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Reliability P(Y<X), Ratio X/(X+Y),
and a Skewed-Symmetric Distribution

of Two Independent Random Variables
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Abstract

We shall consider an inference of the reliability P(Y<X), distributions
and moments of the ratio X/(X+Y), and derive a skewed-symmetric
distribution and its moment for two independent random variables X and
Y. We shall also consider an exponentiated distribution and a
complementary distribution of a given continuous distribution.

1. Reliability

Fact 1. Let X and Y be two independent random variables with its density
fx(z:0,) andfy(z;0,) respectively. where 6,, 0, are the scale parameters. Ther.

9
the reliability P(Y<X) is a function of p= - or 6, 6; only when X and Y
2

have the same distributions or different distributions

Fact 2 (McCool(1991)). If the reliability P(Y<X) is a monotone function of

é
p= FL or 0, - 0, then an inference on reliability P(Y<X) is equivalent to an
2

0
inference on p = 7)1— or 6, - 6,
2

Reference. McCool, J.I1.(1991), Commun. Statist.-Simula.,, 20(1), 129-148

Problem 1. Assume the reliability P(Y<X) is a function of p;,0:. I the
reliability P(Y<X) is a monotone function of each p;, i=1,2 then an inference on
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the reliability is equivalent to each g;, i=1,2 , where each p;, i=1,2 can’t depend
each other.

Example. Let X, Y and Z have independent exponential distributions with means

1 1
g,, 6,, 6 i = —
1 s, O3 respectively. Then P(X<Y<Z) i+, T1+p+7 ,
9, 9,

P=g 1=

where
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5. Inference on reliability P(Y<X) in a Truncated Arcsine Distribution

6. Inference on Reliability in a Generalized Pareto Distribution

7. Inference on reliability P(Y<X) in a Gamma Distribution
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2. Ratio
Let X and Y be two independent random variables each having densities
fx(x) fy(y), respectively. Then the distributions and moments of V=X/(X+Y)
will be derived when X and Y have several distributions

Reference. Bowman, K.O. and Shenton, LR.(1998), Distribution of the ratio of
Gamma Variates, Commun. Statist.-Simula.,, 27(1), 1-19
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3. A Skewed-Symmetric Distribution

Let X and Y be two independent continuous random variables ech having
X~G(z)=g(z), Y~ F(z)=f(z), the same (or different) densities which
have symmetric about zero.

Since 4= P(X~c- ¥)<0)= [ Glea)f(o)dz,

Fact 3. f(z;¢) =2f(2) - G(c+ 2) is a skewed density of a continue random
variable Z.

Especially if ¢=0, then asymmetric density f(z;c) becomes the original density
f(x)

Definition. f(z;¢) = 2f(z) - G(c+ 2) is a skewed density of a continue random
variable Z. which is called a skewed-symmetric density of F generated by a
kernel G. And especially if G(x)=F(x), then it's called a skewed-symmetric
density of f(x).

— 00

Fact 3. If the cdf's F(x)=G(x), then
Q) f-z(z—¢) =fz(zc)
2 F(z1) = F(2)

(3) For positive z, limf(z;¢) becomes a half-distribution of f(x).

o ct
Define S(z;c) = f f f(t)f(s)dtds, when G(x)=F(x)

0

Fact 4.Suppose F(x)=G(x). Then we have the following
(1) S(z;c) is a decreasing function of z.

(2) S(z;c)=-S(z;-¢)

(3) S(-z;¢) =S(z;¢)

(4) 25(z;1)=F(2)F(-2)

Remark 1. From Fact 4, it's sufficient for us to consider S(zic) only when z
and c are positive

Reference. Azzalini, A.(1985), A Class of distributions which includes the normal
ones, Scand. J. Statist., 12, 171-178

Problem 3. Let (X, Y) be a bivariate random variable which has a symmetric
about the origin. Then we may define a asymmetric distribution and derive its
moment and others.
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Problem 4. Inference on the parameter ¢ based on a random sample from &
skewed distribution based on method of AMLE
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4. An exponentiated distribution and a complementary distribution

Let F(x) be a continuous distribution of a random variable. Then F*(z) is alsc
a distribution of a random variable, which distribution is called an a-exponentiated
distribution.

Let F(x) be a continuous distribution of a random variable having its support
(0.1). Then F™! (z) is also a distribution of a random variable, which distribution
is called a complementary distribution.
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