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T-sum of bell-shaped fuzzy intervals

Dug Hun Hong?

Abstract

The usual arithmetic operations on real numbers can be extended to
arithmetical operations on fuzzy intervals by means of Zadeh’s extension
principle based on a t-norm 7. A t-norm is called consistent with
respect to a class of fuzzy intervals for some arithmetic operation, if this
arithmetic operation is closed for this class. It is important to know which
t-norms are consistent with a particular type of fuzzy intervals. Recently,
Dombi and Gyérbiré proved that addition is closed if the Dombi t-norm
is used with two bell-shaped fuzzy intervals. A result proved by Mesiar
on a strict t-norm based shape preserving additions of LR-fuzzy
intervals with unbounded support is recalled. As applications, we define a
broader class of bell-shaped fuzzy intervals. Then we study f-norms
which are consistent with these particular types of fuzzy intervals. Dombi
and Gy6rbiré's results are special cases of the results described in this
paper.

Keywords ' Fuzzy number, t-norm, t-norm-based addition, bell-shape
fuzzy interval, shape preserving.

1. Introduction

In recent years, fuzzy arithmetic has grown in importance as an advanced tool
in fuzzy optimization and control theory. The usual arithmetic operations on the
reals can be extended to arithmetical operations on fuzzy intervals by means of
Zadeh’s extension principle [32]. This principle is based on a triangular norm 7.
Fuzzy arithmetic based on the sup-(t-norm) convolution, with the controllability o2
the increase of fuzziness, enables us to construct more flexible and adaptable
mathematical models for several intelligent technologies based on the use of
approximate reasoning and fuzzy logic. Hence, much effort is desirable in order to
find exact and good approximate computational formulas for fuzzy arithmetic
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operations. Most of the results are restricted to the cases that have bounded
support. The most frequently used fuzzy intervals are LR-fuzzy intervals where L
and R are left and right shape functions, respectively. The simplest forms of
fuzzy quantities are triangular fuzzy intervals. These forms have been studied
extensively and used in many applications. Some results for fuzzy arithmetic
operations and their applications can be found in [5-8, 10-20, 23-30]. An important
feature of t-norm-based arithmetical operations is that it provides a mean of
controlling the growth of uncertainty during calculations. Namely, shape preserving
arithmetic operations of LR-fuzzy intervals allow control of the resulting spread.
In practical computation, it is natural to require the preserving of the shape of
fuzzy intervals during addition and multiplication. Recently, Hong [16] showed that
Tw, the weakest t$-norm, is the only t-norm 7 that induces shape preserving

multiplications of LR-fuzzy intervals. Mesiar [29] was interested, for given shapes,
L and R, in which t-norm 7 induces a shape preserving addition of LR-fuzzy
numbers. Recently, Dombi and Gyérbiré [3] investigated the shape preserving
additions of two bell-shaped membership functions. These representations and
operations appear in many natural processes and are used in fuzzy neural
networks [1, 9] for representing input and output values and measuring the error
in the delta learning rule [33]. They proved that the addition operation with the
Dombi operator is closed even in the case of infinite summation. These
membership functions have unbounded supports.

In this paper, we recall a result [6, 29, 30] on the shape preserving addition of
LR-fuzzy numbers with unbounded supports. As applications, we consider the T
-sum of a broader class of bell-shaped fuzzy intervals where 7 is a strict ¢
-norm. We study some specific 7-sums, e.g., the Dombi-sum, the Hamacher-sum,
the product-sum, the Schweizer and Sklar-sum, and the Frank-sum as examples.
The results of Dombi and Gy6rbird [3] are special cases of a result of this paper.

2. Basic definitions

A function, denoted L or R, is a shape function of fuzzy numbers iff L{(0)=1
and L is a strictly decreasing continuous function on [0,0). For instance,

L(z) =max(0,1 —z?), p> 0(which has bounded support and can be normalized as
L(1)=0) ; L)=e", p>0 or L(z)=1/(1+a"), p>0 (which has an
unbounded support). Following Dubois and Prade [5], a fuzzy interval A is a so
called LR-fuzzy interval, A= (a,b,a,8)g, if the corresponding membership

function satisfies for all zER
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1 ifa<z<b

L(a"‘”) if z<a,a>0
&

Alz)=
z—b

B

R( ) ifb<z,6>0

where [a,b] is the peak of A, a>0 and >0 is the left and the right
spread, respectively. If R(z)= L(z)=1—z, we denote (a,b,a,0).z by (a,b,2,0).

Recall that a triangular norm (briefly t-norm) is a binary operation T on the
unit interval [0,1] which is commutative, associative, and monotone and has 1 as
a neutral element [21,22].

A continuous t-norm 7 strictly increasing on the open square (0,1)? is called
a strict t-norm. Each strict t-norm is generated by an unbounded additive
generator f:(0,1]>[0,00] with f(1)=0, where f is a continuous strictly
decreasing bijection such that

T(z,y) = 7V (f @)+ F ).

let T be a given t-norm and let A, i=1,2,--,n be fuzzy intervals. Then
their T-sum C=A,® - ® A, is defined by the generalized extension principle cf
Zadeh [32] as

C(Z) = :l+-‘~s-}-1£= zy'(Al(xl)";"An(zn))y ZER_

If T is a strict t-norm with the additive generator f then

inf

cz)=f" gyt bz, =2 T(Ay(21), > Au(zn))

3. The T-sum of bell-shaped fuzzy intervals

Recently, Dombi and Gy6rbird [3] proved that additions are closed if the Dombi
t-norm is used with two bell-shaped fuzzy intervals. In the following section we
define a broader class of bell-shaped fuzzy intervals and study t-norms which are
consistent with these particular types of fuzzy intervals as applications of
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shape-preserving properties. The results of Dombi and Gyérbiré are special cases
of the results of the work described in this paper.

We recall first the result of Mesier [6, 29, 30] on strict t-norm based shape
preserving additions of the LR-fuzzy intervals with unbounded support.

Theorem 1. Let both L and R be shape functions with unbounded support.
Let T be a strict t-norm with additive generator f= (R~ Y for some p=1 and

let L{z)= R(a* ). for some k> 0. Then the addition @ based on T preserves the
LR-shape of LR-fuzzy intervals and for pE€ (1,)

(01,51,011,51)1,12@ T(a2,b2,a2,62)LR = (ax + a2,b‘ + bz,(ai + a;)l/sa(ﬁ({ + Bg)l/q)w
where 1/p+1/g=1, i.e. g=p/(p—1) and 1/(pk)+1/s=1, i.e. s = pk/ (pk—1).

We now define a broader class of bell-shaped fuzzy intervals.

Definition 1. Let f be the additive generator of a strict t-norm 7. If
fo Bc{d(x)"—‘((:c—c)/d)z, then we call Bcf,d(a:):f_l(((:c*c)/dy) the bell-shaped
membership function with respect to 7, where ¢ is the center and d is the width
of the function.

Example 1. I f(z)=({1-z)/x)’, p>0 is the additive generator of the
Dombi t—norm D where

1

(5

D,(z,y)=

then B!y(z)=1/1+((z—¢)/d)*?).
Example 2. If f(z)=1In((p+ Q1 —p)z)/z), p=0 is the additive generator of
the Hamacher t—norm H where

Ty
p+(1—p)z+y—=y)

H,(z,y) =
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then B!,@)=p/( "V +p-1).

Example 3. If f(z)=Q/p)(z™?—1), p>0 is the additive generator of the
Schweizer and Sklar t—norm S where

_1
S,zy)=("P+y ?—1) 7

then B/, (z)=(1/(p((z~c)/d)* + 1),

Example 4. If f(z)=log,((p—1)/(®*—1)), p>0, p=1 is the additive
generator of the Frank t—norm F where

Fp(ac,y) = logp 1+

=D =1)
p—1
then B! 4(z) =log, ((p"® ¥ +p— 1)/plE= My,

Note. It is noted that if f(z) is the additive generator of the Dombi t— norm,
with p=1 then Bcf,d(x)=1/(1+((x—c)/d)2) is the definition of one bell-shape
membership function defined by Dombi and Gyérbiré ([3] Definition 6.). If f(z) is
the additive generator of the Hamacher t—norm with p=1 then
Bcf, Jz)= e” (e=<)/4" i< the definition of another bell-shape membership function
defined by Dombi and Gy6rbiré. ([3] Definition 11.)

e

Fig 1. Various types of bell-shaped fuzzy intervals
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As a direct application of Theorem 1, we have the following shape-preserving
addition of bell-shaped fuzzy intervals.

Theorem 2. Let 7 be a strict t-norm with additive generator, f, and let
Bédi(w), 1=1,2,--- be a sequence of the bell-shaped membership functions. Then
the addition @ ; based on T preserves the bell-shape of fuzzy intervals and

f f =pf
Bcl,dl @ T @ TBC"'d" BCH et Cﬂ,(d¥+--~+di)1/2

Additionally, if Y,¢;= C and Y,d?=D, then

i=1 i=1

grchdel ®r- ®r By =Bl

Proof. It is enough to show that for n=2. By the definition of the
bell-shaped fuzzy intervals, f ° B({ 1(z)=:c2, and hence f=(B({ 1_1)2. It is also
easy to check that Bc’fd‘—‘(c,c,d,d)w with L=R=B({ 1. Then, as mentioned in
Section 2, the investigated membership function is

8Ly ® o8 ()= 1[0 L H(BL () (B e2)
= (cl’cl’dl’dl)LREBT(C2’02’d27d2)LR

1/2 1/2
= (c1 +cocp F Cz,(d% + dg) ,(df + d%) )LR
where the last equality comes from Theorem 1. Therefore we have
Bcfx,dz Dr Bé,dz(z) = B] (d2+ d2)V2 (2),

gt

and hence we have
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lichdel D @TBc{,‘d,,(z)z lich{,,-‘-+cn‘(df+---+df,)1/7(z)

n—o n— oo

. _ z—(c +---+cn) 2
- Eerlof 1[( (df +T"+di)l/2 J]

2V
- lim [ 255)
= Bé’Dl/Z (Z)

which completes the proof.

Corollary 1. Let T be a strict t-norm with additive generator, f, and let
Bcf,.'d'. (z), i=1,2,-- be the bell-shape membership functions, all having the same

width. We have

Bcf,_d Sr- 69TBcf,,,d = Bc{+-~-+cnv\/;d

Note 1. We see that Theorem 7 [3] is a special case of Corollary 1.

Corollary 2. Let T be a strict t-norm with additive generator, f, and let
Bcf,.,d,- (z), i=0,1,-- an infinite series of the bell-shape membership functions with

d; = dg¢', <1 and d> 0. If the series Eci = (C is convergent, then we have
i=0

,}i_{chf.,d, S D78l =B, i

Note 2. We see that Theorem 8 [3] and Corollary 10 {3] are special cases
of Corollary 2. For this, we see the following examples.

Example 5. Let Bcf,d(z) =1/(1+ ((ﬂv“c)/d)z/p) where f(z)=(1—z)/z)",
p >0 is the additive generator of the Dombi t—norm. Then, by Theorem 5,
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sup 1

gtttz =2 n
14+ 3 (2~ c)/d)*”
i=1

I3

=Bc{,d@T'“ GBTBéC,d(z)

= B, (2)
Z}lci,d\/n
1
= - 275 (Theorem 2 [3])
1+((z—— Eci)/d\/n)
i=1

Also, we have for ¢<1 and Zci =C
i=0

sup 1

Tyt t+z, =2z n N2/
1+ E((‘L‘z - Ci)/dqt)z ’
i=0 :

=Bl @ @78 ,.()

=B’ —(2)

1

7 i3 2/p
(Z— Eci)/d\/ 2«12")
i=0 i=1

(Lemma 9
1+

(3D

and hence , noting that lim »,¢*=1/(1—¢%),

n—oi=_0

lim, S0P 1
A 1+ E ((xz - Ci)/dqi)wp
i=0
1
= {Theorem8 [3])
2p
1+ (= o/la/ V1= )"
Example 6. Let B!,(z) =p/(e((1‘”)/d)2+p— 1) where

flz)=mm({p+(1—p)z)/z), p=0 is the additive generator of the
Hamacher t—norm. Then, by Theorem 2,
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H;D/( a1 p—1)
p+(1— p)(ﬁ]p/(e((Z Vg p—1)- Hp/( =)y +P_1))

sup
Tyttt =2

=1

d@T"' ®TBC",d(Z)

Also, we have for ¢<1 and Zci =C
i=0

Hp/( sl )
l—p)(Ep/( (e =edtaaf ) Hp/( == c)/dd) +p—1))

= BC{),d D EBTBCqun( z)
=B’ ~(2)

=p;(e—((5—.zc)~¢?z7 e

[
Hence, noting that lim Zqz' =1/(1—¢%),

n—i=(

sup
otttz =2

n

Hp/( 2= c)/dd) +p—1)

. sup
llm,0+...+zn =

n— o

1 p Ep/( - c/dq +p~1) Hp/( z— c/dq +p_1)

({5 — 17 (1— g
:p/(e ((~ C)/d\/l/(l 42)2+p_1)

n o
3 sup — ;- .'/dq'2
hmzo+..,+x"=z||e (== c)/dd)
n—s00 i=0

= (- 0)/dY 1/(1-4)*)

89
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If p=1(product t—norm), then

—“:—é;%/dJﬁr

n
sup - ((Ii_ci)/d)z —
T, +etr, =2 He =€
i=1

sup He‘ ((z;= c))/dg) :de@T'" GBTBc{I,dq" (Z)

zotrtz,=: 1L
=B;:C d‘/Z_(Z)
_ Az

=€

and

7i

e —({z,— i)2
lhn%+fEE=ZIIe((..w@)

n— o0 i=0

2- 0)/dV1/(1-¢)?)?

z- 1/
Example 7. Let Bcf Jx)= (p/ (el==e dy’ 1)) ? where
fle)=Q0/p)z™?— 1), p=0 is the additive generator of Schweizer and the

Sklar t—norm. Then, by Theorem 2,
1

sSup | 2(1/(p((x,~—c,~)/d)2 +1)'=1) P =Bl @7 @B .(2)

z,+ -tz =
=B’ ()
Z}lc,—,d\/n

be-gepea]

i=1

1/p

Also, we have for ¢<1 and Eci =C
i=0

Y B/ ol e + 1) 1)

i=

1
P :Bc{),dGBT"' ®T‘Bc{‘,dq"(z)

olle- Eepay (5

A
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and hence , noting that lim qu'— 1/(1-¢),

1
lim,,.. 232 -, B0/l c)/da) +1) 1) 7
=(1/p( ~0/dV1I/a=A)) +1) /v

Example 8. Let B‘:{d(x) = logp((p((z— c)/d)? +p— 1)/p((z— c)/d)z) where f(z) _

log,((p—1)/(p® —1)), p>0 is the additive generator of the Frank t—mnorm. Then,
by Theorem 2,

n (plogp((p((z—c.)/d)z+ o 1) /p((z—c,)/d)’) B 1)

su =1
pitot = log, |14+ p—y
=B¢{,d®7"“ @TB(}:,,;(Z)
= B/, (2)
Ecivd\/;

Also, we have for ¢<1 and Ec,- =
i=1

I-I(p]og (: e)ldgf +p- 1)/p((z—q)/dq‘)’) _ 1)

sup =0

Io+...+z"=zlogp 1+

p—1

=Bl @7 ®rB! . (2)

=B,
Eciad Eqﬁ
i=0 ia(

=bgp((p((z—;c.-)wmw)“+p_1)/,,(( S

n
and hence , noting that lim Y,¢*=1/(1—¢),

n—oi=(
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L2 (e—elag? | _ (T
H(plog,,((p +p 1)/? ) = 1)

. sup i=0
rllLIEzo+---+z"=zlogp 1+ p___l

(== ravVITT=aD" ) _ 1) jplte = /ay 7=

= log,

4. Conclusion

In this paper, we recalled a result on the shape preserving addition of LR
-fuzzy numbers with unbounded supports. As applications, we defined a broader
class of bell-shaped fuzzy intervals and presented sums of bell-shaped fuzzy
intervals in the sup-7 sum construction. Results of sums of bell-shaped fuzzy
intervals of Dombi and Gydrbiré are special cases of the results presented in this
paper. Results of sums of sigmoid-shaped fuzzy intervals of Dombi and Gy6érbird
can be generalized in a similar manner.
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