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ABSTRACT
In GPS Positioning, the error of satellite orbit will affect user’s position accuracy directly, it is important to determine the satellite
orbit precise. The real-time orbit is needed in kinematic GPS positioning, the precise GPS orbit from IGS would be delayed long time,
so orbit prediction is key to real-time kinematic positioning. We analyze the GPS predicted ephemeris, on the base of comparison of
EKF and UKF, a new orbit prediction method is put forward based on UKF in this paper, the result shows that UKF improves the
orbit predicted precision and stability. It offers a new method for others satellites orbit determination as Galileo, and so on.
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1. Introduction

In GPS precise positioning , orbit determining and
navigation, GPS satellites are looked as observation targets
with known locations, therefore, GPS satellite orbit error would
affects the precision of user’ receiver in precise point
positioning (PPP), directly. In real time kinematic PPP, the final
IGS orbit products will be distributed after thirteen days, even,
the rapid products will be distributed after seventeen hours [,
as table 1. It is difficult to implement real-time kinematic
positioning with these GPS ephemeris products. So, we must to
utilize ultra-rapid orbit, broadcast ephemeris or predicted orbit.
Table 1 GPS satellite orbit and clock correction

accuracy| latency| update isrir:rr\)/lai
orbits 160cm ]
Broadcast RT daily
Sat.clocks ns
Ultra-Rapid orbits 10cm 4 times )
. RT . 15min
(predicted half)| Sat.clocks |  5ns daily
Ultra-Rapid orbits <5cm 4 times .
3hours . 15min
(observed half)| Sat.clocks | 0.2ns daily
. orbits <5cm . 15min
Rapid 17hourq daily
Sat.clocks | 0.1ns 5min
. orbits <5cm 15min
Final 13 days weekly
Sat.clocks | 0.1ns 5min

There are two main GPS orbit prediction methods; they are
geometric and dynamic method. Geometric method means
extrapolation orbit with function model or mathematic process
based on observed orbit, it is simple and convenient in
computation but low extrapolation precision, instability and
limited extrapolation length; dynamic one includes analytical
method and numerical method, that is getting parameter states
and state transition matrix with satellite motion equation and
measurement one, and then integration orbit, its merit is high
orbit prediction precision and extrapolation stability, but it is
suffered from satellite motion model and perturbing force, and
difficult to compute and predict. To make sure stability and
liability precision of orbit prediction, dynamic method to
predict orbit is used commonly. Aim to dynamic prediction as

study object, according to the comparison of advantages and
flaws of extended kalman filter (EKF) and unscented kalman
filter (UKF), a new GPS satellite motion orbit prediction
method is put forward in this paper.

EKF is a most common used recursive filter algorithm in
nonlinear system, it is applied to nonlinear parameter
estimation widely, including nonlinear motion system,
nonlinear systematic state estimation and parameter estimation,
ground vehicle navigation system and so on, its main idea is to
develop the nonlinear motion equation and measurement
equation to the first-order with Taylor Series, and then process
it with traditional kalman filter. But the linearized second-order
even high-order will reduce EKF estimation precision because
of interceptive error, even lead to filter divergence, instability.
Meanwhile, it is not adapt to motion equation with too many
perturbed items, and it needs more time-consuming
calculations. It is showed that it is little effect to filter initial
stage precision from linear error and model error of motion
equation nonlinear system, and main effect to long time
recursive precision after analyzing the error of nonlinear
system linearization, the effect from measurement equation
nonlinear system linearization error is opposite to that of
motion equation nonlinear system. It is showed that
linearization error of nonlinear system is the key effect to
whether kalman filter is valid or not® 2. The general idea of
UKEF is similar to that of EKF; the key difference between them
is that they determine predicted mean value and covariance
matrix with different ways. UKF estimates nonlinear
transformed probability density of random variable but not
developed nonlinear function with Taylor Series, the processing
steps of UKF is avoid to linearizing nonlinear motion equation
and measurement equation as EKF, but using Unscented
Transformation-UT, that is, processing nonlinear motion
equation and measurement equation with nonlinear method
directly, and it is not necessary to calculate Jacobians, so the
algorithm has superior implementation properties to the EKF.

The most common orbit prediction and correction with
dynamic approach is to use numerical method to calculate
precise ephemeris and state transition matrix because of
nuisance force model, but it is obtained by solving two groups
of ordinary differential equations, complicated and nuisance
calculation®, we can calculate state transition matrix with



analytical method , this method is not only very efficient for the
case that the orbit determining or prediction arc is not too long
as GPS real-time kinematic PPP, but also it can avoid to the
integration of two groups of differential equations at the same
time.

2. Dynamic model

There are two choices to orbit parameters, one is satellite
orbit elements i (a, e, i,Q,0,M ) and the other is satellite
coordinate vector T and velocity vector T . In LEO satellite
precise orbit determination, the common approach is looking
on satellite coordinate vector ' and velocity vectorl’; as
orbit parameter because of complex force model, but
sometimes, we take on satellite  orbit elements
74 (a,e,i,Q,a),M) or coordinate vector and velocity
vector f,f as orbit parameter to medium or high earth
orbiter satellite because high altitude orbiter and ignoring some

tiny perturbed items as GPS.

(1) Taking on satellite orbit elements as orbit
parameters

Satellite perturbed equation is as follow:

= GM _  _
F=——-r+a, 6]
r
a‘p = a'nonspherical + a'sun—radiation + a‘3—body + a‘others , the
detail form of every variable in perturbed acceleration see in
Ref. [6].

Satellite motion model (GPS satellite orbit elements
differential equation) can express as follows [™:
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In formula (2) ~(7), P =a-(l—e?) is ellipse parameter,
V is anomaly, I is the range from satellite to earth-center,
GM is the earth’s gravitational constant, N is mean
motion, R,S,W are accelerations of radial, along-track and
cross-track, respectively.

In short-arc orbit prediction, the position and velocity at {
epoch can derive from mean orbit elements at the same epoch,
directly, after that, period item of earth non-spherical
gravitational field perturbing force can be showed by satellite
coordinate and velocity in rectangle coordinate system to
distinguish long periodic item and short periodic item, and
deduce corresponding coordinate updates and velocity ones, for
so, it can avoid the problem of singularity in computing
periodic of orbit elements variation'®. It can relax the choice
condition to orbit elements and applied to all type of orbits
prediction.

(2) Taking on satellite coordinate and velocity vector
as orbit parameters

Taking on coordinate vector T and velocity vector T as
orbit parameter, state vector Z is:

2-(¢] 0

Corresponding state differential equations are as follows:
X = f (X N 8)
t:tOvX(to): Xo

-

©)

Where, & is the perturbed parameter. The solution of formula
(9) can be expressed as:

X =X(tt,, Xy 8) (10)

Corresponding conditional equation is got from measurement
equation, the measurement equation is:

Y =H(X,t)+v (1)

Where, V is the random error in observation. Let conditional
equation as follow:

y = FX, (12)

Computing X, from formula (12), the estimated state vector
X, (updated orbit) is:

Xo =Xy + X%, (13)

Update the state matrix by updated orbit, and predict the orbit
of next epoch, analogizing along.

(3) Transformation between orbit elements and ECEF
coordinates and velocity

Supported that the coordinate and velocity of GPS satellite in
ECEF is (X, Y, Z) and (X, Y, Z'), respectively,
and coordinate is (.fs, s, {S) in orbit coordinate

system, ignore the polar effect, the transformation of GPS



satellite coordinate between ECEF and orbit coordinate system
- .[9,10].
st

X S
Y | = Ry(GAST)R, (R, (-)Ry (-,) 77, | (14)
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Where, GAST is Greenwich mean sidereal time, ECEF is
Earth Centered Earth Fixed.

cos(GAST) sin(GAST) 0
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0 0 1
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Supported,
k'=R;(-Q)R, (-)R; (-o,) (16)

According to the formula (3-21) in Ref. [9], then formula (16)
is obtained ulteriorly:
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The corresponding relationship between satellite velocity
and orbit elements are:
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3. General Law of UKF method
(1) Basic idea

In the processing of UKF, firstly, choosing sigma points of
adapted to sample mean and sample covariance matrix of
systematic vector based on systematic a priori information, if
the filtering value and filtering error covariance matrix are
X,, and P, at k—1 epoch respectively, we can obtain

N points by row or column of (1/(n + )P, )i , also, we

can obtain the other N points by row or column of
(—,/(n+ﬂ,)PH)i , their sample mean and sample
covariance are )?k_l and P,_,, adding the central point, the
total points are (2N +1), their filtering value and filtering
error covariance matrix are )A(k_1 and Pk_l, secondly,
substituting these (2n +1) points into system nonlinear
equation to transformation directly, then, predicting sample
mean )A(k‘kf1 and sample covariance F’k‘kfl by weighting
transformed (2N +1) points, finally, calculating prediction
measurements by prediction state matrix, and updating
prediction state parameter by observed measurement!*!],
analogizing along.

(2) UKF algorithm and state estimation [2, 11]

Supported that systematic motion model and measurement

model are as follows:
X1 = F(Xk'uk ’W) (19)
y, = H(x.,v,,w). kel0, o] (20)
Initialize with:

%, =E[x,]. P, = E[(x0 — %, %, —QO)TJ (21)

>?§=E[xa]=[>2§ 0 O]T (22)
P 0 0
Rf:E[(xg—i(j‘Xxg—f(g)T]: 0P 0 @
0 0 P
Nonlinear function propagation:
7i=9(x) i=01-2n (24)
2n
y~ Y W™y, (25)
i=0

2n
Py ~ ZWi(C) {7i - 7}{7i - V}T (26)
i=0



Calculate the sigma points:
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Time update:
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R 2n
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Measurement update:

2n
Pys, = Z(;Wi(C) {7i,k\k—1 — Vi }{Jﬁ,k\k,l -V }T (33)

2n
P = Z):Wi(C) {Zi,k\k-l — Xy }{Vi,k\k—l Vi }T (34)

Kk = ka)’k Py_k:;/k (35)
)A(k = >A<E + Kk(yk - 91:) (36)
P =P —KPy,, Ky (37

The N dimensional random variable X with mean X and
is approximated by 2n+1 weighted

covariance P,

points given by:
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Where x"‘=%xT ut v,

Za%(}(” ;(“)T (;(V)T, A=a’(n+x)-n is

scale parameter, « is for 1073 , K isthe second scale
parameter, common is zero, [3 is showed a priori information
of X (if it obey to Gauss distribution, ﬂ =2), if dynamic
noise vector obeys standard normal distribution, A =3—n;
(,/(n + )R, )i isthe | lowor I column of root square
of marix (N+A)P_,, W =A/(n+4), (i=0).

W™ =W© =1/[2(n+A)]. (#0) is the weight of
corresponding point I, subscript M and C are mean
index and covariance one, respectively, respectively. We can
obtain different parameter and estimated error variance matrix
with the different M and C, it is worth to discuss the value
of M and C.Whatis more, from the above mentioned
processing, we can see that the Jacobians matrix is not
necessary to be calculated in UKF processing.

4. GPS orbit prediction based on UKF
(2) Predicting GPS orbit with initial coordinate

Supported that orbit coordinate ()A(o, )70, 20) and
()A(l, )71, 21) at t,,t; is known respectively, therefore,
we can obtain the estimated velocity at '[1 as follows:

X — %o ?_)71_)7012?_21_20 (39)

tl_to o tl_tO b tl_tO

X, =

Now, we can obtain satellite initial coordinate and velocity
as follows:

%, Xy
. B - 40
=1y 1= ¥1 (40)
Z, 2,

The corresponding estimated error variance matrixes are:

var(f,)="P,. var (Fl)z (tPrt)Z (41)
17 %0

Where, P. s the estimated error variance matrix of fl at

r
t,, we can calculate the estimated orbit elements ‘/;1 of
wy at by by (fl

variance matrix is "2:

fl , the corresponding estimated error

of, \* of, '
_y |ow, | (var(R) 0 Yoy, | (@2
var(y,)= or, ( 0 varlf)) of
oy, oy,

Denoting orbit elements with ¥/ (a,€,i,Q,w, M), we
can calculate orbit elements as state vector by satellite initial
position and velocity fl 1:1 at '[1 epoch with UKF
algorithm, the satellite nonlinear dynamic model and
measurement equation in known, if the state filtering l/}(k|k)



and filtering error matrix P(k|k) at t, epoch are known,
the steps of predicting and correcting orbit at tk+1 epoch are
as follows:

(1) Determining dynamic model and measurement equation of
satellite motion system;

We should determine dynamic model and measurement
equation of satellite motion system, obtain the initial value of
orbit prediction.

(2) Calculating and determining 2N +1 sigma points based
on formula (27);
(3) Calculating state parameter prediction X, ., ;

Obtaining weight Wi(m) of corresponding point and sigma
point )(i)fk from formula (38), computing X,,, of tk+1
epoch by state filtering value X, at tk epoch according to
formula (29). Where, the key to this algorithm is the
determining of weight of sigma point and that of state
parameter and estimated error variance matrix.

(4) Calculating predicted error variance matrix P(k +qu),
see formula (30);

Pk +1k)=a{k+LK)PKKJo(k +1K)" +e(k+1)  (2a)

Where, CD(k +1,k) is the state transition matrix from
epoch f, to t,,;,seein Ref.[13] as follows:

O, t) =B(), O, t,)
d(t,,t,) = known
We can compute CD(k +1,k) according to formula (45),
where, B('[)k is linear matrix developed from state equation
(9) with Taylor series in EKF algorithm; 8(k +1) is
variance matrix of model error, to compensate by processing

(45)

noise.
(5) Calculating gain matrix Kk ;
We can compute Pflk?k and kayk from formula (33) and
(34), respectively, then, calculate gain matrix Kk from
P and P, .
(6) Measurement correction
The orbit prediction at '[k+1 epoch can be numerical
integrated with satellite motion equation by KSG or 21-order
Runge-Kutta integrator according to the above calculated state
transition matrix and gain matrix attk. Then, we can update
prediction, estimated error variance matrix and state transition
matrix with observed measurement, see in formula (35) ~ (37),
as a matting for next epoch. The perturbing item in satellite
motion equation, besides earth-central force, includes earth’s
non-spherical gravitational field perturbing
@@out 5x107°m/s? ), force from third-body effects
@out 5x107°m/s? ), radiation

solar pressure

(abouth_7 m/SZ) to medium or high earth orbiter satellite
as GPS and so on, and ignoring some tiny perturbed items as
earth tidal correction .
(7) Predicting state parameter at t,., by t,,; epoch, redo
step (2) to (6), analogizing along.
(8) Deriving non- integral step solution with interpolation;

It can meet the need of orbit determination precision with

poly-orders (10orders) Lagrange interpolation method.

(2) Predicting GPS satellite orbit with prediction
ephemeris

The navigation message distributed from GPS satellite
includes broadcast ephemeris and prediction ephemeris, taking
on initial prediction ephemeris of navigation message as initial
value, we can obtain the required step satellite orbit with
formula (2) ~ (7) by KSG or 21-order Runge-Kutta integrator
(with short arc) , deriving non-integral step solution with
interpolation, interpolate GPS satellite orbit with poly-orders
(10orders) Lagrange interpolation method to every epoch. Then
update measurement, estimated error variance matrix and state
transition matrix with observed measurement, and integrate
along, analogizing along. The detailed definition, expression
and calculation formula see in Ref. [15].

5. Result analysis

To test the reliability and precision of above mentioned
algorithm, we choose the IGS orbit products and ephemeris
prediction parameter on 1st, May, 2006 (the Number of week
is 1373) 7] then transform the broadcast ephemeris of this
day into WGS-84 coordinate system, and contrast the
transformed coordinate to the predicted orbit obtained with
the above mentioned algorithm, the initial orbit elements are
in table 2 as follows:

Table2. Initial orbit elements

M, 3.05523608442 Q,| 0.882840250320
e [0.969721737783x107 | i, | 0.957271722804
JA| 5.15370683479x10° | w | 2.59834658731
Tl 93568 Q |-0.77528229362x10°
Orbit residual of IGS products and Broadcast ephemeris
5 T T T T T T T
_ ""..~ ._.-"m-"”".
£ o} ®%0q remsoeeettenne,, R i
E oo ..."«-.m...'".“.
_%.8 019 :‘I. 111 112 113 114 115 116 117 1.8
5 ‘ ‘ ‘ x 10°
-
30 ]
508 0‘9 2‘|. 1‘1 1‘2 113 1‘4 1‘5 1‘6 1‘7 1.8
x 10
° ‘ RMS*‘l 1602‘ ‘
Eof _.M..“.""w""ﬁ.. | ..--P"”mk .., J
_%.8 019 Z‘I. 111 112 113 114 115 116 117 1.8
GPS time (s) x 10°

Fig.1. the residual of calculated orbit and IGS orbit products



the sampling interval of prediction ephemeris of navigation
in figure 1 is 15min. on 1st, May, 2006, we transform the
ephemeris predict parameter into WGS-84 coordinate system,
comparing the coordinate in WGS-84 transformed from
ephemeris predict parameter of navigation to IGS products, it is
tested that the residual between the coordinate transformed
from ephemeris predict parameter and IGS products is 2.044
meters (1.2325m, 1.1454m and 1.1602m).

Now, we predict GPS orbit with above mentioned dynamic
model, measurement model, KSG integrator and initial orbit
prediction ephemeris based on EKF and UKF algorithm,
respectively, to test the liability and accuracy or UKF, just
taking earth’s gravitational field non-spherical perturbing,
third-body perturbing and solar radiation pressure into
account, and taking on IGS final orbit products as reference,
the result analysis is showed in table 3 as follows:

Table3. The comparisons result (RMS: cm)

time |algorithm X y z |Position
EKF | 10.2 | 99 | 105 | 17.67

1-hour
UKF | 83 | 7.7 | 88 | 14.34
EKF | 20.6 | 21.0 | 21.8 | 36.61

6-hour
UKF | 16.0 | 16.5 | 18.0 | 29.19
EKF | 40.0 | 425 | 419 | 71.85

24-hour
UKF | 304 | 31.6 | 32.0 | 54.28

Under taking the same perturbing items into account, the
calculation result showed that the error is relative large because
we simplified the perturbing force ,but the result from UKF is a
bit better than that of EKF, it is showed that the UKF algorithm
improved the precision of orbit determination than that of EKF,
the more important point is that UKF has the untouchable
merits than EKF, what is more, in the calculation, we found that
the calculation time is more shorten with UKF than EKF with
the arc increasing, and we can not statistic them because of
paper length. If the integration step is too long, and avoiding to
substituting processing noise into model error, all UKF and
EKEF are divergence, but the UKF divergence time is later than
that of EKF, it is showed that the EKF is affect by linearity
model error of nonlinear system except for integration step,
inherent model error. Therefore, it is valid to improve the
stability and precision of GPS orbit prediction based on UKF. It
offers a new method for some others satellites orbit
determination as Galileo.
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