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Abstract - This paper presents a stability analysis of network 
systems with time delay. Time delay problem frequently occurs in 
network systems. Since it makes network systems unstable and 
unpredictable, an optimal controller is necessary to network systems. 
We prove the asymptotical stability of time delayed network systems 
using LMI optimization method and appropriate Lyapunov-Krasovskii 
functionals. Simulations show the effectiveness of the method.

1. Introduction

  Congestion control of TCP network is an essential problem in the
Internet [1,2]. The active queue management(AQM) was introduced 
for this end-to-end congestion control in the Internet. AQM primarily 
responds to network congestion when a queue begins to increase and 
then maintains a queue size at a predefined level in the router. RED 
algorithm has been proposed for AQM scheme. It is the first practical 
and most well known method. PI algorithm also has been proposed to 
AQM scheme, which is a control-theoretic AQM approach. 
Furthermore, REM, PID, neural network were used for AQM. But, 
these methods treated time delay as unimportant.
They problems frequently occur in many systems due to the 
intentional designing as well as the internal characteristic of systems. 
Time delays may make systems unstable and they are occasionally a 
cause of poor performance. Therefore, stability analysis of time 
delayed systems has been an important issue in recent years [3,4].
In this paper, we propose a stability analysis of network systems 
with time delay. Using the LMI method and Lyapunov-Krasovskii 
functionals, the stability of time-delayed network systems is analyzed.

2. Problem Formulations

  A dynamic model of TCP behavior was developed using fluid-flow 
and stochastic differential equation analysis in [5]. A simplified 
version of this model, which does not include the TCP timeout 
mechanism is given as follows:
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where  denotes TCP window size,  is a queue length at a router, 
  is a round trip time (RTT), calculated by  . Here   

is a link capacity,   is a propagation delay,   is the number of 
TCP sessions(load factor) and   is the probability of a packet loss.
The system (1) is linearized as follow [6]:
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where,      , in which     are 

the operating points. However, in fact, the linearized system (2)  only 
corresponding with the nonlinear system (1) at the operating point, 

but does not equivalent to the nonlinear system at other points. 
Therefore, to overcome this problem, the time-delayed network 
system (1) represents as follows:   
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where,            
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and ∙  denotes an uncertain nonlinear function.

Assumption 1. The uncertain nonlinear function ∙  satisfies 

≤ 
  

   
     (5)

where,     are known constant matrices.

And the controller has following form:
                                (6)

where,   represents the perturbation matrix.
Associated with the time-delayed network system (3) and the 
controller (6), we consider the cost function as follows:
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3. Main Results

 Applying the state feedback controller (6) to network system (3), 
the closed loop system is represented as follows:
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Then, we have the following theorem.

Theorem 1. Consider the network systems with time-delay (3) and 
the cost function (7). If there exist a controller of the form (6), 
positive definite matrices     , any matrices     and a 

positive scalar   which satisfy the following inequalities:
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where
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then the close-loop system (3) is asymptotically stable and the cost 
function (7) satisfies the following upper bound:

        ≤ 
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Proof. Choose appropriate Lyapunov-Krasovskii functionals as 
follows:

                           (13)

where
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Taking the time derivative of   along the trajectories of the 
system (3) and (5), we obtain

            ≤








 

 
























 

 



    


(15)
Then, the matrix inequality (9) implies that
      


     (16)

Since   and   are given symmetric positive definite matrices, the 

system (3) is asymptotically stable by Lyapunov stability theory.    ❚

Theorem 2. Consider the time delayed network systems (3) and the 
cost function (7). If there exist scalars  , and positive definite 

matrices     , any matrices        satisfying 

the following inequalities:
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       (17)

where
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             ,  (18)
then the controller is given by

                                     (19)

Proof. Substituting the perturbation matrix   into (9)  and 

multiplying the inequality   by   
  

  
 

and   
  

   on the left and right side, 
respectively. the obtained inequalities are equivalent to (17).         ❚

4. Simulations
Consider the time-delayed network system as follows:
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where, (packet/sec),   (sec), . And the 

weighting matrices in the cost function (7) are     and 

   , respectively.

Using the LMI toolbox, we obtain the guarantee cost controller as 
follows:

                   (21)

5. Conclusions

  We have presented a stability analysis of time-delayed network 
systems. LMI optimization method and appropriate 
Lyapunov-Krasovskii functionals have showed the stability of the 
time-delayed network systems. Furthermore, an optimal controller 
gain is obtained by solving the feasible LMI solution, and the cost 
function is guaranteed to be less than specific upper bounded level 
regardless of the network systems performance deteriorated by the 
time delay. Simulations show that the time-delayed network systems 
are asymptotically stable.
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