just before collapse[10].
There is a little helium as incondensable gas in a
cryogenic turbopump, however, a main purpose of the
present study is to evaluate the pump performance,
not to analyze microscopic phenomena like erosion.
Therefore, incondensable gas is neglected and each
bubble is made of pure vapor due to micro size.

In regard to calculation models for the
growth/decay of a vapor bubble, the inertia control
model and the heat transfer control model are
representable. In the former model, the bubble surface
temperature is assumed to be equal to that of
surrounding liquid, and the change of bubble radius is
calculated based on Rayleigh-Plesset equation. In the
latter model, the liquid pressure at the bubble surface
is assumed to be equal to that of liquid far from
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bubble, and the bubble growth is rate controlled by

phase change determined by heat transfer in the liquid.

The former model is valid when the bubble
growth/decay is very rapid even if phase change
occurs, and the latter is valid when the bubble
growth/decay is very slow. In the present model, both
mechanisms are incorporated rigorously in order to
deal with various bubble behaviors such as bubble
oscillation with phase change.

Heterogeneous bubble nucleation model, which is
that bubble nuclei are generated in relation to the
degree of super saturation, is employed as the
nucleation of cavitation bubble.

It is important to take into account the slip velocity
between bubbles and their surrounding liquid because
bubbles move in a variable pressure field with
external force like centrifugal force. Slip velocity
depends on the bubble size, so it is necessary to
distinguish bubbles with different sizes between the
small bubble just after nucleation and the large bubble
well grown. Therefore, bubble size distribution
model!""), whereby bubbles are distinguished based on
their mass, is employed. The advection velocities and
growth/decay rates of bubbles with size distribution
are computed by the model.

In this paper, the above numerical model for
cavitation was constructed, and it was applied to
growth/decay of cryogenic cavitation bubbles in a
liquid at various conditions of super saturation and
subcool to verify the usefulness of the model.

2. Bubble growth/decay in a stationary liquid

Bubble radius is calculated by Rayleigh-Plesset
equation taking into account the changes of bubble
mass and bubble surface temperature due to phase
change. Temperature field of liquid phase in the
thermal boundary layer around the bubble is
calculated simultaneously to determine the phase-
change rate and bubble surface temperature. Because
the thermal boundary layer varies due to bubble
oscillation, spherical numerical grids are laid on
thermal boundary layer to solve the temperature
distribution.

2.1 Basic equation for bubble growth/decay

One-dimensional spherical coordinate system on a
bubble is considered as shown in Fig. 1. r is distance
in radial direction, r=0 is at the center of a bubble,
r=R is at the surface of a bubble, and r=R. is the
outer boundary of calculation domain. Because the
temperature variation occurs mainly in the region
r<2R in the case of steady heat conduction around a
sphere“z], Rout 1s set at 2R. Evaporation/condensation
rate for a bubble is calculated by temperature gradient
at the bubble surface as follows,

6\N/6t =Je :47Z'R2kL(dTB/dr)|surface/L (1)

Here w denotes mass of vapor bubble, L latent heat
of vaporization, and Tg liquid phase temperature
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around the bubble. Bubble growth rate, dR/dt, is
governed by

Table 1 Grids for

i Thermal

i boundary  thermal boundary layer

i layer Grid No. Position
i (liquid) 0 1.00000000R
1 1.00751880R
7 2 1.01503759R
3 1.02757487R
Bubble”  dR X, 4 1.04848024R
(vapor) dt 5 1.08333907R
| 6 1.14146468R
il | 7 1.23838668R
8 1.40000000R
Fig. 1 1D spherical grids 190 };3888888?;
for bubble growth/decay 1 2.00000000R

T{gmax-1) Te(gmax)
__——o0——=0

r
r(@max)

[
r(@max-1)

r@)r@) -

r(0)

Fig. 2 Temperature distribution
in thermal boundary layer

d’R 3 (dRY 4y dR
= +p R—+=p | —| +=— (2
R e ZpL(dtj R dt @

from Rayleigh-Plesset equation. By saturation
condition, bubble temperature T and pressure Pg are
obtained from bubble density pg.

P=3W/(47R%) 3)
TG:Tsat(pG) (4)
PG:Psat(pG) (5)

Local radial velocity ¢ at r is derived from the
surface velocity Clsyrface-

C = Csurface RZ/I’2 :{dR/dt—]/G/(47[R2pL)} RZ/I'2 (6)

Temperature distribution Tg is calculated by
Lagrangian differential equation on the system
moving at local speed C.

DTe _ ki ii(rzﬁj (7)
Dt oCp.r2dr dr

2.2 Analytical method for bubble growth/decay
Firstly, the mass rate of phase change, s, is

calculated by using spatial 2nd order discretized form
of'eq. (1).
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yo =4 (R9 Y ke /L[-A/{A2 (A1 +A2)}Tg (2)  (8)

+(A1+ A2)/(A1A2) T (1) — (2A1 + Az) [{ A1 (A1 + A2)} TW ]
where, Tg(q), r(q) are values at grid point g, where q is
index of grid as shown in Fig. 2. Grid interval
A=r9(1) -R%, and A,=r(2) —r°%(1). Positive 3 means
evaporation.

The bubble mass at the new time step, W, is
obtained by explicit time marching of eq. (1) with
time interval Atg.

old

W=W" +y,At, ©)

where superscript, old, denotes previous time step.
Bubble radius, R, is calculated from dR/dt by the
following procedure based on eq. (2).
nth stage: (dR/dt)"=(dR/dt)*"+f( R= ,(dR/dt )= b"Atg)
R"=R°+ (dR/dt)" b"Atg (10)
where
f (Ren,(dR/dt)™ beAte ) = [Pg1Y — P — 20's/Rer (11)

=3/2 pu{(dR/dt)™ }2 — 4y /R (dR/dt)™ }bnAtR/( pLRa)

Applying Jameson’s factors, a,=(old, 1, 2, 3), b,=(1/3,

4/15, 5/9, 1) for n=1 to 4, eq. (10) becomes 4
stages Runge-Kutta method with temporal 2nd order
accuracy. New values of pg, Tg and Pg are obtained
by egs. (3) to (5). Tg is calculated by implicit time
marching using spatial 2nd order and temporal Ist
order discretized equation derived from eq. (7).

Te(q)-Tg(q ke 2 (dTs dTs

( )AtR S pLCpL{r(q)( dr jq+( dr2 jq}
(dTe/dN)g={911 Te(G-1)+012Ta(@)+91:Te(@+1)}  (12)
(d*Te/dr’)q={021 Ta(0-1)+822 Ta(@)+92: Ta(a+1)}
9=/ {AI(AITAY)}, 91=(A0—A)/(A1Ay),
915=A1/ {Ax(A1+A2) }, 921=2/{A1(AI A},
020=2/(A1A7), 92372/ {Ax(A1+Ay)}
A=r(q) — r(g-1), A=r(q) — r(q+1)

Then, the following equation is obtained.
a(q)Te(q-1)+b(a)Te(@)+c(@) Te(q-1)=d(q)
a(q)= —k/(p.Cp{gn/r(@)+g:2},
b(a)=1/Ate—ki/(oLCPL) {912/1(A)+G22}
c(@)=—ku/(A.CPL{913/T(Q)+ga3}, d(Q)=Ts" (q)/Atg

(13)

The above equation is organized into a matrix form.

1 0 T;(0)
a(l) b(1) c(1) To (1)
a(2) b(2) Te(2)
b(qmax _1) C(qmax _1)
0 1 TB(qmax)

= (Te,d(1),d (2),d (3),-»d (G = 1), T )™ (14)

Under Tg(0)=Tg and Tg(Qmax)=TL, T is solved by
diagonalizing the factor’s matrix. Due to implicit
method, limitation of time interval can be ignored for
Tg calculation. However, limitation of time interval is
imposed due to bubble oscillation, and the time
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interval is determined by using natural frequency for
vapor bubble by Prosperettil'*) as follows.

Atr =1/( fraCr)
fra = 1/277J(3xpRequPeat — 205 )/( pLRéw )

(15)

where, the constant, Cgr, are set to 20, and the
equivalent bubble radius Requ is given by a
representative bubble size of the calculation. Index &p
approaches to specific heat ratioysyr for high
frequency. In case of ditg/dr|syrace>0 and large Atg,
some bubbles unphysically become super -critical
bubbles, Tg>critical temperature Tc, and dissolve into
liquid. So, temperature change ATg during Atg is
limited to be smaller than 10%Tc.
Ate=16 Limitl/ {4 7RK (A To/dr) surface
YoLimi=4 7R {pa(Tet0.1TC)- pge }/3

(16)

Because T is calculated by Lagrangian framework
based on eq. (7), the new value of Tg for each old grid
point corresponds to the temperature at the distance
C(qQ)Atg away from position of old grid point.
Therefore Tg at the new grid points, as indicated in
Table 2, is interpolated by cubic spline approximation.

2.3 Result of a single bubble growth/decay in a
stationary liquid at constant pressure

The growth/decay behavior of a bubble in liquid
nitrogen is shown in Fig. 3. A bubble with R=10"m
and Tge=0.75Tc is put into the liquid at t=0. Liquid
temperature and pressure far from the bubble are
assumed to be constant with respect to time. Liquid
pressure is set to balanced pressure with initial bubble
pressure and surface tension of the bubble. Liquid
temperature is parametrically changed from superheat
to subcool conditions. Three kind of numerical grids
for the thermal boundary layer are employed as

followings.

Typel: 1=0.0010R and 1000 grid points (uniform),
Type2: 1=0.0075R and 133 grid points (uniform),
Type3: 1=0.0075R and 11 grid points (non-uniform,

see Table 1).

Thermal boundary layer with thickness 10 %R0
and linear temperature profile is assumed as an initial
condition in order to give the same initial temperature
profile independent of grid interval. Because results
by type 1 and type2 agree well in all cases, it is
verified that results by type 1 are rigorous.
Calculation load, i.e. computational time, by type 3 is
smaller by a factor of 90 compared with by type 1.
The difference between the results by type 3 and
rigorous ones by typel is small (5% error at
maximum), so it is verified that type 3 grids is enough
to obtain bubble behaviors.

Figure 4 shows results under the same condition as
Fig. 3, except that liquid temperature is set to
equilibrium  temperature  with  initial  bubble
temperature and liquid pressure is parametrically
changed from 50% to 1000% saturation pressure of
equilibrium temperature. In case of superheat
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Radius R [um]

Radius R [um]

5 10

Time t[usec]
(a) constant T = Tgage + 10
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Time t[usec]
(c) constant T = Tgage + 0.5
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Fig. 3 Comparison of results by using various numerical grids in case of constant T, P
LNy, Tgase = 0.75T¢C, Pgase = Psa(Tgase), At:lo_lza P=Pgase — 207R0, Tco = Taases Pco = Phase
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Fig. 4 Comparison of results by using various numerical grids in case of constant T, P
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Fig. 5 Bubble size distribution model

conditions, i.e. smaller liquid pressure, the initial
bubble growth is in condition of inertia control. In
some cases oscillation occurs in the early period as
seen in Fig. 4(b) by the following reason: Due to the
initial rapid growth, evaporation is insufficient to
support bubble growth, so the bubble pressure reduces
and the bubble shrinks momentarily because inertia
wins pressure difference between the bubble and
liquid. After that the bubble pressure recovers and the
bubble regrows. The amplitude gradually decreases
and the bubble behavior shifts to moderate growth
controlled by heat transfer. On the other hand in case
of subcool conditions, the bubble just after insertion
shrinks in condition of inertia control. Due to the rapid
decrease of bubble radius, condensation is insufficient
to keep bubble decay, so the bubble pressure rises and
the bubble rebounds momentarily because inertia wins
pressure difference between the bubble and liquid.
After that the bubble pressure reduces and the bubble
shrinks again. The amplitude of oscillation gradually
decreases and the bubble behavior shifts to moderate
decay controlled by heat transfer. Because the
agreement between type 3 and the rigorous one
(typel) is almost satisfactory, it is verified that the
present numerical model is appropriate to simulate
bubble behavior even in the case of growth/decay with
oscillation.

3. Bubble growth/decay by using BSD model

Bubble size distribution model whereby bubbles
are distinguished based on their mass, advection
velocity are calculated, and growth/decay rates are
computed using Eulerian framework, is employed.

3.1 Basic equation for bubble growth/decay by
BSD
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In order to employ bubble mass W as the measure

of bubble size for FEulerian framework, an
independent
variable s is is introduced.

S=47z'R3pG/3 17

Namely, bubble mass axis S is defined in addition
to the spatial axes X, Y, z. It should be noted that the
definition of s is the same as w, but w is dependent
variable. An example of bubble distribution in a
certain volume is shown in Fig. 5(a) by probability
density function Ng of bubble number density ng. as a
function of s. Basic equations can be written as
conservative equations of Ng.

BNG/(?’[+6(NG;/G)/83=1765(S—W0) (18)
d(sNg)/ot+0(sNgyg)/0s = SIS (s —Wy )+ Ngyg (19)

B(RNG)/6t+6(RNGj/G)/6S= ROHG§(S—W0) (20)
0(RNg ) /ot +8(RNgyg)/ds = RylTg5 (s —wp)  (21)
0(TBNG)/8t+8(TBNGyG)/6S ZTLHGé(S—Wo) (22)

In these equations, //; denotes nucleation rate
(number of generated bubbles due to nucleation per
unit volume per unit time), Wy mass of one nucleated
bubble, and j; evaporation (condensation for negative
value) rate per one bubble of size S. Because the mass
of one bubble increase with time due to the
evaporation, bubbles move at speed j; in S direction.

In the same way, SNg, R(s), R () and Tg(r, S) also
move in § direction.

3.2 Discretization of basic equation with respect to
the bubble mass axis for BSD

Ng is discretized with respect to coordinate S, and
conservative values Ng; , Mg, are defined for the
discretized region (sub region) in the S coordinate.

Sheavy.|

ne,I ELI_M Neds (23)

Me, = JSWJ (SNe )ds = Saverage.iNG.1 = WiNG,1 (24)
light, |

S|

Conservation equation for Ng; , Mg, are derived
from egs. (18)(19).

Ane.1/ot +[Neys 2" = ITe — o,

Slight,

(25)

ome,1/ot + [SNG}/G]SMBM =Wo/7c — 6,1 + Ne1ys, (26)

Slight.|

In order to solve new values of ng; , Mg, by using
eqs. (25)(26), the profile of Ng in the sub region must
be assumed, as shown in Fig. 5(b)(c), because the
boundary values of each sub section are required in
the 2nd term of left-hand side of eqgs. (25)(26). It
should be noted that the hatched area of the | th sub
region in Fig. 5(b)(c) corresponds to Ng; based on eq.
(23). A uniform profile shown in Fig. 5(b) is simple,
however, the profile is determined uniquely only by
NG, obtained from eq. (25), and Mg, cannot satisfies
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egs. (24) and (26) simultaneously. On the other hand,
by using a linear profile shown in Fig. 5(c), the profile
is determined uniquely to satisfy eqs. (23)-(26).
Therefore a linear profile is employed. The linear
distribution has 3 patterns. Pattern 1 is the case of
(Slight,l+2sheavyal)/3SWIa Pattern 2 is the case of
(2SIight,l+sheavy,|)/3swls(slight,l+2sheavy:I)/3 and Pattern 3
is the case of Wi<(Siight,+2Sheavy»1)/3-

Pattern 1: s, =3w — 25, S
(slight,l + 281y, )/3 SW < Spay
NGW(SIight,I ) =0

NGW(Sheavy.I) = 2n<3,|/{3(sheavy.| - WI)}

Pattern 2: Smin = Siight, > Smax = Sheavy, 1> As= Sheavy,l ~ Stight,1

(2S|igm,l + Sheaw.I )/3 <w < (Sligm,l + 2Sheany.i )/3

max = Sheavy,l

@7

N (Sights ) = 2N (BW, = 2515001 — Speay)/ AS’ (28)
N (Sneays ) = 261 (2Sneanys + Signts — W) /AS®

Pattern 3: sy, = Slight, 1> Smax = 3Wj — 2Sjight |

Slight,] <W < (2S|ight,| + Sheay,| )/3

Now(Siight ) = 20,1,/ {308 = Siighe)} (29)

NGW(Sheavy,I) =0

In case of growth and Wi<(SiightiT2Sheavy>1)/3,
distribution is pattern 3 and there is no flux into class
[+1 because of Ng(Sheavy,)=0. After bubble growth, in
case that w; becomes larger than (Sjgnti+2Sneavys1)/3,
distribution is pattern 2 and flux into class I+1 exists
because Ng(Sheay,) gets a positive value. Namely,
bubbles grow into heavier class only in case of
patterns 1 and 2, and bubbles decay into lighter class
only in case of patterns 2 and 3. This function
prevents  numerical  diffusion on interclass
growth/decay of bubbles.

3.3 Calculation method for bubble growth/decay by
BSD

Figure 6 shows a flowchart of bubble growth/decay
calculation by using BSD.

Firstly, time intervals Atg, Atg, Ats, Atp are
determined, where Atg is for the flow calculations, Aty
for the calculations of Rayleigh-Plesset eq. and
thermal boundary layer at each class at each grid, Ats
for the interclass calculations in S direction (time
marching of bubble size distribution) at each grid, Atp
for the liquid temperature and pressure calculations at
each grid. They have relationship of Atg> Atp > Atg>
Atg. Ate is decided by CFL condition. Atp is decided
by Eq. (15) and Cg=5. Ats is decided by the following
stability condition for Eq. (26).

Wi +|;/G.||Ats < Sheawy.l+1, Wi —|}/G,||Ats > Slight,1-1 30)

Because y5 is unknown before calculation shown
in chapter 2, conceivable maximum ps; is assumed
and Ats is estimated. g is proportional to dTg/d¥|surface
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and R, squared as shown in Eq. (1). In case of decay,
because both dTg/dr|gyace and R are decreasing during
Ats, initial y5, can be regarded as maximum.

Atg < (WI — Siight,1-1 )/|7G,|| (31)

Start calculation by using values at time n as initial value |

Calculate time intervals Atg, Atp, Ats, Atz for loopG, loopP,
loopS, loopR. Calculate the number of calculation e, s, x= for
loopP, loopS, loopR.

Calculate temporal change of liquid conservative values,
adLpL, AP, LWV, dLoWL, dLpe’L, bubble variables,
NG, Mey, Ri, Ry, Teqs due to convection

>Q loopG

| Focus on each grid (only 1 grid in the present paper) |
\$ loopP
> loopS

| Focus on each class | |
>Q loopR

Calculate R, R, Teqi after At’rx by using calculation
procedure in chapter 2 with R, R, Teq) as initial
conditions and T,, P, as boundary conditions. Then
calculate js,

C umber of cal.<zg

Distinguish nucleation and calculate Ry, /g, in case of|
nucleation

T
Do interclass calculation as shown in sections 3.1 and 3:2
by results of loopR, js,, R, /%s,. Calculate ng;, mg,, R}, Ry,
Tg,q 1 after At’s

Yei@

| By results of loopS, calculate @, ¥, during At’s

Calculate ng;, mg,, Ry, R, Tgq after At’s by results of loopS
land convection

Calculate (ZYLpYL, C(YL,DYLU‘L, (ZYL,DYLVYL, aYLpYLW'L, a‘Lp‘LeyL afte
At’s by results of loopS and convection

| Calculate ag, by R;, ng; and calculate o =1-Y ag, |

T
[ Calculate p by a1, o, and calculate e, by ape., oo |
T

|Ca|cu|ate T, by e, and P by p, T, using physical properties|

umber of cal.<yp

Values at time n+1 are fixed

Fig. 6 Flowchart for BSD

In case of growth, both dTg/dr|suace and R, are
increasing during Ats. Conceivable maximum Rpyay 1S
33Shean1i1/4m0s  at bubble mass Speayy 41 from stable
condition of Eq. (20). dTg/dr|syface becomes larger
because of increasing R, , but it becomes smaller
because of thermal diffusion. For ysmax) calculation, it
is enough to consider dTg/dr|syface Only in case of
increasing temperature gradient. New grid interval
Ary, is calculated from Ary) =ry i~ by using Eq. (6)
wherein the evaporation term in the right hand side is
ignored.

ry, =Ro,+dR/dt Ats < Ryaxi
r]’,l :RO,I+ Aro.l +de/dt { R(il /( Ro,l + Aro,l )Z}AtS

(32)
(33)
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Ar}, = Ar,, —dRy/dt Ar,, (2R +Ary ) Ats/(Ry +ATg)°  (34)

Because dR/dt < (Rmax—Ro,)/Ats is obtained from
Eq. (32), eq. (34) is rewritten as
Ary, /A%, < 1=(Rinax —Ro.)(2Ro AT )/(Ro HAK, ) (35)

Temperature gradient is inversely proportional to
grid interval as indicated by eq. (1), SO JGmax) 1S given
by

}/Gmax,l/ﬂ/G,I:(Rmax,I_RO,I)z/( Aro,ﬁl /AI’O,I ) (36)

From eqs.(30) and (36), the stability condition of
Ats is expressed by

[1 _ (Rmaxi = Ro1)(2Ro1 + Ano)

Sheavy,1+1 — Wi (Ro1 + Aroy )2

e Rmaxi )
(%)
At’p, At’s, At’z employed in the practical calculation
are decided as
Integer: yp=ceiling(Ate/Atp), At p=Ate/ yp (38)
Integer: ys=ceiling(At’p/Ats), At’s=At"p/ x5 39)
Integer: yr=ceiling(At’s/Atr), AU'r=AUs/ 1r (40)

j (37

Ats <
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Here, ceiling(a) is minimum integer equal to or greater
than real number a.

By using time intervals described above, flow field and
bubble distribution are solved. Although the complete
calculation procedure for cavitating flows is shown in Fig.
6, only one grid without flow is treated in this paper.

Therefore, the calculation of liquid conservative values
and bubble variables due to convection is omitted, and as
the first step of the present calculation, Rayleigh-Plesset
equation and thermal boundary layer are solved y times to
get Ry, R, Tgg) and jg, for each bubble size class | as
described in chapter 2.

As the second step, the interclass calculation, that is,
calculation of bubble distribution due to the bubble growth
across the bubble class, are made ys times by At’s. By this
calculation based on egs. (25)(26), ng,;, and mg,, are
obtained. In case of super heat condition, /7 is calculated
beforehand. In addition, R,, R and Teqi are corrected
taking into account the bubble growth/decay across the
bubble class based on Eqgs. (20)(21)(22). Further, number
and mass of collapse bubbles, @, and ¥5, are calculated.

In the case of full calculation, the results of interclass
calculation are corrected by results of convection.

Finally, Tg,, ag, and ¢ are calculated by
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To. = Tsae(pe.1) = Tsa {3Me.1/(47RPNG.1 )} (41)
el = 4nRPNG,1 /3 = Me.i/psa (Te.r) 42)
Xy o =1 (43)

3.4 Continuous nucleation in a stationary liquid at
constant pressure

Figure 7 shows temporal change of ng;, and ag,
distributions in case that a nitrogen bubble with R¢=0.5um
and Tg=0.75Tc is put at every 107" sec into liquid
nitrogen at constant temperature and pressure. Bubble
nuclei gradually grow into heavier bubbles. As indicated
by comparing results of 2usec and 10usec, steady state is
attained after 2usec in the bubble class less 107'* kg
because the bubble inflow from lighter class and the bubble
outflow into heavier class becomes balanced.
3.5 Temporal change of bubble radius and liquid
pressure after a nucleation in a stationary liquid at
constant volume

Figure 8 shows temporal change of R;, and P_ in case
that 10" bubbles with Ry=0.5x10°m and Tg,=0.75Tc are
put at t=0 into liquid in 1 m® closed vessel. Calculations are
made for nitrogen, oxygen, hydrogen and water. Liquid
pressure steeply increases just after the bubbles insertion
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%300 ——— T .0001§
= class 16 Y =
a 200 S sl SR g
a bt Ir~T e meeeemm T T T T T e m e - 3 =
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(c) d=1x10"

Fig. 9 Temporal change of cumulative g, P, by using heterogeneous nucleation theory
in superheat liquid at constant volume by BSD
LN,, Tgase =0.75Tc, PBase:Psat(TBase_)s TLo=Teo= Tgases PLo=0.1Pgase—2 07Ro, Pco=Paase, At:loill[sec]
$;=107"% (5=100) x 31 classes, §=175.0 [¢=1.08x10""]
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due to compression. Therefore, bubbles are also
compressed by liquid, and their radius decreases.
Resilience acts in case of radius less than equilibrium
value, but inertia gets the bubbles smaller than the
equilibrium radius. After the minimum radius, the
bubbles expand, and inertia get them larger than the
equilibrium radius inversely. These oscillations are
gradually attenuated into balanced pressure and
equilibrium radius by effect of viscosity.

4. Bubble nucleation according to the
heterogeneous nucleation theory

The nucleation rate of bubble nuclei with radius
Ri=20s/(Psx—PL) are given by heterogeneous
nucleation theory!"*.

30 l670] ¢ 1
I, =d |[— - S T 44
° " Wam, exp( B (Psm—PLYJ @
¢ =(2+3cosf—cos’0)/4 (45)

where d is the number density of heterogeneous
nucleation sites in the liquid, and @ is contact angle of
liquid to the heterogeneous nucleation site. The super-
heat limit of liquid is controlled by the parameter ¢.
ITs is used in Egs. (25)(26). Dependent variables like
R, are averaged based on ng; and /7 for the bubble
class which include R,.

4.1 Bubble nucleation in a stationary liquid at
constant volume: Effect of nuclei density d

Figure 9 shows temporal change of cumulative g,
and P_ by changing number density of bubble seeding
nuclei d. Terminal values of ag and P, are the same
for different values of d. However, nuclei grow into
large bubbles slowly in case of small d. On the other
hand in case of large d, nuclei grow into small bubbles
quickly and overshoots and oscillations occur due to
large inertia.

5. Conclusion

A numerical code was developed by using a bubble
size distribution model for the cavitating flow in
turbopump of cryogenic rocket engine.

Firstly, the bubble growth/decay calculations
employ two rigorous methods, that is, both Rayleigh-
Plesset equation and the heat conduction equation for
the thermal boundary layer around the bubble are
solved numerically, and the mass rate of
evaporation/condensation is evaluated exactly by the
solution of temperature field. Secondly, the above
calculations are combined with the bubble size
distribution model which deals with the bubbles
composed various sizes with Eulerian framework with
respect to bubble size coordinate. It is verified that the
present model can predict complex behaviors of
bubble efficiently such as growth/decay with
oscillation, and growth of bubbles with continuous or
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instantaneous bubble generation. Finally, in order to
apply practical cavitating flow, it is confirmed that the
present model predicts successfully the behavior of
bubbles with heterogeneous nucleation and transient
processes into an equilibrium state in a fixed volume
corresponding to the calculation of one computational
cell in full numerical simulations.
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Nomenclature

: Velocity in r direction [m/sec]

: Number density of seeding nuclei [1/m’]
: Internal energy [J/kg]

: Natural frequency [Hz]

: Boltzmann constant = 1.38x107% [J/K]

: Grid number in S direction [—]

: Bubble mass per unit volume [kg/m’]

: Mass of a molecule [kg]

: Bubble number density [1/m’]

: Pressure [Pa]

: Grid number in r direction [—]

: Axis in radial direction of bubble [m]

: Radius / Averaged radius in a class [m]

: Temporal change of R [m/sec]

: Axis in direction of bubble mass [kg]

: Temperature [K]

: Bubble mass / Averaged bubble mass in a class [kg]

SN S88f v I

arr®wo

0
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: Void fraction [-]

: Evaporation/condensation rate per a bubble [kg/sec]
At :
: Contact angle between nucleus and impurity [°]
: Number density of nuclei [1/m’sec]

: Density [kg/sec]

: Surface tension coefficient [N/m]

: Rate of bubble collapse [1/m’sec]

: Index of limitation of superheat [—]

: Number of calculation [—]

: Mass rate of bubble collapse [kg/m’sec]

Time interval [sec]

Superscript / subscript

: Initial condition

: Thermal boundary layer around bubble
: Vapor phase

: Liquid phase

: Value before 1 timestep
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