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Nonparametric Bayesian Multiple Comparisons for
Dependence Parameter in Bivariate Exponential

Populations
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Abstract

A nonparametric Bayesian multiple comparisons problem (MCP) for dependence
parameters in [  bivariate exponential populations is studied here. A simple
method for pairwise comparisons of these parameters is also suggested. Here we
extend the methodology studied by Gopalan and Berry (1998) using Dirichlet
process priors. The family of Dirichiet process priors is applied in the form of
baseline prior and likelihood combination to provide the comparisons. Computation
of the posterior probabilities of all possible hypotheses are carried out through
Markov Chain Monte Carlo method, namely, Gibbs sampling, due to the
intractability of analytic evaluation. The whole process of MCP for the dependent
parameters of bivariate exponential populations is illustrated through a numerical
example.
Keywords : Bivariate exponential population; Dirichlet Process Prior; Gibbs
Sampler; Mixture of Dirichlet Processes; Multiple Comparison; Nonparametric
Bayes

1. Introduction

In reliability studies of mechanical components, dependence between two
components occurs quite often. A system, which functions as long as at least one
of the two identical components functions, has a functional correlation between the
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system components. Initially let the two components be independently on test with
life distributions that are exponential with parameter A, denoted as exp()).
Failure of one changes the life distribution of the other to exp(\@), 6 > 0.

When 6=1, the two components function independently. For 6> 1, the
workload of the remaining component is increased, thereby decreasing the mean
life. Here 6 is called the dependence parameter. Weier (1981) provided the Bayes
estimators of the parameters and reliability using a conjugate prior for such
problems.

The multiple comparison problem (MCP) for 7 bivariate exponential populations
with  dependence parameters 6= (6,,--,6;) can be viewed as making inferences
concerning relationships among the 8’s based on observations. This is tantamount
to testing the following hypothesis,

H, :0,=--=8, v.s. H :notH,,

For bivariate exponential populations, the frequentist approach of multiple
comparison is not very straightforward. This is partly due to the difficuity in
handling the distributional aspects and associated computations. The multiple
comparison problem using nonparametric priors in a Bayesian inferential setup
was studied by Gopalan and Berry (1998) providing specific applications to the
Binomial and Normal populations. Following similar approach we studied the
MCP for a set of geometric and negative binomial populations (2005). In this
paper, we studied the MCP for the dependence parameters of a set of bivariate
exponential populations along the same line.

In a Bayesian approach, the posterior probabilities of respective hypotheses in
MCP can be calculated with moderate effort. The prior information on the
unknown parameters has to be quantified as a distribution. However, the
selection of the prior distribution could be ftricky. One of ther criticisms Bayesian
inferential methodsoften face is the subjectivity in prior specification. In real data
analysis prior specification could be based on scientific knowledge about the
parameters. Non-informative prior specification is optimal in cases when there is
little known about the background information. It is very important that prior
distributions be as objective as possible while doing Bayesian inference. A typical
objective prior distribution is the Dirichlet process prior (DPP) that leads to

nonparametric Bayesian inference.
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The DPP is a prior distribution on the family of distributions that is dense in
the space of distribution functions. The family of DPPs was introduced by
Ferguson (1973) and was extended to mixtures of DPP by Antoniak (1974) ir.
order to treat problems including the  estimation of a mixing distribution.
bio-assay, empirical Bayes problems and discrimination problems. Escobar (1988
started the application of Markov chain Monte Carlo (MCMC) methods ir.
nonparametric Bayesian modeling. Novel computational techniques anc
developments of MCMC schemes, including key contributions by Doss (1994).
Bush and MacEachern (1996), Escobar and West (1997), MacEachern and Miiller
(1998), West, Miiller and Escobar (1994) made it possible to study nonparametric
Bayesian methods widely.

We focused on the Bayesian approach to the multiple comparisons problem for I
bivariate exponential populations based on the nonparametric Dirichlet process
priors in this paper. The MCMC techniques, in particular, Gibbs sampling is
adopted here to evaluate the posterior probabilities of the hypotheses. Reviews on
the DPP are presented in Section 2, while Section 3 presents the calculation of
posterior probabilities for the hypotheses in MCP. A numerical example illustrating

the procedure is presented in Section 4.
2. Preliminaries

Let (X,Y) denote the lifetimes of the two components that have a bivariate
exponential model. The joint probability density function of (X,Y) can be written
as,

f@y | \,0) =20 exp(—2 z~N0y), z,y>0, X8>0 1)
with @ as the dependence parameter.

We assume that (z,y)= {(z,,41), ", (xpy)} be a set of observations available on
I populations, where (z9;)= {(xil,yil),'",(wm‘_’ym‘.)} is an mn;X1 vector of

conditionally independent observations on population ¢, ¢=1,---,7; j=1,---,n; and
I
Zn,- =n. Then the probability density function of (zij,yij) 18,

i=1

f(zij’yij | )‘i’ai):: 291'/\? x exp(— 20T — Aieiyij)’ T Yi; > 0, X0, > 0. 2
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Now a distribution function G,(+ ) and a positive scalar precision parameter o
together determine the Dirichlet process prior G. Here G,(- ) that defines the
location of the DPP, is sometimes called prior "guess” or baseline prior. The
precision parameter adetermines the concentration of the prior for G around the
prior guess G,, and therefore measures the strength of belief in G,. The DPP is
usually denoted by G~ D(G | G,,a). For large values of o, G is very likely to
be close to G,, while for small values of «, G is likely to put most of its
probability mass on just a few atoms.

We assume that the 6,’s come from G, and that G ~ D(G G,,a) as stated
above. This structure results in a posterior distribution which is a mixture of
Dirichlet processes (Antoniak 1974). Now following the Polya urn representation of
the Dirichlet process (Blackwell andMacQueen, 1973), the joint posterior
distribution can be written as,

aG,8,)+ 25(9i | ;)

k<i

ati—1

7
0, z,yox Hf(fb‘i’yi | 6,)x

i=1

(3)

where 6(6;186,) is the distribution putting a point mass on 6. For each
i=1,---,1, the conditional posterior distribution of ¢; is given by,

0;1 0ok = 6,3,y < q,Gy(0; | Ty + D50:5(6; 1 6,), @
k=i
where G,0; | z,y) is the baseline posterior distribution,
QOoca/f(zi7yi | e)dGo(ei)y Qkocf(xi’yi I 91;), and 1=¢,t ZQk-
E=i

Let 6= {0=(0,,--,8;) : 0,€R,i=1,---,I} be the I-dimensional parameter space.
Equality and inequality relationships among 6's induce statistical hypotheses that
are subsets of ©. Thus the MCP becomes testing the following hypotheses.

H:0,=1{6,:0,=60,=-=6,}, Hy :0,={0,:0, %0, =0;=-=0,},
Hy:0y=18,:0, =6, == 0}

The hypotheses H,:60,,r=0,1,2,---,N are disjoint, and UrN=00,= 6. The
elements of © themselves behave as described by (3) and so with positive
probability, they will reduce to some p < [ distinct values. Let superscript * denote
distinct values of the parameters. Then any realization of [/ parameters 0,

generated from G lies in a set of p < 7 distinct values, denoted by 6 = (9;,“-,0;).
The computation of posterior probabilities for different hypotheses through Gibbs
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algorithm becomes manageable using the notion of Configuration as termed by
Gopalan and Berry (1998). Their definition of Configuration is restated here,

Definition (Configuration): The set of indices S={S,,--,S;} determines a

classification of the data €= (8y,--,0;) into I" distinct groups or clusters; the
n; =#{S8,=j} observations in group j share the common parameter value 0"
Now, define I; as the set of indices of observations in group j That 1s,
L={i:$5 i =7}, Let (X,Y); ={(X,Y.): S, =3} be the corresponding group of

En observations. Thus a one-to-one correspondence between hypotheses
and donfigurations follows. And the required computations are reduced by the fact
that the distinct 6,’s are typically reduced to fewer than I due to the clustering of
the 6,’s inherent in the Dirichlet process. Hence, (4) can be rewritten as:

0,1 O,k = i, zyoc q,Gy(0; | Ty + 3 mgi0(6; ) 61), (5)
i=k

with qeoc f(z,y; | Ok) and 1=g¢q,+ Enqu In addition to the simplification of
notations, the cluster structure of the #, also improves the efficiency of the

algorithm.

3. Posterior Sampling In Dirichlet Process Mixtures

A gamma distribution with parameters (a,,8,;) is considered as baseline prior
G,. This implies that 8,,---,0; are iid from G,. Then a hierarchical set up for

the Dirichlet process analysis as outlined above becomes,

z,y; | 6;~ BVE(z,y; | X\;0;) (6)
8,1 G~ G@;) (7)

G| G,,a~ D(G G,a) ®
G, | 0y By ~ Gam(cyB,;) 9)
Aoy By;~ Gamley;, 6y;) (10)

Here, BVE and Gam stand for bivariate exponential and gamma distributions,
respectively. Now the choice of the precision parameter a in Dirichlet process is
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extremely important for the model. We consider a gamma prior for o with a
shape parameter a and scale parameter b, that is, a~ Gam(a,b). Thus the
Gam/(a,b) becomes the reference prior if a—0 and b—»O..And we have access to a
neat data augmentation device for sampling & by Escobar and West (1995).

The configuration notation is more convenient to use in describing the Gibbs

sampling algorithm as the full conditionals can be written in closed form as under:

8.1 z,9,01,k # i,00 ~ quam(ni+am-, /\iZyij + B,
j=1

+ EQk5(d¢9i 1 6,) (11)
K=

Az, 8,0 ~ Gam

j=1

2nit oy 2 2%’]’ +0; Eyij + ﬂu‘) (12)
i=1

(13)

I I°
0; | z,y,5~ Gam(Zn,--l-a:i, /\.-Z 2?/@'4‘/3;]'

is1 i=1j=1
alnl ~m,Gamla+T, b—log(n)+(1—m,)Gamla+I"~1, b—log(n))  (14)
n| a, I’ ~ Betala+1,I") (15)

where
r (n,- + am-)

n, n;+ o,
[)\i( ;yij + ﬂoi)]

2n;+a,—1
Qo = ad; exp and

—2’\i2ixij) :
j=1

n;y 2n; it i
q; o Gk Ak exp(— 2)‘k Elz,] - 0kAk E y"]) .
i=

j=1

Gibbs sampling proceeds by simply iterating through (11) - (15) in order,
sampling at each stage based on the current values of all the conditioning

variables.
The configuration induces the equality and inequality relationships among the 6
’s, that corresponds to the partitions on the parameter space © and in turn to the

hypotheses of interest. In order to estimate the posterior probability of a
hypothesis A, from a large number (L) of sample draws, we take

L
PU, | 2,9) = 3365 (H,) (16)
=1

where 551 (H.) denotes unit point mass for the case where /th draw of S, §

corresponds to H,. The probability of equality for any two 6's can be calculated

from the posterior distributions on hypotheses, P(H, | z,y), r=0,1,2,--,N. This
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can be achieved by adding probabilities of those hypotheses in which the two 6,
and 0; are equal. That is

L
P,=0;| z,y) = %26&(9,. =9,),i%j (17
=1

where 84(0;=6;) and denote unit point mass for the case where S indicate

0i = 0]
4. Numerical Examples

A numerical illustration of the multiple comparisons for the dependence
parameters in bivariate exponential populations is presented in this section using
simulated data. We consider 4 bivariate exponential populations each with size
n, = 20. Then the numbers of possible hypotheses for multiple comparisons are 15
The observed summary statistics for these data are given in Table 1.

Table 1 The observed summary statistics for each populations

populations 1 2 3 4
Y, 1.500 1.560 0.700 0.720
j=1
Zyij 6.500 6.000 1.300 1.130
j=1
0 11e 0.462 0.520 1.077 1.274

It follows from the above table, that the true hypothesis may be
Hpo 0, =80, # 05 =20, For the precision parameter o, we consider three Gamma
priors with parameters (a,b)=(1.0, 1.0), (0.1, 0.1) and (0.01, 0.01) in order to have
equal mean 1 and different variances 1, 10, and 100, respectively. This also
facilitates that the latter prior be fairly noninformative, giving reasonable mass to
both high and low values of a. We also set a priori that each 6,i=1,---,4
follows a gamma distribution with parameters o, =a; =2 and B,; = f;; = 0.001
to reflect vagueness of the prior knowledge.

The posterior probabilities for all possible hypotheses are approximated by the
Gibbs sampling algorithm using 20,000 iterations with 10,000 burn-ins and 5

’

replications and are presented in Table 2. It is to be noted that the hypothesis
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6, =0,#=6;=20," has the largest posterior probabilities 0.7883, 0.7274 and 0.7410
for all priors of the precision parameter . Thus the data lend greatest support to
equalities for 6, =6, and 8; = ,being different from the others.

Table 2 Calculated posterior probabilities for each hypothesis

Hypothesis (1.0, 1.0) 0.1, 0.1) (0.01, 0.01)
8,=0,-0,=0, 0.2059 0.2629 0.2320
6,=0,=0, =0, 0.0000 0.0000 0.0000
6,=0,=0, =0, 0.0000 0.0000 0.0000
6, =0, =0,=0, 0.7883 0.7274 0.7410
0, =0,=0;%0, 0.0000 0.0000 0.0000
6,=0,=6, =06, 0.0036 0.0038 0.0030
8,=6,0,=0, 0.0000 0.0000 0.0000
8, =8, =0, =0, 0.0000 0.0000 0.0000
6, =9, =0, =0, 0.0000 0.0000 0.0000
6, =0, 70, =0, 0.0000 0.0000 0.0000
6, = 8,0, =0, 0.0003 0.0007 0.0015
0, =0, =0, =90, 0.0000 0.0000 0.0000
8, %0, =0, =0, 0.0000 0.0000 0.0000
6, %0, = 0,0, 0.0018 0.0052 0.0226
6, =6, =0, =0, 0.0000 0.0000 0.0000

Table 3 presents the pairwise posterior probabilities for the equalities in pairs of
6's. The equalities of (6,=80,) and (6;=60,) have the largest posterior

probabilities (0.9943, 0.9903, 0.9729) and (0.9999, 0.9999, 0.9999) for three cases of
(a,b) respectively. This suggests that there is strong evidence in the equality

(91 292) and (93‘—‘94).

Table 3 Calculated Posterior Probabilities for the equalities in pairs of 6's
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Hypothesis (1.0, 1.0) 0.1, 0.1) (0.01, 0.01)
6, =0, 0.9943 0.9903 0.9729
0, =0, 0.2096 0.2667 0.2349
8, =6, 0.2034 0.2555 0.2232
8, =48, 0.2062 0.2636 0.2334
6,=6, 0.2142 0.2526 0.2316
6,=0, 0.9999 0.9999 0.9999

79

The Bayesian approach using nonparametric Dirichlet process priors facilitates

studying the problem of multiple comparisons

in a number of different

distributions. So far, the MCP was carried out for a univariate distribution. Here

we have shown that the method can be extended to a bivariate distribution as

well, with moderate effort. As an alternative to a formal Bayesian analysis of a

mixture model that usually leads to intractable calculations, the DPP is used to

provide a nonparametric Bayesian method for obtaining posterior probabilities for

various hypotheses of equality among the dependence

exponential populations.

parameters of bivariate
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