2007 A=A FEFAGEd 3 =E4 Vol 34, No. 1(B)

FET Fol8 A% A2 SAT A=Y

.0

2
Vil 7 e
c.kr, choi@formal.korea.ac.kr

Az

ol M\

u}
e

ikpark°@formal.korea.

d

QO

A New SAT Encoding for Solving Sudoku

Junkil Park®, Jin-Young Choi
Department of Computer Science and Engineering
Korea University

8 o
TFEFE Fo e egomA B oolyt FHFH A FAEARE FHEH. FRFE
minimal? extended Q17 QS T3l SATE WE i, FAo] o FE7|&Eo] vHE Hgs &
3 ohE At SE S 4 ATl minimal® extended 1FYL A#HAo|AuF ;R} FEF
(16X16 °]’dhE E7]odl F&E3HA Xstr) o] =i-olA & extended IFF S MAS &5 A=
G& At EF mdS 16x169F 25%25 HZE Aol A4 S u extended 217
Hlgl F&7]wo et 1%04 12% © B 79 HES Fv A4S 4TS Fsto] Bl
1. A8 o] EA] Xahv= HEo] ®ue As . Y+
O B Y JAES & F de 5F d=7d[14]s A
FEFE H2 2 d < AAARCE fHEHz HE <kt &5 A3 [14]19 AR BRe R [1517F 9
ojty. Al A, Al HA HE 4 vk 2 ¥ v [16] HE A7) SHAoR o] A
Zoll 542 Azl Ao A Nike] 2AE BEF A =4, axp FREFE SATE ¥Ssta,  EA(SAT
= AHolth, FEF9] g 7hdsk g Hd] 53 Solver)S o]&ste] HEe dE eIt =i
g FEo] dgsithe Aojth g4 EHe A GA 5AE G4 glo] Azt ¥ B o HES e
Y= v ofeld AL A BT FES ot Aotk o] =N Ee EF a9y 1 AdAH
TFEF= Wolmrt A3t Hojglo]l Al e st & Al
HES A9 ¢ dves o] Aot [12]A4 e +%
F7F e Zo] TR ES Fevhal welilth 2. TEF
FEFE FE AL egomA B ooyt FHFE A
Ab EARAME SHET = NP-Complete A FLEF7E AAASR Fas] AWM 2 FFE vgEl
2 9494 dn2]. FEFE o 7 2AE £9 st AA HAT 2FS BHoRE e HEY AV BT
of F= A7 A¥gE Y [11113114]. [11]15 &% 9x99]A| 7 Hexudoku(16X16 Sudokw®} o] Hrt} &
FE5 A3 EAR Wt 42 dagEFs AFEst HER ARESY B3 FEFo fAAT 553 5
o Ev} [3]12 %F5 CSP(constraint satisfaction A< %X+ Monster SuDoku, Dodeka sudoku, Sudoku
problem) TAHoA Z11 HZEES M=Zo] AWAS= #H X, Samurai SuDoku, Super Wordoku, Code Doku %
= Bt - HMEELE EA4 SH[13]. o] FolA = =ioll A ARE
w3 FE 3= SAT(boolean satisfiability problem) 3 FX3e] Uxkslyl A& A3t}
2 x4 9 7 Ak 4ldaAME FEF A4S minimal A 2 FEF JZE 209 pxn BE gHw 74
% extended Q1Y AHESlo] SATRE WAL YAl g 2. 2 7] HHolt), FHo YASS HE 2
B FEVES ARESEe] 24260709 9x9 FEF HE x5 2 gz Q94 QALY v o FEo
S BT EFouth vEe AdS Fste] HE9 A7)t Mz o2 279 7132 oudr B o PEd R
71

A A-(16%16, 25%25) minimal¥®} extended Q15 Y Solol4 et

487



2007 A=A FEFAGEd 3 =E4 Vol 34, No. 1(B)

Aol FolH S
Gl B8 BD oA 15E 0
WA JEES dde) W 94%

w2}

§
AU !
K
3
X

N o & 3
e
e
v

S BT Q= A Cxe A ks A9
A FEE A= g o =N "l
[13]ell 27h% Al 32k =5 HE(9x9)3} 1 sfoltt.
Ao Aoz F2F I 7t gAY oy
A7 EAE & Avk 2Ey iR AA, JA, AR

513 7 531416781912
6 11915 6712111951348
918 6 119|1813|4(2]5|6]7
8 6 3118[5]9]7|6|114|2|3
8 3 4121618513791
2 61]711]319]2|4|8|5|6
6 218 9|16|1]15|3|7]12|8|4
4 9 2181 7)1411]9]16|3]|5
8 71911314|5]2|8|611|7|9

a9 1A 32k FEF HE(9x9)3 &

O 19 HEolA 7 9de W YAE FHEIAL V]
wHor o] di qtell= 1%H 97bA 9] A Foll skt
7F Bl & ok v e 2 dae A 1,2,...9
g FRE Zlen a9y sEFAME 3 gl 22
ZAE % A § flenR FRAA 31,6595 Al
wjojof @t} WSSl shte] 3x3 FE FHEME =

A7 F5 = S glomg 285795 FHAA A g
ofof gt} A= 4 o]e9 BE AL FHo|A AL
2R O dioe B9Vt oty e 49S g9 FE
d Ak o] FEAS (1A=
W 2 9% ‘hidden singles’,
‘naked pairs’, ‘hidden pairs’,

of YAl olF BF Wob dt 54 FRES o8
3L
=

‘singles’#}x s}
‘locked candidates’,

‘x-wing' & %< WH

3. SAT
3.1 =Yl EE3

SAT(boolean satisfiability problem)® W+E
o] (boolean formula)e] FoIHS w I 29
A7t Fo] HEE 7 W 3y ghs ddshe
oty A& Fog wte= wWio] EAjEtH 1 A
Z7}53}tH(satisfiable)' 3 3FaL, EAIHA] @ow ‘wkE
7Fe kAl &th(unsatisfiable) a2 23k},

A& ol xlWg, =YI(V), =Ha(A), FA80), 1¥
1 32 F FAEA(well-form)Yth SATE o]zl
A gyAor trFEr] Y =¥ FE =3 (Conjunctive
CNF)[6]o= yErdity =25 &

HyE 2 1do] "k xv 0% 15
oz 7 ded 02 ARS 9vsta 1L &
oujgit}, x; e T 'xig ool ¥ diteralolet gt
o gHEE] =ggez AZAHY A= AS clause
g2kal 3ht}, clauseE°] =EFo®E AAFUE
=g ETgolth

o]® clause w Skl &9l E shve] HHd & A7
s Bz} wkek ol 1o] @ HTEA clause Wl BlEHE
=EFoE A4 Hojglerng v gEEEd A
#elo]l clause wel 2 1o] Hu}l olw w7} TFHESA

Moo
Lo ool

Normal Form FE+

23e nilel o2l

= 2o

1

=4 o]

thar etth, @ clause’t shuhel EEHES Ztetid
unit clauseg} F29 EHES /A1 QA gow

empty clausedtil H2tr} BE clause’} TS #@thd
I Ao] Tk mrbal Wkt

& e
= . e Nes
=ol&= 53%E 714 PJl ”HTOH 7**§}7l€°li‘u—+ B
el g Jell A *F‘l

@ THEAIZE SAT F2 71%5&

unit propagation,
failed literal rule, hyper-binary resolution, binary
failed literal rule°]t}.

unit clause rule< unit clause’} @7€ wjwjt} A&
Hr} unit claused FYL3 literal o 1S stz
71 unit clause’} PFEEHEE = Aolt} unit clause
ruleo] RHEAo R 3 He= AAHS
olgtar F-ETHT7].

failed literal rule Ut
o Wi x& voR 7HAHS

unit propagation® F3IS u T+

unit propagation

o o] AgHch WA <49
GHv()E40,11). 78 ol F
o] Wyt W

488



2007 A=A FEFAGEd 3 =E4 Vol 34, No. 1(B)

T xd 1-v(ixE I3t o7 BEolgk empty
clause’7} % H A= FoltH[8].

hyper-binary resolutione clause® ('L Vx)A (s
V) ALACTV)ACTTYV VLV ke Vx)ol 5015
S o (VxS FE dG[9].

binary failed literal rule failed literal rule® 3}
ojty. o] FoA = dtte] WAl 7 Ul WEgE
gl ok x = vx)¢ x = vix)E MRS
Reeo] AT clause (xi=1-v(x) Vo x=1-v(x;)
A Aol F7He = k(8]

T E failed literal rule°] 3= F22
literal rule®: & 4 Qlth Algrt &
3t FE< hyper-binary resolution®] &

18]3l EE hyper-binary resolution®] 3}
F2& binary failed literal rule¢] & 4 dth(4]. we}t
A QA% oJu)E unit clause rule{-E] binary failed

literal rule® 7FAA] F2% o] Z7tsttta A7t 3 4

=

£

al
o
=
=

binary failed
failed literal

rule©]

ATHIL.

-
s1tt.

of FEFHES N AET w gz Aoun
o7& o o4 A WEt gle WA uEwd. @
74 BEg s W5 Asle ule

2E

_~ satisfiable
O &A— T2 Sy i.
Siia T TSAT Sowel

ol 34

satisfiable

unsatisfiable

3 2 SAT

SAT
(preprocess)dA o] t}.

ol AL F dAR v

&l ﬂ 2] 7] (preprocessor) =

3 wAE AA
Fol

2 S8 A9 49 FRFASE 0N 389 4
H4e A 1ns fm. oF 7 wpgelA mE W
ol gl AR WEAse ded g

=
[e)

o

£ o X

Folahge 19794 ol Wrh ghol
7} otalehel AH 7] Fash

AAREA ¢
21& CNF &

2 EY@rh o] asE e 29AR Wolrh SAT
Solver?] ¢§&o] #Ht}. SAT Solvers A4S 3 4
B Ao] w7k opd A kW S (completely) HA}

shch OpA] #e 83 A7 Foj Rtk SAT Solver
o]l 2o] WHH7EEEA] opbdX] A} A gk

his h

T AAY7) A8
oAl w3 ‘satisfiable’ o] gt T
EQ . Heig, w2 dA- )7 24
M7t E2A8t aste oW AS &

A XY gy

R
td
ria
B
i
1o
o
0,
i
o
i
fE

to
)
N

)
D)
& oYk &
ol
ol
to rir o

N

B
p‘L
e

minimal ¢1F Y& Sudoku FAE SAT EA= W3

st A#AAQ woltt, iy ggAt FEV|ER
FAE F= de Zd¢skA ¥t} extended AFIHLS

_

minimal encoding®ll T&HYH = AxAS F7He Ao

th olEZH FES US e eSS W s W
AL olyrt}. extended YFTH-S 24,260709] 9x9

= 5 ZoWv4

g A3s 0}01] HZo A7y AHA

(16x16, 25x25) extended 13T Fo] BWe 49

FA Hshe AS @A 1A o] =i
1

95 Zﬂo&?’l‘:}. £= °1:Tiﬂ-% extended

y

o

N oo oft np o
. o Jft
o
Y
52}
%
-

o K
:é
e HO i

g

r'O -D' r
ﬂ oy ©
_I
iﬂ
t‘l
g
o
B e BNore X B
O O O T [

extended encoding<-

R I

4.1 minimal 1393} extended 913 H
P& =TT oz xdss]

FLeF HE9
el [4]= 0]{ A WE 5,2 AFLET wkep Y
ANA x3 ygol o7k 7t 29 sy 1(3HolaL, z

T

7F obH® sy 03Dl Al | el A §
o A& (x,y)E nMe oWWMFE sy, (1<=2<=n" )2 E&
Zio]"/}. nzk FEF HE2(xn*)S B 99
o] g nolr),

minimal 0151‘%»]- extended $1FHLE oldl 9t

of 4Ee [4]0] v} gt HolAw ouE $AHYL

= R o
Q3 clauseEs 2F7F A A7) wjFol o] =Fo A
M Tt

minimal A I G 2] s
- 7} dad= Holx s ex7F

489



2007 A=A FEFAGe 3

n2 nZ n2

A J’,\y=1 Ve Seye

- 7t =A== ZF doj Wolof
n- —l

Ay l!’,\z li"\ Az E+1(_'Szy*

- 7 e 7 63011 wolok g LR,
n?—1

Az J.Az ll}\. J’.\:—y+l( SE!J” _'.S’m:]

- 7} SR nxn BB @do] wolol gl Uehv,

A::J. /\?:1 /\;:1 /\:;Jl /\:=2 /\z=2+1 A?;t;[_‘s(n‘éJrz)(n‘jJr‘y)z N _‘S(H‘EI‘FI‘C)(H‘J.‘FUZ)

2 -1 -1
/\2:1 /\?:1 /\;=1 /\:=1 /\Z=1 A:=z+1 /\T:y+l(ﬁsﬂﬂ‘?ﬁ+?ﬂ)(ﬂ'j+‘y)x v ﬁs(n‘x'+#s)(n-j+!)z)

@l ek,

v _'Sz'yz:]

go BE g} o}y

minimal 13

o] Aok S EEgt.
- 7} o= wobok st ATE Sl
2 2

—1
Az lAy lAn J’\z—v+1(_'szy* v _'S.ry'a':]

- 7} SAE 7 Aol @olo i LRt

n n2 ﬂi
Ay=l Aot Vi Sepe
- 7} A 7 Dol Hoj= @ YERd)

Az J.Az l\/y | Seyz

- 7 fAE 7

o] Holw

o
1

nxXn &

o}
f\n 1 r”.\j 1 f‘\z—l \fx 1 Vy—' (neita)(nj+ylz

4.2 &5 Q139

E5 QA9 7|EH 02 extended?] BE A|FAS
xotely E53 #YdE Aok o] FrhdEn. 252 2
Mol dasd duEol glew 15 EFE ishe
&S 7Fx 1 Utl. extended AFIYGoNAE P27 &
Aekar Ak #AR V=AY EF JdadolA =
B3 daskel #A, 2 5539 #A FUkE
7l=Hr).

T SRS A
X
z
%—/

y

a9 3 A 32 FEF FEdA Al T

2=
=

FEF TAdAME Al FFY ES H, V, D o] &4
ol 552 PHoA Ad&She nlY YAE dEshH,
T 259 4ol nolth. FEF HELS AA4Y B
o] 2zt Yo ATk o)zl Ao 3y | 7 o
n’7le] FREo] HyH <l om %#i iR ek

gub el w48 & 4 vk AKWA YlolA A7
2 ) He® $98 B%0l1 Vit 544 2% Dy,
© o glel7h gt BE(le] B:elth. 1Y 3ol Al )
o Wb wavh Qe AERE FHE BE, 547
2% o of o] .

SREX I
= wgos Al A7 B0
Hoo(Vigs, D)ol #5591
du)7t 1Dl Aol
WMo FobAel Aot th)

A=R
=
2oHiffe deFEEAS 9u .

PN
T hxyz(nyz,

hzyzg‘ 2 iff (Sryz v Stz+1)y= ViV 3(1+n—13yzj€? =

(3:=n-i+1,l]<_ii<n,lEygnﬂ,lgzgnz)

UpyzS 3 iff [:S.I'yz W Se(y+1)z VoLV Sriy+n—1)z )O =

(1SIE?12,y=n-i+1,05z(n,lﬁzin)
dz:yz% ZFiff [:S.I‘yz W Sey(z+1) VoLV sz:yl::3+n—l))'8: =
(15&:5?12,15y-‘-_ing,:=n-z'+1,051'<n)
5 WFE EF 3ot 2% dmd
extended QIF QG EE WFe} AAS XIS
2% Azgelq AgHE Weel A5 o'+ 3n° otk
Tk BF QaYo] E3ste EFo #e AofAL o

1’12 n2

J’,\y=1 Az=1 .”.\ ,”.\z .r+l(_|'h‘ (nez+1)yz v _'h(n-z'+l:lyz)

-2} oA wolo} shibel 444 R
nz n2

J’,\.r=1 Az=1 .”.\ .”.\z y+l(_'v$ (ney+1)z v _'1"1(1'1-'5+1):3)

-7 Q24 olok kel ol WFo] WAL
1’12 3‘12

A.r=1 Ay=1;f\ Az—°+l(_' Ty(n-z+1) Vo Ty n1+1))

-2} oA Aojw shbe £HA BEol mEHL.

1
J’,\y l!’,\z 1 Voo Az sy

- 2t Gol A Aol shtel F44

=

Hio‘l

g=o] BT,

490



2007 A=A FEFAGEd 3 =E4 Vol 34, No. 1(B)

AJ Jt"\z: LVy 0 zny+L

P el X otk Hol® shte] o] o] W

N

=

T

1

Af 1M \wy= 1Vn dryn z+1)
- 7} nXn H-& A Wolof d}r}e
c}.

1’12 n— n—
/',\z=U Az=EIL A A l(_'h {nez4+1)(ny+1)z W

n? n— n—1 n—
Ao /'\z=ul /\y=n /\:‘=1 (_"’L’(n-z+L)(n-y+L)z vV
- 7} nxn FiE oA Aok 3o
o},

1

t"\s L,‘"\:.l l,”.\z 1Vn h'“"—'”i"'y:'

t"\s L,”.\j lr"\z— v

(=]

250 gy

_'h[ nz+1+i) (ny+1)z )

_'vlﬁﬂ‘z+1)ljﬂ‘y+L+é)z)
X =
CE =

Uin itz (ng)z

5. A€ A3

Zﬂe o 740]‘:}. = A4 E]
3.00GHz¢} 2GB vixel 28i #x2=7t gAE e
AIFElA APS ST

Ao = 16X16 HZE= 10570} 25%25 HZE 1087H
7F AREE AT o] HAEES T AREAA doA
kel 370 ol 16x16 HZEel sfFst= Aol ‘th'i
A& 25x%25 HZe sidats lolth ‘http//E B
c}.
- magictour.free.fr/top44
- magictour.free.fr/top45
- magictour.free.fr/top46
- cristal.inria.fr/~frisch/sudoku/sudoku25_minimal
- magictour.free.fr/min25
- research.att.com/~gsf/sudoku/s-25-g250r3n20.dat
- research.att.com/~gsf/sudoku/s-25-g180r4n20.dat
- magictour.free.fr/sudoku.25n

o uppe] FE A%
] 22 % M WA
oz AmY s v A FE 7%

77t Agatieh ol el FAE ofde gow o T

wegEEd A
T

Unit Propagation(up)
up + failed literal rule(up+ flr)

up + hypre-binary resolution(up+ hypre)

- o

up + binary failed literal rule(up+ binflr)

AAA FA4ES 257 fEA $8E compact[8]
g 2038 3H A TS 93] hyprellO]zh=
X2 E AESISITE o] 5L SAT ZEo|HAHoA &

I R R P [ A e

1, 2,

el=d up
extended 0%
5= 0%

# 1 16x16 =5 10570

up+hypre | up+binflr
309 98%

42% 100%%
9 Az g

057H4 16x16 T2 & 7}7te] T4 <
=9 MeE e ‘up’SHE A= T A
i «ﬂ%E ZA 3k ‘uptflr'e 73‘01]1 =3
HES o £, ‘u 1
‘up+ binflr’ -‘ﬂrﬁ Oﬂ A=

HEs ¥ e BE vEs AT

)
N
o
inj
i
s
:L

upthypre | up+binflr
34% 74%

42% 82%
Rl ECRE

up+flr
3096
31%

TE=F 10870 =

3 2 25X25

108709 256%25 = F Z7te] 4
=9 AFE dEpdY ‘wp' A T
T HEE %Xl F AT ‘up+ flr’ $7 ol A
o] 1% HEE Y ES Uﬂ
inflr’ e M= 8% ¥= —% 1 #
Q139 extended U=
= ‘up+binflr’ o2 AHE 4
o] @< 7H4ska
F7] wiEel extended

BT ()= 7 7N %‘f—o ot

R
L

‘up+ hypre

T o Mo
A ST B A =
o ol

e

o
°

up

ifs?
=
}

—r
©
4

off

o
fr

iz

i
i
~ A ]
o ot

v
]

Y e

o

o
|
(d
i
-
=
1o
[z
e
(E
&
K3
2
(g

k)
]

)
Lo

o I 4 Lo
- L
)

2 N oo it ¥o o rE

ox
N
N
%
f
b
ol
ok,
g
o
iz
Jfu
rE
P
rr

x

o =5

R}

I r
~
&2
S
24
X
v
rt
o
I
O

4y o N o O =2 oE oo rlr
o,

1o 1 ot B ol

m
o ol
rlr o
iR
=)
1
= o
fr

491



2007 A=A FEFAGEd 3 =E4 Vol 34, No. 1(B)

6. 48

Al minimal 1379 -& AF83te] SAT=Z

kx| o] 7). extended U FH S

H= AR S FIIToEM oF 2Rl 9x9 HES

F Z9. 23y extended S1FYPGo| 1A FEF HE

(1616, 25%25)% E7]o]

At Y7t Agkgt E5 JQIdS ARESHHE
=3

=
ol o we o AEE

P
TE

ot

=329 SAT

a <
sgel}t 4YPF FAh 2 LA FAl] A&

[1] Sudoku
http://www.sudocue.net/guide.php 2006.
[2] T.Yato T.Seta.

completeness of finding another solution and its

Solving Guide.

and Complexity and

puzzles. In Proceedings of the
Metting of the Information Processing
Society of Japan (IPSJ), 2002.

[3] H.Simonis. Sudoku as a constraint problem. In
CP Workshoip on
Constraint  Satisfaction
October 2005.

[4] I. Lynce and J. Ouaknine. Sudoku as a SAT
problem. Proceedings of AIMATH 06, 2006

[5] SAT
http://en.wikipedia.org/wiki/BooleanW_satisfiability W_
problem 2006.
[6] CNF
http://en.wikipedia.org/wiki/Conjunctive W_normalW_f
orm 2006.

application to

National

and Reformulating
13-27,

Modeling

Problems, page

wikipedia entry.

wikipedia entry.

[7]1 M. Davis and H. Putnham. A

procedure for quantification theory. Journal of the

computing

Association for Computing Machinery, 7:201-215,
July 1960.

[8] JM. Crawford and L. Auton. Experimental
results on the cross-over point in satisfiability

problems. In Proceedings of the National
Conference on Artificial Intelligence, pages 22-28,
1993.

(9] F.
tradeoff of more reasoning and less searching. In
Fifth

Application of Satisfiability Testing, pages 7-16,

Bacchus. Exploiting the computational

International Symposium on Theory and

May 2002.

[10] F. Bachhus and J. Winter. Effective
preprocessing with hyper-resoultion and quality
reduction. In Sixth International COnference on

Theory and Application of Satisfiability Testing,
pages 183-192, May 2003.

[11] #A&A, 2= EAE AT +4
thekal AAbekel=, 2006

[12] Aaronson, L. Sudoku Science Spectrum, [EEE,
Volume 43, Issue 2, page 16-17, Feb. 2006.

¢a1g]

i

, AE

[13] Sudoku wikipedia entry.
http://en.wikipedia.org/wiki/Sudoku

[14] Junkil Park, Block Encoding for Solving
Sudoku as an SAT,

http://formal.korea.ac.kr/~jkpark/paper/sudoku.pdf,
el Jol =R (CSEE60) FHAE, 20061
124,

[15] #H7]3, SAT Problem and Its Applications,
http://kuic.kyonggi.ac.kr/~khkwon/02-activity/talk/20

07-02-22-tutorial.pdf, FEZE, 2007 =i ZES

o] ¥t 3], 2007.02.22

492





