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Abstract

Interval-valued fuzzy sets were suggested for the first time by Gorzalczang(1983) and Turken(1986).
Based on this, Wang and Li extended their operations on interval-valued fuzzy numbers. Recently,
Hong(2002) generalized results of Wang and Li and extended to interval-valued fuzzy sets with Riemann
integral. Using interval-valued Choquet integrals with respect to a fuzzy measure instead of Riemann
integrals with respect to a classical measure, we studied some characterizations of interval-valued
Choquet distance(2003). In this paper, we define Choquet distance measure for fuzzy number-valued fuzzy
numbers and investigate some algebraic properties of them.
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investigate some algebraic properties of

1. Introduction them.

Interval-valued fuzzy sets were In section 2, we give preliminary
suggested for the first time by definitions which are required in the
Gorzalczang(1983) and Turken(1986). following discussion. In section 3, we deal
Based on this, Wang and Li extended some properties of fuzzy number-valued
their operations on interval-valued fuzzy fuzzy numbers. In section 4, using the
numbers. Recently, Hong(2002) Choquet integral with respect to fuzzy
generalized results of Wang and Li and measure, we define a Choquet distance
extended to interval-valued fuzzy sets measures for fuzzy number-valued
with Riemann integral. Using fuzzy numbers and investigate some
interval-valued Choquet integrals with properties of them.
respect to a fuzzy measure instead of
Riemann integrals with respect to a 2. Definitions and
classical measure, we studied some Preliminaries
characterizations of interval-valued
Choquet distance(2005). In this paper, we At first, we introduce interval
define Choguet distance measure for numbers and their basic operations (see

fuzzy number-valued fuzzy numbers and
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[4,5,6,7,10,13]). Throughout this paper,

R * will denote the interval [0, o),
I(R*)={{a,b] |a,b € R*anda< b},

Then an element in I(R*) is called an

interval number,

Definition 2.1. Let [ay, b, [y, by]

I(R*) and k€ R*. We define
lay, b1+ [ag, by] = [a, + @y, b, + by]
lay, by] + o, by] = [a) - @y, b - by]
klay, b)) = [ka,, kb, ],

(o, 6] < {ay, by if and only if
o <a and b < b,

[01, 1] < o, b,] if and only if
las; &3] < [ay, by]
but [a,, b,] = [a,, b,].

€

Then (I(R*), dy) is metric space, where
dy is the Hausdorff metric defined by
dH(A’ B) = mar{supxe Ainfye B I T—y I
SuPye pinfrea | T—y | )

for all A,B € I(R%). By the definition

of the Hausdorff metric, it is easily to
show that for each pair [ai, b;], [a,, by] €

I(R7),

dy([a, b),[c,d]) = maz{| a—c |, | b—d]| }

<

We note that is called an order of
interval numbers and that [a, b] C [c, d]
means [a, b] is subset of [c, d].

Definition 2.2. A fuzzy number is a

fuzzy set u on R™T, satisfying the
following conditions:

(i) (normality) u(z) =0 for some
€ RT,

(ii) (convexity) for arbitrary A € (0,1],
[u)={ze R*|u(z) = A} € I(R™)
and (iii)

[ul®’={ze R*| u(z) > 0} e I(RY).

Let F(R*) denote the set of all fuzzy
numbers. we define for each pair
w,ve€ F(RY) and k € R,

[u+ v} = [u]*+ [v],

(ku}* = k[u]?,

v < v if and only if [u]* < [v]*
for all A € [0,1].
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Definition 2.3. Let Ae F(R*'). Then A

is called an interval convex fuzzy set, if
for any =,y € R and A € [0,1], we have
AQz+(1-XN)y) = A(z)AA(y).

Definition 24. Let 4,Be F(R') and
r€{t,— -, +}]. We define their
extended operations to

(A« B)(2)= V,_,.,(A()AB(y).
For each [\, A\le [I]Y, we write
Apoaad * By

={zey:z€ Ap \p Y€ Byl

Definition 2.5.([9,10,11,12]) (1) A fuzzy
measure on a measurable space (X, ) is
an extended real-valued function
p: 20, ] satisfying

(i) p(e)=0,p(X)=1

(ii) whenever A,B € 2, A C B,
then p(4) < p(B),
(2) p is said to be continuous from
below it for every increasing sequence
{A.} C 2 of measurable sets, we have

u( U An}= im 12 (A,).

=1 n—oo
(3) ¢ is said to be continuous from above
it for every decreasing sequence
{A,} € 2 of measurable sets, we have

u[ﬁ A,,)= i (4,),

=1 n—00
(4) if p is said to be continuous from

above and continuous from below, it is
said to be continuous.

Recall that a function f: X — [0, ] is
said to be measurable if {({Ax)>a}sR for
all a=(—o0,),

Definition® 2.6.([9,10,11,12]) (1) The
Choquet integral of a measure p is
defined by
@ [ fau= ["uer

where  p(=p(z]|f@>r}) and the
integral on the right-hand side is an
ordinary one.

(2) A measurable function f is called

integrable if the choquet integral of f can
be defined and its value is finite.

Definition 2.7. ([9,10,11,12]) Let fg be
measurable nonnegative functions. We say
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that fand g are comonotonic, in symbol
f~g if and only if
ACA) = glx)<g(x’) for all x,x=X.

Theorem 28.([59,11,12]) Let fghk be
measurable functions. Then we have

) £~ £,

2 f~2 = g~Ff,

(3) f~ a for all asR* |

(4) f~gand f~h = f~ (g+h).

Theorem 2.9.([59,11,12]) Let
nonnegative measurable functions.

(1) If f<g, then (O [7du<(O) [ adu
(2) If f~ g and a,b=R?, then
(O) [(af+ bedu=a(C) [ fau+¥(C) [ gdn.
() If (fVe )X»)=AxVel(x), then
(O [NVe duz(O) [V (C) [ g,

7, g be

and
If (Ag Xx)=RxAg(x), then

(O [ Ag dus(O) [ fauN(C) [ gau
for allz € X.

Theorem 2.10.([9,10]) (1) If {£)} is an
increasing  sequence of nonnegative
measurable functions, then we have

(C)/ tim f,dp = lim(C)/ f.du.

(2) If {f,)} is a decreasing sequence of
nonnegative measurable functions and #
is Choquet integrable, then we have

(C)/ lim f,d = lim (C)/ f.du.

— 00 n—s o0

3. Fuzzy number-valued fuzzy
numbers

In this section, we will define wvarious
concepts associated with fuzzy
number-valued fuzzy number.

Definition 3.1. Let A,B € F F*(R*) and
s €{+, —, -, +]. Then we have
(A« B)(z)=[(A_ « B_)(2), (A" » B )(2)]

Corollary 3.2. [3,12] Let A,Be F F*(R*),

Then A+ B, A—B, A-B, A+ Be FF (R).
The following to important results

immediate as an application of Theorem
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3.2 and commutatively and associativity
of fuzzy numbers under + and e (seel[3,

12]).

Theorem 3.3. Let 4,BeF F*(R*). Then
A+ B=B+« A where » € {+, - |,

Theorem 3.4. Let ABCeRRHF F*(RY).
Then (A+B)-C=A4-(B-C) where
* € {+: ¢ }

4. Main Results

At first, we define Choquet distance
measures between interval-valued fuzzy
numbers.

For
numbers

Definition 41.
interval-valued fuzzy
IF*(R), the quantity

D.(4,B)=(C)[ dy(A(2), B(2))du(z)

arbitrary
A, Be

=["niz | du(4 (), B(2)) > a)da

is the Choquet distance measure between
A and B, where dy is the Hausdorff

metric between A(z) and B(z) which is
defined as

dy(A(z), B(z))

=dy(A_(z), B_(z)) Vdy(4A™(z), B (7))
since A_(z) and A~ (z) the lower and the

upper endpoint of A4 (z),
A(z)=[A_(2), A~ (2)].

Now we define Choquet distance
measures between fuzzy number-valued
fuzzy numbers.

Definition 4.2. For
number-valued fuzzy

F(R™), the quantity

fuzzy
A, Be

arbitrary
numbers

1
A,(4,B)= ['Do(4,B)dr

where A5, Bye IF(R*) and Dg(A,, B,)
is distance of 4y and Bi.

Theorem 4.3. Let A, B FF*(R*). Then

we have
A FF*(R*) X FF*(R*)— [0, 0]

is pseudo-metric.



Proceedings of KFIS Spring Conference 2006 Vol. 16, No. 1.

Theorem 4.4. Let A, BE F(R*) and 4, B
are continuous. Then 4;(4,B)=0 if and
only if A=B p—a.e.

Theorem 45. Let {A.} is an increasing
sequence of fuzzy number-valued fuzzy

numbers in FF*(R*) and for each
z e RY, dy— lm A,(z)= A(z). Then we
have
im A, (A4, A) =0.

Theorem 4.6. Let A€ FF(RY). If Be
FF(R*)  and A,€FF(R*)  for
n=1,2,3,:--- Then
A (V.A, B) = vA, (A, B) and
4A,(NA,, B) < AA (4, B).
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