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Abstract

In this paper, we consider interval-valued fuzzy sets which were suggested by Wang and Li(1998)
and Turksen(1986) and investigate entropy defined by Choquet integral on interval-valued fuzzy sets.
Furthermore, we discuss some properties of them and give some examples related this entropy.
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1. Introduction

Sugeno et al. [56] have studied some
characterizations of Choquet integrals
which generalized concept of
Lebesgue integral, because two definitions
of Choquet integral and Lebesgue integral

iIs a

are equal if a fuzzy measure is a
classical measure. And also Choquet
integral is often used in information

nonlinear aggregation tool(see[25,61).

Many researchers, such as Grabisch
and Turksen[7], Burillo and Bustince[l],
Liu Xuechangl[8], and Jang and Kim[4]
gave the axiom definitions of distance
measure, similarity measure, and entropy
on interval-valued fuzzy sets and have
been applied to the fields of approximate
inference, information theory, and control
theory.

157

interval-valued fuzzy sets, entropy, Choquet integrals.

We consider interval-valued fuzzy sets
which were suggested by Turksen [71
Based on this, Burillo and Bustine[l],
and Wang and Li[9] introduced entropy
on interval-valued fuzzy sets. We note
that entropy tl,3,7,10] was deflined by
Lebesgue integral with respect to a
classical measure.

In this paper, by using Choquet integral
with respect to a fuzzy measure instead
of Lebesgue integral with respect to a
classical measure, we define entropy on
interval-valued fuzzy sets. In section 2,
we list arithmetic operations and some
basic characterizations of interval-valued
fuzzy sets and interval-valued Choquet
integrals. section 3, we introduce
entropy defined by Choquet integral on
interval-valued fuzzy sets and discuss

In

their some characterizations.
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2. Preliminaries and Definitions

Throughout this paper, I will denote
the unit interval [0,1], ’

[[]={E=[a_,a+] le7, e €l anda < at},

Then, according to Zadeh's extension
principle[14], we can popularize these
operations such as maximum (A),

minimum (V) and complement (¢) to [/}
defined by
avb=[a"Vb ,aVb*],
a/\zz[a_/\b_,(f/\bﬂ,and
a*=[a", 0| =[1-a%1-0a"],
thus (1], V, A,¢) is a complete lattice
with a minimal element 0=[0,0] and a

maximal element 1=]1,1].

Definition 2.1. Let
a=[a",a"], b=[b"b"] €[1].

define

Then we

a=b if and only if e =b"anda*=b",
a< b if and only if a-<b~ and at <b,
a<b if and only if (a~a']< [b7,5']

but [a~,a*]=[b", b*).

Let X be the discourse set, IF(X)
stands for the set of all interval-valued
fuzzy sets in X, F(X) and p(X) stand for
the set of all fuzzy sets and crisp sets in
X respectively.

Definition 2.2. For every A € IF(X)
re X A(x)=[A"(z), A" (z)]
called the degree of membership of an
element = to 4, then fuzzy sets A™:X—I

and is

and A':X—I are called a lower fuzzy
set of 4 and an upper fuzzy set of 4,

respectively.

For simplicity, we denote 4=[{4", A"].
Then, three operations such that such as

-

V,A,c¢ can be introduced into IF(X) as
follows: for every 4,B e IF(X) and ze X,
(Av B)(z)= A(z)Vv B(z),
(AA B)z)= A(z)A B(z),
(49)z) = (A(2)°= [A""(z), A™“(2)]
=[1—- A*(z),1 = A" (z)].
Then (IF(X),V,A,c)

lattice with minimal element 0(z)=10,0]
for all
T=[1,1] for all ze X. I A Be IF(X),
we define the following operations (see
[7,10,11}):
A< B if and only if for all z € X,
A (z) < B (z) and A" (z) < B (z),
A=B if and only if for all z € X,
A (z)=B (z) and A (z)= B (z),
A< B if and only if A < B and 4 = B.
Now, we introduce Choquet integrals and
their basic properties which are used in
the next section(see[5,6]).

ts a complete

ze€ X and maximal element

Definition 2.3. (1) A fuzzy measure pon

a measurable space (X,7J) is a
nonnegative mapping z: T — [0,1]
satisfying

@) w(2)=0, p(X)=1
(i) x(E)<u(Ey),
whenever E|,E,=3, E,CE,.
(2) A fuzzy measure g is said to be

lower semi-continuous if for every

increasing sequence {E,} of measurable
sets, we have p(U%_,E,)= limu(E,).
n—oe

(3) A fuzzy measure p is said to be

upper semi-continuous if for every
decreasing sequence {4, } of measurable
sets and w(A) < oo, we have

w521 4,)= lim x(A,).

(4) If 4 is both lower semi-continuous
and upper semi-continuous, it is said to
be continuous.

We note that "xeX py—a.e.” stands for ”
xeX p-almost everywhere”. The property
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P(x) holds for x=X pg—a.e. means that
there is a measurable set A such that
#(A)=0 and the property P(x) holds for all
xeA°, where A° is the complement of A.

Definition 2.4. The Choquet integral of a
measurable profile f:X — 1 with respect
to a fuzzy measure p is defined by

©)f fau=" [ w(ryar

where p(r) =p({z € X| f(z) >r)) and the

integral on the right-hand side is an
ordinary one.

(2 If X is a finite set, that is,
X={z, ---,z,}), then the Choquet integral

of f on X is defined by
(O)] fdu= Yz (1 (Aw) = 1 (Agn))]
i=1

where (- ) indicates a permutation on
{L,2,, - such that ) <-- < x,).
Also, A(i) = {(7')? ) (n)} and A(n+1) =g.

1n}

Definition 2.5 Let f,g be measurable
nonnegative functions. We say that f and
g are comonotonic, in symbol f~g if and
only if

AXCAX) = glx)<g(x’) for all x,xX.

Theorem 26 Let f g & be measurable
functions. Then we have

L r~r,

2) f~¢g = g~f,

(3) f~ a for all a=R*

(4 f~gand f~h = f~ (g+h).

Theorem 2.7 Let
measurable functions.

(1) If f<g, then (C)ffd/zS(C)fgdu.

f,& be nonnegative

() If f~ g and abeR", then
(O [(af+ bedu=a(C) [ fdu+ K(CO) [ ga.

(3) If rve, then
(O [N duz(0) [ V(O [ edu
(4) If fAg, then
(O Ne dus(O) [ fauNC) | gdu.

3. Entropy defined by Choquet
integral on interval-valued
fuzzy sets

In this section, we introduce entropy
defined by Choquet integral on
interval-valued fuzzy sets. We recall that
for A,BelF(X), A=B if and only if

pl{z e X1 A(z)= B(z))) =0,
that is, A is equal to B pg—a.e. on X.

Definition 3.1. A real function E: IF(X)—I
is called an entropy on IF(x) if E
satisfies the following properties :
(» E(a)=0 if A is a crisp set;
(5) E(4)=1 if and only if

A (z)+ At (z)=1;
(8) E(4) < E(B) if A is fuzzy less than B,
that is, 4~(z) < B~ (z) and A*(z) < B*(z) for
B (z)+ B*(z) < 1
for

or A (z) = B (z) and

B (2)+ B'(z) = 1;

At(z) = B*(z)

(iv) E(A)= E(A°).
We define a real function E,:IF(X)—I
by
E.(A) = 1-(C) [ dy(A(2),4%"(2))dps (a)

where A=[4-,4"] € IF(X) and d, is the
Hausdorff metric between 4(z) and B(z).

Since Alz) =14 (), A* (2)] and
B(z)=|B (z), B*(z)], it is easily to see
that

dy(A(z), B(z)) =maz{| A (z) ~B (2},

| A*(z)— B (z)| }.
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Theorem 32 A real function E: IF(X)—T
is called an entropy on JF(x), we say
that £ is a Choquet entropy on IF(X).

We note that entropy on ' an
interval-valued fuzzy set is important
topic in fuzzy set theory and describes
the fuzziness . degree of
interval-valued fuzzy set. Zeng and Li
[10] gave the following formulas to

calculate entropy of interval-valued

an

fuzzy set:

(1) If x={«,,z,} is a finite set and
A e IF(X), then

B(4)=1= 3} U (a,) + 4% (z,) -1I.
(2) If x is a set and 4 € IF(X), then

B (4) = 1= 54 (x) + A" (x) o,

Theorem 3.3 If m is a counting measure
on a finite set® X={z,--,z,} and if we

put p,=%m, then we have

E(A)=E (A) for all 4 € IF(x).
Theorem 34 Let 0<a<b. If m is
Lebesgue measure on a set X=[a,b]

and if we put = —1—,;, then we have

for all 4 e IF(Xx).
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