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Abstract

Time series analysis is a frequently effective method of constructing model and prediction in data processing of deformation
monitoring. The monitoring data sample must to be as more as possible and time intervals are equal roughly so as to construct time
series model accurately and achieve reliable prediction. But in the project practice of GPS deformation monitoring, the monitoring data
sample can’t be obtained too much and time intervals are not equal because of being restricted by all kinds of factors, and it contains
many variates in the deformation model moreover. It is very important to study the data processing method for small samples and
multi-variates time series in GPS deformation monitoring. A new method of establishing small samples and multi-variates deformation
model and prediction model are put forward so as to resolve contradiction of small samples and multi-variates encountered in
constructing deformation model and improve formerly data processing method of deformation monitoring. Based on the system theory,
a deformation body is regarded as a whole organism; a time-dependence linear system model and a time-dependence bilinear system
model are established. The dynamic parameters estimation is derived by means of prediction fit and least information distribution

criteria. The final example demonstrates the validity and practice of this method.
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1. Introduction

As everyone knows, No matter the earth’s crust occur
deformation or large building become deformed, the internal
mechanism of deformation is not clearly, and affected by a lot of
external factor. So it’s difficult to describe the change as a whole
and forecast the future tendency by general deformation. The
problem would become simple when we use systems theory that
a deformation body is regarded as a whole organism.
Considering the internal movement as well as external factor, a
time-dependence linear system model and a time-dependence
bilinear system model would established in this paper.

We can gain finite observation data for establish small sample
because deformation monitor restrained by manpower, material
resources and financial resources. We couldn’t choose many
parameters due to finite observation data. The practical precision

2. Time-dependence Deformation Monitor System
Model

2.1 Time-dependence linear system model

Suppose deformation monitoring to a deformation body, we
gained observation
(| =]_,2, ...... 1m) in t11t21 ...... 't
linear system model is set up as follows:
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of the model reflect the reality is weak along with the reduced
quantity of parameters; parameters estimation by general method
couldn’t achieve ideal result on the condition that finite
observation data and quantity of parameters couldn't reduced.
The dynamic parameters estimation is derived by means of
prediction fit and least information distribution criteria base on
small sample in this paper.

We may adopt the recursive estimation method in some
literatures if just consider system time-dependence parameters
estimation. In this paper we consider not only time-dependence
of the system, but also the finite observation data. The
time-dependence parameters in the model treated as continuous
function and approximate by thrice B-spline function, thereby,
time-dependence  parameters  estimation transform into
non-time-dependence parameters estimation.

y(t) = c(t)x(t) +e(t) @

X s state variable for describing movement law of system; Y
and U leave each other as deformation observation value and
external factor; W('[) and e(t) are independent white noise
with mean equal 0;

C(t).a, (t),-,a, (t),b, (1), -+ b, (V) are

time-dependence parameters.
From formula (2) , we obtain

X(t) = y(t)/c(t) —e(t)/c(t) ®

According to formula (2) and (3), we obtain:
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Based on deformation tendency and distance of one period, use
free crunodes divide up time field [t;,t]:
Aty =7, <7, < <7, =1,

It can be shown by add new crunodes that:
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From literature™ | we can work out thrice B-spline function
series by use of crunodes cited just before as follows:
B ,(t),B_,(t),--, B, (t), then spline function denoted by

s(t) = Zr:c,b, ) (5)

Regard time-dependence parameters

A1) B;(t) (=12 ,m; j=01,---,n)in
formula (4) as continuous function of t. and approximated by
spline function (5), we obtain:
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Where 8('[) is approximate error, 8('[) have stochastic
behavior due to time-dependence parameters stochastic behavior.
For estimate parameters conveniently, we use Moving average

model to denote W (t) + &(t) , namely
WO+ =CO+Dect-) o

where {&(t)} is white noise series with mean equal 0. Using

formula (6) and (7), denoted by matrix:
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Time-dependence parameters estimation transforms into
non-time-dependence parameters estimation pass through spline
function approximate.

2.2 Time-dependence bilinear system model

Deformation of earth’s crust is a complex system, deformation
relate to not only the geological character, but also external factor,
for example temperature, air pressure, level of underground
water, temperature of surface, meanwhile, relate to earth’s
rotation, celestial gravitation as well as produce activity of
human being. In such condition, linear system model can’t
reflect the objective condition all right, so non-linear system
model at demand. However, non-linear system theory isn’t
perfect and algorisms are very complex, we adopt bilinear
system model analyze and approximate non-linear system, so we
set up bilinear system model as fellows:
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y(®) = a(®)x(t) +e(t) (10)

Time-dependence of objective condition may reflected by the
time-dependence observation vector and state vector. We don’t
describe parameters in (9) by time-dependence for estimate
parameters and calculate conveniently. Formula (9) shows the
relation of non-direct observation X(t) and external
factor U(t) . y(t) is polluted observation by noise €(t). d
denote lag of deformation affect by external factor, {e(t)}is
white noise series with mean equal 0. If all £; =0
(i=12,---- ,m; j=0,---,n), then, the model changes
to linear system model. So ﬁij is degree of the system deviate
to linear.



We know from formula (10) that:

X(t) = y(t)/a(t) —e(t)/a(t) (12)
Using (11) and(9), we obtain:
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C; and aij are supplementary variables.

When
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Then formula (12) may denoted by
y(t) =" (0 +e(t) (13)

Thereby time-dependence bilinear system model change to linear
forecast error model.

3. Dynamic Parameters Estimation

Suppose observation system f, may described by parameters
model with sample space isY , parameters aggregation is ®
and density distribution function is

P={p(y[0).6 € 6} (14)
Suppose X is n-times repeated trials to f , Bayesian forecast

base on density function p(y|6') of X denoted by

a(yx) = [, p(yi@)p(ex)de  as)

Where p(9|X) is posterior density function base on prior
probability p(#) and X . Aitchison™ using prediction fit
criterion:

[, p©)do] p(X|oxix], p(yi6)logf(yix)/ r(yx)dy

(16)
And prove it always plus, so Bayesian forecast method is better
Murry!®

function fits the true density function better than other method.

than others. points out that forecast density
From literature 1, when the true density function is normal
distribution, the forecast density function is student distribution.
So student distribution fits the probability density function quite
well when small sample from normal distribution collectivity.

Suppose N independent observation of Y from normal
distribution collectivity Y,;,Y,, -, Yy, Y;have mean value
of (oT ()@ and same variance o’ , follow above, we know:

N =std(r,p" ()0,0%)

F(%1) o
=171{1+(r02)71(yi —p"([)0)°} *
(1)*ol(0)

Where =N —1, N is quantity of sample, I' is free

degree. As independent of the samples, likelihood function is:
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Logarithmetics (18), obtain that
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Base on Bayesian
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We must make (21) reach extreme in order to enable (20) reach
extreme.
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Next consider how chose least information Bayesian prior
distribution on the condition of finite observation data. From
literature !, information measure of prior density was defined
as:

I (p(8)) =Information content of & in
P(]Y ) — information content of 6 in
p(0) =
[[p(@¥)1ogfp(@Y)3p(Y)datY - [ p(6) log{p(6))de

(22)
Maximize (22) is the optimum least information distribution.
Maximize (22) distribution is different to prior distribution of
maximum entropy, namely different to prior distribution with
minimum second item in (22). The influence of first item is
decrease along with increasing amount of data, then, least
information distribution become prior distribution gained by
maximum entropy method.
In the condition of small sample, confirm the least information
distribution concern optimum of infinite dimensional. So we use
optimum convex-combination which prior distribution is clear as
least information distribution method. Any density function may
approximate by combination of several Gauss prior
distribution very well. Foundation Gauss prior distribution
defined:

p(@)=N@-g,%,),(i=12,---1)
U :{a:(al’az""ya|_1)Ta iaj Sl,aj 20}

Seeking convex-combination P, (&) for
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Where a, =1- Z a, is confirmed one and only.
j=1

4. Distinguish Rule and Example

Different estimation methods deliver different result, so we
should set up a standard to measure the estimation result. Here,
we regard relative mean square error as standard, namely

RMSE =Y (6, - 6)*1/[)_ 671 (24)

A
where Hi is the true value of parameters, @ denote
estimation value. Set up a time-dependence bilinear system
base on of deformation with

model objective factor
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Then (25) denoted by:
y(t) =o' (1)0 +e(t) (26)
where e(t) = y(t)—o' ()0 = y(t) - 9(t|9) . regard as

forecast error, denoted by e(t,H). The variance of forecast

error is O'z(t)éc('[) =E[(y(t) - 9(t|9))2]

For convenience, we use limit variance & replace o’ (t).
From (25), we know e(t,0) s linear function
of A, By, By, By I‘lil, I’li2 , I’li3 , is non-linear function of
cl,alil,aiz,alis so we use iteration method to settle. We
adopt change of scale algorithm for maximize (21) in order to

estimate & . Where @(0) is least square estimator,



o?(0)=1. We obtain the deformation model of earth’s

crust in this area

y(t) —0.431y(t —1) = 0.731+0.056u, (t) —0.121u, (t)
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+0.025u,(t — 2) —0.432y(t - Du, (t) +
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(27)
Use 8" data to test the model above-mentioned. The model fits
the reality observation data very well, so the model is effective
and applied.

5. Conclusion

We obtain conclusion through theory and example as follow:
1) The time-dependence system model mentioned in this paper
fits deformation study of dam, building as well as abnormal
movement of earth’ crust. We regard the change law of
deformation body as whole thereby avoid the large error of
general model, meanwhile, the model own the advantage of
primely reflect the change law of entirety.
(2) The external factor taken into account for set up the system
model in this paper. The influences by the external factor exist
for a certainty although it is inconspicuous. Thus we must
consider external factor when inspect dam, building and so on.
(3) In the condition of finite observation data, the estimation
method in this paper for example: least squares method,
maximum likelihood method and so on is better than others. But
in this condition, the statistical character of noise didn’t exhibit
adequately, so parameters estimation affected by observation
noise and stochastic approximate error require more research.
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