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Abstract - In this paper, a hierarchical nonsingular terminal sliding 
mode controller (TSMC) for overhead crane system using nonsingular 
terminal sliding surface (NTSS) is proposed, which can drive the 
error to zero in a finite time. Here, singular problem of controller is 
solved by NTSS. In addition, the controller has the double layer 
structure because the system is divided into two hierarchical 
subsystems. In the first layer, the nonsingular terminal sliding 
surfaces are hierarchically designed for each subsystem, and in the 
second layer, the whole sliding surface is designed as the linear 
combination of nonsingular terminal sliding surfaces. The asymptotic 
stability of the system is verified by Lyapunov analysis. Finally, we 
carry out simulations on the overhead crane system to illustrate the 
effectiveness of the proposed control method.

1. Introduction

  Recently, a new control method called the terminal sliding 
mode control (TSMC) method, which is based on the concept 
of terminal attractor, has been developed [1], [2]. Here, the 
tracking error of systems with the TSMC method is driven to 
zero within finite time by contrast with the classical sliding 
mode control (CSMC) method. However, the TSMC method 
has a singularity problem. This problem has been overcome 
by nonsingular terminal sliding mode control (NTSMC) 
method [3]. The NTSMC method has not yet been applied to the 
control of underactuated systems such as overhead crane system.
 Actually, the control of underactuated systems have been studied by 
many researchers using various control methods. Especially, the 
sliding mode control is well known method to control the systems. 
Mon and Lin proposed the hierarchical fuzzy sliding mode control 
method [4]. This method solved the problems of coupled system 
which has instabilities, coupling effects and disturbance but it could 
not guarantee the stability of each subsystem. However, this method 
could not guarantee and prove the stability of system. Thus, to solve 
this problem, the double layer structure based controller is proposed 
[5]. Here, the classical sliding surface was used in each subsystem. 
However, this method did not guarantee a finite convergence time. In 
addition, the complex mathematical technique was utilized to prove 
the asymptotic stability of each subsystem and whole system.
 In this paper, we propose a nonsingular terminal sliding surface 
based hierarchical finite time control method for overhead crane 
system. The proposed control system, the double layer structure is 
used to guarantee the stability of system. In addition, the nonsingular 
terminal sliding surface is utilized to drive the error to zero in a 
finite time and solve the problem of singularity. We carry out 
computer simulations on the overhead crane system to verify 
the effectiveness of the proposed controller.

2. Nonsingular Terminal Sliding Mode Control of 
Underactuate System

  In this paper, we consider a single-input multi-output (SIMO) 
nonlinear underactuated system as follows:
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where      

 is the state vector,     

and   are nonlinear function,   represent the control inputs, 

  and   are bounded external disturbances. It is assumed that 

the disturbances are bounded as ≤  and ≤ , where 
  and   are known positive constants. 

 Here, the NTSMC method is proposed to control the system and the 
nonsingular terminal sliding surface (NTSS) is designed as follows:

   
 (2)

   
 (3)

where   and   are the error variable,    and    are 

constants satisfying     and   , respectively, and 

both denominator and numerator of    are odd integers. 

 Here, the final time of the whole system is chosen as follows [6]:

 


  

 (4)

where   is the initial value of   at   .
 For the SIMO nonlinear underactuated system (1), it is difficult to 
control outputs [5]. Hence, we design the whole sliding surface of the 
second layer as the linear combination of two subsystem surface:

   (5)

where  and   are sliding mode parameters. In the proposed control 
method, the whole control input   is chosen as follows [5]:

   (6)

where   and   represent the equivalent control inputs which are 

utilized when the system states are in the sliding mode for each 
subsystem, respectively and   is called the switching control which 

drives the system states toward the sliding mode.

3. Simulation Results

  In this section, we apply the proposed control scheme to the 
overhead crane system to demonstrate the effectiveness of the 
proposed control system. In addition, we compare the performance of 
the proposed control method with that of the CSMC method using 
the double layer structure. The simplified structure of the overhead 
crane system is shown in Fig. 1. The trolley has a mass  and is 
driven by a force   on the -direction rail. The load of a mass   
is suspended from the trolley by a rigid rope whose length is . 
 The overhead crane system equation is chosen as follows:
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where   is the moving distance of trolley and   is the sway angle 
of load.

<Table 1> The comparison of MSE

NTSMC CSMC

MSE 0.4077 0.6459

<Fig. 1> Overhead crane system

<Fig. 2> Comparison of tracking result for overhead 

crane system: position of trolley

<Fig. 3> Nonsingular terminal sliding surface for 

overhead crane system: position of trolley

<Fig. 4> Phase plane for overhead crane system: 

trolley moving distance

 Here, we choose the proper initial values and the desired 
values. In addition, the differentiated initial value and the 
desired value are chosen as proper values. The results of the 
position of trolley for the NTSMC and the CSMC methods 
are compared in Fig. 2. From this figure, we can verify that 
the NTSMC method has faster convergence time than the 
CSMC method. Fig. 3 shows that the terminal sliding surface 
for overhead crane systems converges to zero. In addition, 
from Fig. 4, we can find that the error of trolley moving 
distance is asymptotically converged to equilibrium points. 
Table 1 shows the simulation results for the CSMC and the 
NTSMC methods, where the mean square error (MSE) of the 
TSMC method is lower than that of the CSMC method.

3. Conclusion

 In this paper, we have proposed a NTSS based hierarchical finite 
time control approach for nonlinear underactuated systems. Double 
layer structure is used to strictly guarantee the stability of whole 
system. Here, in first layer, the NTSSs of each subsystem are 
designed hierarchically. In addition, the whole sliding surface is 
designed as the linear combination of terminal sliding surfaces in the 
second layer. Besides, NTSS is utilized to solve the singularity 
problem. Finally, the proposed finite time controller based on the 
double layer has been applied to the overhead crane system which 
are the representative second order underactuated systems. From the 
computer simulation results, we can show the efficiency of proposed 
control approach.
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